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TRANSLATOR'S PREFACE. 



The first edition of Professor Bitter's work, of which the 
following is a literal translation, was published in 1862* to 
advocate the use of the '^ Method of Moments" in calculating 
the stresses in bridges and roofs. This '' Method of Moments " 
is in reality but an application of Bankine's " Method of Sec- 
tions.** The adaptation of the method to various cases is 
explained and illustrated by means of numerical examples 
comprising several of the forms of bridges and roofs in general 
use as well as others not often met with. 

Some interesting problems are discussed in the Eleventh 

^ Chapter, and are possibly not generally known in this country, 

^ It is required to determine the form a structure should have to 

i fulfil given conditions as regards the stresses. These problems 

^ give a considerable insight into the manner in which the 

N stresses are distributed amongst the various bars of a structure, 

Y and show also that comparatively small changes in the form 

^ may produce great changes in the stresses. The effect of 

changes of temperature on the deflection and on the stresses in 

1^ a '^ composite structure " is treated at some length in the Four- 

^\ teenth and Sixteenth Chapters. The theory of loaded beams is 

>» only touched upon — in fact, only those cases are considered which 

n{ are required in the various examples. 

The Sixteenth Chapter contains a very instructive example 

^ of a composite structure consisting of a pair of braced girders 

combined with suspension chains. It should be observed, 

|i however, that Hen* Hugo B. Buschmann, in a pamphlet ' Oh 

The ffabstanoe of the first two chapters was published pievionsly in the 
' Zeitschr^ft des Architecten- and Ingenieur-Yereins fiir das Konigreich Hannover,' 
f Tol, vii., No. 4. 
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y tbakslatob's pbefaob. 

the Theory of Combined Girder and Suspension Bridges/ 
takes exception to the manner in which the equations ({§ 56 
to 61) giving the stresses in the girders produced by the 
moving load are arrived at. In the preface to the third edition 
Professor Bitter says : ** Herr Buschmann maintains that these 
equations depend on arbitrary assumptions, and thinks to prove 
their unsoundness by remarking that under certain conditions 
of loading, namely, when both ends of the girders are loaded, 
they give a negative bending moment at the centre of the 
girders, or, in other words, the girders would be bent upwards. 
Thus the radii of curvature for the central part of the suspension 
chains would be increased, and this requires a diminution of the 
length of these chains, which is evidently absurd. This con- 
clusion is, however, incorrect Herr Buschmann overlooks the 
hct that exceedingly small changes in the form of the suspen- 
sion chains are under consideration, and that therefore not only 
the vertical but also the horizontal displacement of each 
element of the chain must be taken into account. Without 
doubt if the chord of the arc whose radii of curvature are 
increased did not alter, the length of this arc would be 
diminished. But if at the same time the length of the 
chord increases, not only may the length of the arc . remain 
unaltered, but it may even be lengthened ; and this is what in 
reality occurs, owing to the horizontal displacement of each 
point of the chains, not only in the case under consideration, 
but also for all positions of the load&'' 

In some few instances Professor Bitter does not agree with 
the more recent English practice, notably so in his estimate of 
the wind-pressure on roofs. These instances have been pointed 
out in notes added to the text and in an Appendix. 

H. B. B. 

QibraUar^ 1879. 
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CALCULATION OF THE STBESSES 
IN BEEDGES AND ROOFS. 



FmST OHAPTEE. 

§ 1. — ^Pbeliminabt Bemabks. 

In large bridges and roofe the design should be such that the 
quantity of material employed is the smallest possible, not only 
because in such cases the cost of materials is great in com- 
parison to that of labour, but more especially because the dead 
load is thereby unnecessarily increased^ and the very success of 
the undertaking may possibly depend on the smallness of this 
load. 

In a well designed structure, the maximum safe resistance 
of the material should be called forth in every part^ and no- 
where should there be any unnecessary excess of material. 
This can also be stated thus : When the structure is placed in 
the worst conditions as to loading, the intensity of stress in 
every part should be equal to what is considered the safe re- 
sistance to the stress to which it is subject when under these 
conditions. 

This can be fulfilled in the case of bars which are under 
direct tension or compression, for then the stress is uniformly 
distributed over the whole sectional area; but in the case of a 
beam under bending stress, it cannot be complied with, because 
the stresses are not uniformly distributed over the cross-section. 

Therefore, in a good construction, the various parts should 
be, if possible, either in direct tension or compression, and 
bending stress should be avoided. 

These views are more or less carried out in practice, and 
the larger the structure, the nearer is the approximation. The 



2 BRIDGES AND ROOFS. 

endeavour to save material has led from the massive beams of 
rectangular section to those of I and 11 section, and when 
further the solid web was replaced by braces, those combinations 
of bars were arrived at in which only direct tension or com- 
pression exist. The iron roofe and the braced girders of 
modem times are examples of such structures. 

To comply rigidly with the above conditions, the joints 
should be made with single bolts (pin joints). If a bar be con- 
nected to another by a single bolt, it can turn freely about its 
end, but if the joint be made with rivets, the end of the bar is 
fixed, and will therefore be subject to a slight amount of bending 
stress. Thus, with rivetted joints, the material is not employed 
to the best account; and, especially in the case of large, im- 
portant structures, there is the disadvantage that the Tnaximum 
stresses are not accurately known, whilst if the structure were 
tJieoretically correct^ these stresses could be ascertained to the 
greatest degree of aocuiacy. It is worth noticing that the 
theoretical structures are also the easiest to calculata 

In Sill the following examples it will be assumed that the 
joints are hinged, the connections being made by single bolts. 
It will also be supposed that these joints are the only points of 
loading. This distribution of the load can always be obtained 
in practice by using bearers to bridge over the space between 
the joints. Whether it is advisable to construct these bearers 
as separate parts or to fuse them into the main structuzey is a 
question that will be considered further on. 

As regards the weight of the structure itself, it will be con- 
sidered as evenly distributed over the span, and in accordance 
with the above, concentrated at the joints; the degree of 
accuracy of this assumption will be tested in the sequel. 

[Note. — ^There is no doubt but that hinged connections made by means of 
single pins wonld be theoretically more perfect than riyetted joints, if a per- 
fectly uniform distribution of the stress were the only consideration. But It 
is fonnd that in structures subject to vibrations, the pins in many cases shake 
loose, and the holes in the bars become elliptical, owing to the hammering 
action that takes place between the pins and the faces of the holes, and this 
action will always occur unless the pins are made a dramngJU in the holes. 
This is the case, for instance, in the central joints of a railway bridge, where 
(as will be seen) the stresses are constantly changing from tension to com- 
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premon, and vice vend^ It may be mentioned that this action oconned in the 
(^nmiin y iaduot, and that in conaeqnence guflset plates had to be added. Pin 
joints may however often be used with advantage, both with ngaid to economy, 
simplicity of erection, and appearance in stractores subject to a purely dead 
load, or even to a live load, if nnacoompanied by vibrations and rapid changes 
in the natore of the stresses, as, for instance, in the case of roofs. 

The objections raised to livetted joints by Professor Bitter apply in 
reality only to those as nsnaUy designed, for the aSrrangement of the rivets in 
a joint can be such that little or no bending stress oceors in the bars connected* 
liu8 was pointed ont by Professor Callcott Beilly in two papers read before the 
Institution of Civil Engineers.* Premising the following definition — ** The 
mean fibre of a bar is the line passing through the centres of gravity of all 
cross-sections, and is consequently one of the axes of gravity of the bar," 
the rules according to which livetted joints should be designed are thus stated 
by Professor Beilly : — 

1st. The mean fibres of any two or more members of a truss connected by 
a group of rivets must intersect at one point. 

2nd. The group of rivets connecting the bars must be arranged symmetri- 
cally round this point of intersection of the mean fibres of the bars ; or in 
other words, the resultant resisting force of the group of rivets must occur at 
the intersection of the mean fibres of the bars connected by the said group. 

3rd. The first row of rivets in each bar, that is, the row on the side 
towards which the stress is transmitted, must be symmetrical with the mean 
fibre of that bar. 

If the stress is uniformly distributed over the cross-section of any bar, the 
resultant stress must lie in the mean fibre ; it is therefore evident that unless 
the mean fibres of the bars connected intersect in a point, the stress, in some 
of them at least, will not be uniformly distributed. 

The resultant pull or thrust of a bar must evidently lie in the same straight 
line as the resultant resistance of the rivets cbnneotlDg the bar. If, therefore, 
role 2 be not complied with, the resultant pull or thrust will not pass through 
the mean fibre, and evidently the stresses will not be uniformly distributed but 
will be uniformly varying, and therefore more intense on one edge (the edge 
nearest the resultant) than upon the other. In a similar manner the stress will 
not be uniformly distributed if the first row of rivets be not symmetrical with 
the mean fibre. 

To obtam a theoretically perfect joint, every row of rivets should be sym- 
metrical with the mean fibre. Such an arrangement can, However, only he 
obtained when two bars cross at right angles. But the first row of rivets, for 
instance, relieves the part of the bar beyond of a certain amount of stress ; 
therefore^unless the second row of rivets be very much displaced, the greatest 
intensity of stress at the section through this row will not reach the intensity 
or stress in the bar before the leading rivets. This is evidently, a fortiori^ 
true of the 3rd, 4th, &&, rows of rivets. The rules given above are therefore 
sufficient for practical purposes. 

* * Minutes of Proceedings,' voIsl zziv. and zzix. 

B 2 



4 BRIDGES AND BOOFS. 

Bivetted joints have also iliis advantage over pin joints, that the ends of 
the bars connected can be considered ** fixed," and this materially increases 
the resistance of those bars subject to compression. Pin joints are also as a 
rule more expensive than rivetted joints, but easier to pat tc^ther by nnskilled 
labour. 

It will be observed that the mean fibre need not necessarily be a straight 
line ; but if it is curved no arrangement of the joints will make the stress 
uniformly distributed at every cross-section. This is, for instance, the case if 
the bow of a bowstring girder is curved between the joints. Fig. 1 represents 



Fig. 1. 




Mbr9 



a portion of the top boom of such a ^rder, and the mean fibres of the various 
bars are indicated by dotted lines. The thrust in the booms must evidently 
act in the straight line joining A and B, and must therefore give rise to 
bending stress^ or, in other words, the stress will not be uniformly distributed.] 



§ 2. — ^Method of Moments. 

The method adopted to calculate the stresses in the yarious 
stractnres given in the following examples is known as the 




'^ method of moments," and it will be explained by means of 
the roof represented by Fig. 1 (a). 
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The total load on this roof consists of the five single loads, 
F, Q, B, S, Ty which are to be considered as weights hung to the 
top joints. These five loads produce the reactions D and K at 
the points of support ; the sum of these reactions must be equal 
to the whole load^ and they can easily be determined by the 
ordinary rules of statics. If, for instance, the span AB is 
diyided by the verticals through the weights into six equal 
parts. 

Imagine the combination of bars divided into two parts 
by the line L L, then each part (Fig. 2, for instance) can 
only be retained in equilibrium by applying to each bar 
at the point of section a force 
which represents the action of 
the other part. This force mmt 
lie in the direction of the har, for 
otherwise the bar would rotate 
round its end ; this force is, in 
fiEtct, what is called the stress in 
the bar. Thus the stresses X,Y,Z 
in the three bars, which have 
been cut through, together with the remaining loads D, P, Q, 
are in equilibrium. All these forces lie in the same vertical 
plane, and they therefore must satisfy the three following 
conditions of equilibrium : — 

1. The sum of the vertical forces acting upwards must be 
equal to the sum of the vertical forces acting downwards. 

2. The sum of the horizontal forces acting towards the right 
must be equal to the sum of the horizontal forces acting towards 
the left. 

8. The sum of the statical moments of all the forces 
tending to turn the part of the roof represented by Fig. 2 
round any point from right to left, must be equal to the sum 
of the statical moments of those forces tending to turn it from 
left to right round the same point ; for the part of the roof 
under consideration can be regarded as a lever, and any point 
can be taken as the fulcrum. 
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These three coDditions can be expressed more concisely by 
the equations 

where H and Y are the resolved parts of any force horizontally 
and vertically respectively, M the moment of a force round 
any point, and X denotes that the forces or moments have been 
added together algebraically, that is, the sign of each force or 
moment is taken as plus or minus according to the direction in 
which it acts. The three stresses X, Y, and Z will be contained 
in each of these equations, and by solving them the values of 
X, Y, and Z can be obtained. The stresses in all the members 
of the roof can be similarly ascertained by taking other 
sections. 

This method can always be applied, but it has two serious 
defects. The first is, that H and V contain the cosiue and sine 
of the angles the bars make with the horizontal, and these 
angles must therefore be determined. The second is, and it is 
more serious than the other, that in order to ascertain any one 
stress all three equations have, as a rule, to be solved. 

There is, however, a very simple method, which can be 
applied to all cases, and which is free from the above defects. 
Apart from this, the method has the advantage of requiring 
only the application of the principle of the lever (in its more 
general form the law of statical moments), and can there- 
fore be easily understood by those who are acquainted but 
with the very elements of mechanics. In fact only the last 
equation, that of statical moments, need be used, for if to 
obtain the stress in one bar moments are taken round the 
point of intersection of the other two bars, an equation will be 
arrived at containing only one unknown, the stress required, 
for evidently the moments of the stresses in the other two bars 
vanish. 

The lever arms of the various forces will have to be de- 
termined, and this can be done with sufficient accuracy from a 
drawing to scale. 

A general rule, framed from the above, can be thus stated : — 

Consider the structure divided into two parts hy a section, 
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whieh if fouStie shmld onhf c^ {krmigh three Zwr«, and apply the 
forces XfTyZfo these bars to mainiain equUAriumj (hese forees 
heinff the stresses in the ion, Forin the eguaiUnk ef mrnnents for 
eUher part of the structure, and if X is tele determined the poiid 
of intersection of Yand Zis to le dumn aeths point rosmd iskid^ 
to take moments, if Y the point of intersection of X and Z, and 
if Z the point of intersection of X and Y. 

FiG. 3. 




For instanee, in the aboro example to cleferimDe X, tlie 
poinl TOQnd idiidai to take moments would he E, the mtersection 
of T and Z (Fig 3). The equation of momientB is 

X a; - p . GE + D. A£ = 0, 



or 



x = 



P . CaS - D . AE 



To determine Y take moments round A, the point of inter- 
section of X and Z, thus : 



- Yy + P . AC + Q. AE = 0, 



or 



Y_ P.AO + Q.AE 

y 
And to determine Z take moments round H, the point of inter- 
section of X and Y, thus : 

-Zjy — Q.EL — P.CL + D.AL = 0, 

or 

„ -Q.EIi-P.CL + D.AL 

z 

This method can be directly applied to aU structures in 
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which it is possible^ to reach each bar by a section that does 
not cut through more than three bars. 

In some cases, however, in the truss shown in Fig. 4, for 
instance, there maybe bars which cannot be reached by sections 
cntting only through three bars ; such are the barsFG,DG,DE. 

Fio. 4. 




But eyen in such a case the method may be direoUy applied 
if all the bars cut through by the section (which may be curved 
or straight) intersect in a point except the one the stress in 
which is to be determined. 

For^instance, to find the stress Y in the bar F G, take a 



Fia. 5, 



Fio. 6. 





section a/3y and form the equation of moments about the 
point H for the part cut out (Fig. 5). 

-.V.FH-Rr = 0, 

or 

^ - "FH* 
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In the same manner the stress U in the bar D G can be ascer- 
tained by taking a section a By and forming the equation of 
moments round the point H for the part cat out, thus : 

or, 

ti 

Similarly the stresses in E J and L J can be found. The re- 
maining bars can all be reached either by sections which only 
cut through three bars, or else by sections which out through 
four bars but the stress in one of which is already known. In 
both cases the method of moments can be applied. 

Thus, when the stress XT is known the stresses X, Y, Z in 
the bare D F, D E, C B, can be found from the equations 

X.DE + Ui:-Q.NO-P.MO + W.AO = 0, 
Y.AD + U/+Q.AN + P.AM = 0, 
-Z» + W.AN-P.MN = 0, 

obtained by taking moments round the points, E, A, and D 
respectiyely. 

This more complicated ex- 
ample shows the advantages of 
the proposed method. They be- 
come eyen more apparent when 
it is considered that only the 
beginner will require to make 
separate figures for each calcula- 
tion. The adept will easily form 
the equations from the principal 
drawing. 

The general method having now been explained, its applica- 
tion to various cases will be best seen by means of numerical 
examples. It will be sufficient to give the complete calculations 
for a few bare only, those which can be considered as the repre- 
sentatives of othera similarly situated. For the remaining bars 
only the equation of moments and the results will be given. 

It is of no consequence which direction of rotation is taken 
as the positive one, but to avoid errore some direction should be 
chosen ; it will be considered in the sequel that rotation from 



Fig. 7. 
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left to right is positiye,* and that rotation from right to left is 

negative. 

Further, all stresses will be considered as poUiiig stresass 

(this has already been done in ihe former examples), therefore 

positive stresses wiU rq^eseni tension and negative stresses eom- 
pression. 

This, it will be observed, is the reverse to the usual English practice. 

[Noms. — A grettt deal of clerical kbour can be spand hj rightly chooBing 
the scale by which the lever aaos aiB t» be measured. Thiv remsk zefen 
principally to stmctuies divided into bays of equal length. It will probably 
be best in this case to make the length of each bay unity , when it wiU be found 
that the lever arms of the various loads are generally whole numbers. This 
plan it will be seen baa been adopted in serrenJ of Hie examples given. If the 
loads on the straotme are placed at equal intarvtla, the horiastal distance 
between them should be taken as uni^.] 



§ 3. — Caloulatiok of the Stbesses m a Boof of 

100 FEETf 8PAH. 

ThiUrsbei of the WeHfenplat» BarraeiSy BxuMmfr. 

The weight of the roof covering and framing (Fig. 8) is 
11*3 lbs.! per square foot of horizontal surface covered, and 

Fig. S. 




20 lbs. more per square foot must be added for snow and wind 
pressure.^ The total load is therefore 31 - 3 lbs. per square foot 
of horizontal surfEice. 

The distance apart of the principak is 15^ feet> and since 
the span is 100 feet, 15^ x 100 square feet of horiaontal 
surface is supported by each pincipal, and the load on each is 
15^ X 100 X 31 -3 lbs., or in round numbers 48,000 lbs. The 

* In the same direction as the hands of a watch. 
t German feet and lbs. 

X This eethnate of the snow and wind preBSOie does not agree with the latest 
English practice. See Appendix. 
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load OD each of the eight divisions of the roof is therefore 
6000 lbs. It ma^ be considered that one-half of the 6000 Ibt. on 
eadi diriaioQ is applied at each of the two adjacent joints, and 
this can be effected by means of bearers or common rafters." 
The load on the seven central joints will therefore be 6000 lbs., 
and on each of the end joints 3000 lbs. Evidently the load on 
the end joints will be taben np directly by the abutmentB. The 
reaction at each abatment is alt<^ether 24,000 Ibe., and sub- 
tracting the 3000 lbs. on the end joint, the pressiue against 
the combination of bars is 21,000 lbs. 



The structure is therefore subject to the action of nine 
exterior forces; scTsn of 6000 lbs. ewAi acting downwaids on 
the central joints, and two of 21,000 lbs. each acting upwards 
on the end joints. 

To find the stresses X, T, Z, in the bars of the central bay 




(Fig. 9) let the roof be divided into two parts by a section a ^ 

* Til in dittnbntioii of the load leqniim the oammcn nften to be utioolBted 
kt eaoh joint. Tb67 ore, however, genenlly contintunm, and tbU alightlj altera 
the diitritintion of the load,foTtheiipsrtof the load is tranonitted djnict]]r to the 
■bntnent* hy the ccnunon raften. It u, howerer, nmul in piBctiae to tdopt 
the abore dirtribntioi], the erroi being on the mde of tafetj. See ' Lectnree cm 
the Elementa of Applied Meohanica,' by Morgan W. Orofton, F.B.S., and 
< Inetraotkin io ConrtmotJon,' by CoL Wray, B Jl — Tbavb, 
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and the forces X, Y, Z applied to maintaiii equilibrium. To 
obtain X, consider the part shown in Fig. 10 as a leyer with its 
fulcrum at D, the point of intersection of Y and Z ; then for 
equilibrium the following equation of moments must hold : * 

= X X 18*6 + 21,000 X 50 - 6000 x 12-5 - 6000 >( 25 - 6000 x 37'5, 

whence 

X = - S2,800 lbs. 

Similarly to find Y take moments round A, the point of inter- 
section of X and Z, thus : 

= Y X 88-4 + 6000 x 12*5 + 6000 x 25 + 6000 X 37'5 

Y = -^2^800'lbB. 



— -// 



/ • 



?'• 



And to obtain Z take moments round the point E : 

= - Z X 15 + 21,000 X d7-5 - 6000 x 12'5 - 6000 x 25 

Z = + 37,500 lbs. 

To find the stress in the vertical rod E F take an oblique 

Fig. 11. 




section y S (Fig. 11), and the equation of moments round A, 
the point of intersection of the other two bars intersected by 
7 8 will be 

0= -Vx87'5 + 6000x 12-5 + 6000x25, 

whence 

V = + 6000 Ibe. 

The eqnatioDfl for the similarly sitoated ban oan be fonned in like maimer, 
thus: — /.*-:; 

= X| X 18*9 + tefiOO X 87-5 - 6000 x 12-5 - 6000 x 25. 

X, = — 40,400 lbs. (tTuming point F), 
= Y, X 23-5 + 6000 x 125 + 6000 X 25. 

Yi = - 9570 Ibe. (Turning point A). 
= - Z, X 10 + 21,000 X 25 - 6000 x 125. 

Z, = + 45,000 lbs. (Tmning point G). 

* The method of finding the lever arms by calculation is given in the eleventh 
section of this book. 

t The ** turning point" (Drehungspnnkt) is the point with reference to 
which the equation of moments is formed. 
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= - Vi X 25 + 6000 X 12*5 (Tnming point A). 

V, = + SOOO IbB. 
= X, X 9-8 + 21,000 X 25 - 6000 x 12*5. 

X, = - 48,400 lbs. (Turning point H). 
= Y, X 9*3 + 6000 + 12*5 (Taming point A). 

T, = - 8100 lb0. 
=*% X 5 + 21,000 X 12*5 (Tilming point J). 

Za = + 52,500 Ibe. 

The stress in X3 is to be found by means of the section \fi 
(Fig. 12), which only intersects two bars. In such a case any 
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...A 



D 



point in the other bar can be chosen as turning point 
Thus taking moments round D, 

= X, X 18*6 + 21,000 X 50. 
X, = - 56,500 lbs. 

The central vertical bar is the only one the stress in which 
cannot be found directly. To obtain this stress, that in one of 

Fig. 13. 




the adjacent bars must be known. Thus it has been found 
that X == - 82,800 lbs. ; hence (Fig. 18) the equation of 
moments about B to find the stress TJ is 



whence 



=- U X 50-6000 X 60 - (-82,800) X 37-2, 



U = + 18,000 IbB. 
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The results of the above calculations are given in Fig. 14. 



Fig. 14. 
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§ 4. — ^BooF Tbuss of 32 Mbtbes Span. 

The total load on the roof truss represented in Fig. 15 is 
assumed to be 82,000 kilos., or 1000 kilos, per metre of span. 
Proceeding as in tlie previous example, it is found that there is 
on each central joint a load of 4000 kilos, and an upward 
pressure of 14,000 kilos, at each abutment 

Fig. 15. 



14000 4000 




It will be seen that to find the stresses in the bars V, U, X, 
Y, and Z, the variation of the method of moments explained at 
the end of § 2 must be employed. 

For instance, to calculate the stress V the portion of the 
roof shown in Fig. 16 must be considered, and tcJking moments 
round C the equation 



= - V X 4-308 - 4000 X 4 



is obtained, whence 



V « - 8714 kilos. 



§ 4. — BOOF TBuas 32 mbtbes span. 
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Similarly the fitress U can be found from the portion of the 
roof flhown in Fig 17, thus 

0=:nx3'2- 4000x4, or U s: 4- 5000 kilos. 

Having determined TJ, the stress X can be fonnd from 
Fig. 18 by taking moments round £ : 

= X X 8*4465 + 14000 X 9*28 - 4000 (1*28 + 5-28) + 5000 x 3*2, 

or X = - 84,725 kiloB. 



Fig. 16. 




A. 



'-"X 




Likewise Y can be found by taking moments round A : 

= - T X 6-4 + 4000 (4 + 8) + 6000 x 8-2, 
or Y = 10,000 kilos. 

To determine the stress Z (Fig. 15)^ an oblique section pass- 
ing to the left of the point E (Fig. 18) must be drawn, and by 
taking moments round A, 

= Z X 8*616 + 4000 (4 + 8) + 5000 x 3*2, 
or Z = - 7428 kilos. 




^.+5000 



The remaining nine bars of the left half of the roof can each 
be reached by a section intersecting only three bars^ and the 
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stresses in them can therefore be calculated in the manner shown 
in the previous numerical example. The results of these cal- 
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culations are given in Fig. 19, and as the bars in compression 
have been drawn with double lines, the signs have been 
omitted. 
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SECOND CHAPTER. 

§ 6. — Application of the Mbthod of Moments to the 

Calculation of Bridges. 

One great adyantage of the method described in the previous 
pages is that the stress in any particular bar can be found at 
once by means of a single equation. But there is yet another 
advantage which adapts this method more particularly to the 
calculation of Bridges. It is this : that from the inspection of 
one equation of moments it is possible to ascertain what loads 
on the bridge increase the stress in any particular bar and 
what loads decrease it. Therefore to find the maximum stress 
in a bar it is only necessary to leave out of the equation those 
loads which diminish the stress. And to find the minimum 
stress (which in some cases will be compression) those loads 
which increase the stress must be omitted. It is unnecessary 
to add that the above has reference to temporary loads only. 

This does not apply to the previous examples, for — as can 
be easily ascertained-^the removal of any of the loads does not 
increase the stress (either tension or compression) in any of the 
bars. In the case, however, of the structures that are usually 
adopted for bridges and also in some roof trusses (as will appear 
further on), it is of great importance to ascertain .the effect of 
the variation of the loading,* for the greatest stress (either of 
tension or compression) may not occur when the structure is 
fully loaded. 

[Throughout, the term greatest stress is used irrespective of 
the sign of the stress, but the terms' maximum and minimum 
depend on the sign, thus the minimum stress may be the 
greatest compression.] 

* For example, the temporary load produced on a bridge by a train, or in 
the caae of loofis, by the snow or wind-presBore, applied to one side only. 

O 
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In the girder shown in Fig. 20, for instance, the stress S is 
found by taking a section M N and forming the equation of 
moments round O 

S OB 

or substituting for D its value : i ^ + t + t • 



8 = 



p/a? . /\ . Q , B 



The member containing P is negative, and the members 
containing Q and B are positive. Evidently then the load P 
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-Oj 



diminishes the stress and the loads Q and B increase it. 
Hence the equation 



8 (max.) = 



8 



gives the greatest tension produced, and the equation 



8 (min.) = 



-'(i^i) 



gives the greatest compression. 

For simplicity it has been considered that P, Q, B are 
moving loads, and that the girder itself has no weight. 
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The equations for T and U are 



T.OD-.P^ + Dg = 0; 



or snbstituting for D its value and solving 



T = 

CD 



_ 16 ^^8 ^16 
tt 



from which it appears that the greatest stresses in these bars 
occur when the girder is fully loaded. 

The equation to find the stress Y is (Section a ^ Turning- 
point O, ) 

3 OP 

or substituting for W its value : i^ + -^ + ^ 



-"m-'C-fVn 



y+2 



y + 
whence as before 

p 

4 



fK 



V 



(max.) = H 



y + 2 



for the greatest' tension, and 



->'m-«f^') 

V (mki.) = 



y + 2 



• « 



for the greatest compression. 

2 
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The above is expressed by the following rule : — 

Consider that the dructwre is fuUy haded and form the 
equalionof moments cieoordinffly for the lar'the greatest stresses in 
which are to hefownd. Arromge this equation so that the effect of 
eaeh load ca/n le easily ascertained. Then to find the greatest 
tension leave oui aU the temporary loads that dimvnish the stress 
and to find the least tension^ or the greatest compression^ leave out 
aU the temporary hods that increase the stress. 

Or shorter thus : In the equation giving the greatest stress in 
a har {either tension or compression) the members containing Oie 
moving loads must have the same sign. 

The equation of moments for the fully loaded bridge gives 
the greatest stress only in one case ; when the members con- 
taining the moving loads have all the same sign. 

The following numerical example will illustrate the above 
rule. 

§ 6. — Pababolig Gibdbb* op 16 Metbes Span with a 

Single System of Diagonals. 

The dimensions are given in Fig. 21. — The dead load on 
the bridge^ designed for a single line of railway^ can be taken at 
1000 kilos, per metre and the live load at 5000 kilos, per 

Pio. 21. 



ft 



2^ >c 2* 



8« 




metre. One half of this is carried by each girder, and the 
length of each bay being 2 metres, 1000 kilo& dead load and 
5000 kilos, live load act on each joint (Fig. 22). 

To find the stress X, take a section a /3 through the first 
bay and form the equation of moments for the part shown in 
Fig. 23 round the point C. 

o = x, x| + Dx2. ' 

* ThtiB oaUed beoaoBo the bow is in the fonn of a polygon inscribed in a 
parabola.— Tbans. 



§ 6.— PABABOUO QIBDEB. 

But when the bridge is fully loaded, 

D = lpOO(i + 1 + 1 + 1 + 1 + 1 + i) 
+ 5000a + J + f + f + t + f + f). 

Therefore, substituting tUs yalue of D, 

= X, Xi+ 1000 (i + 1 + 1 + 1 + 1 + 1 + J) X2 
+ 5000(i + | + f + | + f + # + |)x2. 

Fig. 22. 



^T lofoo loibo lojbo loibo lobo lobo lobo V 

I Xi i X^ i Xa i Xi i Xs i Xf I Xy i Xt I ■ 
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It will be observed that the seven members of this equation 
due to the live load have all the same sign, and hence the 
greatest stress in the bar Xi occurs when the bridge is fully 
loaded. Solving : — 

X, (min.) = - 48000 kilos. 

The stress Zj can also be obtained from Fig. 23 by taking 

moments round B. 

== - Z, X 0-8 + D X 2, 

or substituting for D its value. 

= -Zi X 0-8 + 1000a + i + * + ! + ! + # + i)x 2 

+ 6Q00(i + | + » + | + | + | + |)x2. 

Fio."29: Fig. 24. 



Bt'.! 
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Here also the greatest stress occurs when the bridge is folly 
loaded, therefore 

Zj (znaz.) = + 52500 Idlos. 

To find the stress Yi take a section yS and form the 
equation of moments^ for the part shown in Fig. 24 round the 

points. 

o = - Vi x2-8 — DxO*8. 
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and substituting for D its value 

= - V, X 2-8 - 1000 (i + f + I + I + t + I + i) X 2 

-5000(i + | + | + | + | + f + i)x2. 

Here again it is evident that Vi 
is greatest when the bridge is fuUy 
loaded. Hence 

Vi (min.) == - 6000 kUoe. 

The stresses X^, T2, Z, can be found 
by cutting oflF the part of the girder 
shown in Fig. 25. For Xj take 
moments round E 

= X, X 1-5 + D X 4 - 1000 X 2 -5000 X 2, 
or substituting for D. 

= X,xl-5 + 1000(i + |+. + |)x4 
+ 5000(i + f + . + i)x4 
- 1000 X 2 - 5000 X 2. 

The live load of 5000 kilos, acting at B is contained in two 
members of this equation. One, + 5000 x i X 4, is the effect 
produced by the part of the load transmitted to the abutment 
Ay and the other, - 5000 x 2 is the direct effect of the load. 
According to the rule these two members must be united into 
one, viz. 5000 (| x 4 — 2), the equation then takes the form : — 

0=:X,xl-5+1000{(i + ... + #)4 + (|x4-2)} 
+ 5000 { (i + . . . + I) 4 + ( J X 4 - 2) } . 

It is easily seen that all the members multiplied by 5000 
are positive, hence the greatest stress occurs where the bridge 
is fully loaded, and 

X, (min.) = - 48000 kUos. 

To find Ta take moments round B and by substituting for D 
its value 

= Y, X 1-68- 1000 (! + ... + I) 0-8- 5000 (i + ... + i) x 0*8 
+ 1000x2-8 + 5000x2-8; 

or arranging the equation according to the rule, 

= Y, X 1-68-1000 {(4+ ... + f)0-8-(2-8-|0-8)} 

- 5000 (J + . . . + I) 0-8 + 6000 (2-8 - | 0*8). 



§ 6. — ^PABABOLIO GIBDEB. 



23 



Of the seyen members mtiltiplied by 5000, and representing 
the effect of the moying load, 6 are negative and 1 is positiye. 
Leaving out therefore the positive member (which diminishes 
the stress) 



= Y, X 1-68 - 1000 { (i + . . . + S) 0-8 - (2-8 - | 0-8) } 

-5000(J + ... + f)0-8, 



whence 



Y, (max.) = + 6250 kilos. 



Next leaving out the six negative members. 



= Y, X 1-68 - 1000 { (i + . . . + f) 0-8 - (2*8 - I 0*8) } 
+ 5000 (2-8 -1 0-8), 



whence 



Y, (mln.) = - 6250 kilos. 



(It appears that Y, = when the bridge is fully loaded. 
This result will be explained further on when treating of the 
theory of parabolic girders.) 



^'M 



S 




The Btrees Zg is found by taking moments round B and 
arranging the equation as before. 

= - Z, X • 835 + 1000 ( J + . . . + i) X 2 + 6000 (i + . . . + 1) X 2, 

firom which it is evident that Zg is a maximum when the bridge 
is fully loaded. Hence 

Z, (max.) = + 50300 kUoe. 

To determine Y2 take a section tj 6 and form the equation of 
moments for the part shown in Fig. 26 with S as turning point. 
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Arranging this equation 

= - V, X 8 - 1000 { (i+ ... + 1)4 - (6 - i . 4) } 

- 6000 (i + . . . + f ) 4 + 5000 (6 - i X 4). 

First leaying out the positive member multiplied by 5000 

' 0=-V,x8-1000 {(^ + ... + f)4-(6-|x4)l 

-5000 (* + ... + !) 4, 

or 

y, (min.) =: - 7560 kilos. 

Then leaving out the negative members multiplied by 5000 

0=-V,x8-1000{a+... + f)4«(6-|x4)J 
+ 5000(6-ix4), 

or 

y, (max.) =4-560 UIob. 

These examples sufficiently illustrate the rule, and the 
calculations for the remaining bars need not be given so fully. 

The general equation of moments and the xesnlts for the remaining ban are 
given below. 

= X, X 1-875 + 1000 { (i + ... + I) 6 + (f . 6 - 2) + 1 . 6 - 4) } 

+ 5000{(4 + ... + i)6 + C|.6-2) + (J.6-4)} 
X,(min.) = - 48000 kUos. 

= Y,x5-47-.1000{(i + ... + |)4-(8-f.4)-(6-t.4)} 

- 5000 { (I + . . . + I) 4 + 5000 (8 - 1 X 4) + 5000 (6 - 1 . 4) } 

Y / (max.) = + 6850 kilos. 

• I (min.) = - 6850 kilos. 

= - Z, X 1-474 + 1000 {(i + ... + J) 4 + (J . 4 - 2)} 

+ 5000{(t+... + »)4 + (i.4-2)} 
Z, (max.) = + 48900 kilos. 

= - V, X 80 - 1000 { (4 + . . . + 1) 24 - (28 - # X 24) • (26 - 1 . 24) } 

- 5000 (J + ...+f) 24 + 5000 (28 -1.24) + 5000 (26-1.24) 
y ( (max.) = + 1500 kilos. 

• I (min.) = - 8500 kilos. 

= X4X2 + 1000{(i + ... + f)8 + (*.8-.2) + (f.8-4) + (J.8-6)J 
+ 5000 {(i + ... + 1)8 + (1.8- 2) + (#.8 -4) + (J. 8 -6)} 
X« (min.) = - 48000 kUos. 

= Y^ X 21 • 2 - 1000 { (i + . . . + f ) 24 - (80 1 f . 24) - (28 - f . 24) 
-(26-J.,24)l 

+ 5000 (i + . . . + I) 24 + 5000 } (80 - 1 . 24) + (28 - t . 24) 
+ (26-4.24)1 

Y r (max.) = + 7080 kilos. 

• I (min.) = - 7080 kilos. 
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0= -Z4X 1-878 + 1000 

+ 5000 



Z« (max.) = + 48100 kilos. 



(i + . . . + 1) 6 + (f . 6 - 2) + tt . 6 - 4) } 
(* + . . . + i) 6 + (f . 6 - 2) + (i . 6 - 4) I 



(The fdUowing equatiooB of moments are formed with referenoe to the part of 
the girder lying to the ri^t of the seotion line) : 

= - V4 X 82 + 1000 { (I + . . . + 1) 24 - (82 - 1 . 24) - (80 - f . 24) 
-(28-f.24)(-26-i.24)} 
+ 5000 (i + ... +1)24 
- 5000 { (82 - 1 . 24) + (80 -1 . 24) 
+ (28-f.24) + (26-|.24)} 
y ( (max.) = + 1800 kilos. 
* I (min.) = - 8800 kilos. 

= - X, X 1 • 875 - 1000 { (i + . . . + f) 6 + (1 . 6 - 2) + ( J . 6 - 4) } 

-5000{(i+... + |)6 + (f.6-2) + (J.6-4)| 
X, (min.) = - 48000. 

= T5 X 21 • 88 + 1000 { (i + . . . + f ) 24 - (80 - 1 . 24) - (28 - t . 24) 

-(26-i.24)} 

+ 5000 (I + ... +f) 24 - 5000 } (dO - f .24) + (28 - f .24) 
-(26-1.24)} 



Y / (max.) = + 6850 kilos. 
' t (min.) =- 6850 Idlos. 



0=:Z,xl-996-1000{(i + ... + |)8 + (|.8-2) + (t.8-4) + (|.8-6)J 
-5000{(i + ... + |)8 + (i.8-2) + (1.8-4) + (i.8-6)} 
Zt (max.) = + 48100 kilos. 

= - V. X 10 + 1000 { (i + . . . + 1) 4 - (10 - 1 . 4) 

-(8-f.4)-(6-i.4)} 
+ 5000 (I + ... + I) 4 - 5000 { (10 - t . 4) 
+ (8-|.4) + (6-i.4)J 
y ( (max.) = + 1500 kilos. 
•\(min.)= -8500 kilos. 

0=-X,xl-5-1000{(4 + ...+|)4 + (i.4-2)} 

-5000{(i + ... + f)4 + (i.4-2)} 
X, (mm.) = - 48000 kilos. 

= Y, x 6 + 1 000 { (^ + . . . + f ) 4 - (8 - 1 . 4) - (6 - i . 4) } 

+ 5000 (I + . . . + 1) 4 - 5000 { (8 - 1 . 4) + (6 - i . 4) } 
Y / (max.) = + 6250 kilos. 
• \(min.)= -6250kaos. 

= Z. X 1 • 84 - 1000 { (i + . . . + f) 6 + (f . 6 - 2) + (i . 6 - 4) } 

-5000{(i + ... + f)6 + (f.6-2) + (i.6-4)J 
Ze (max.) = + 48900 kilos. 

= - V, X 4-8 + 1000 {(! + ... + *) 0*8-.(4-8-f . 0*8) - (2-8-|. 0'8) } 

+ 5000 (I + ... + f) 0-8 - 5000 { (4-8 - f . 0-8) 
+ (2-8-i.0-8)} 
y f (max.) = + 560 kilos. 
' • I (min.) = - 7560 kUos. 
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0= -X, X 0-875 -1000 (4 + ... + J) 2 

- 5000 (i + . . . + i) 2 
X, (min.) = - 48000 kUoB. 

= Y, X 1-92 + 1000 {(i + ...H-t) 0-8 
-(2-8- J. 0-8)} 
+ 5000 (I + ... + 1)0-8 
- 5000(2-8 -i. 0-8) 
Y / (max.) = + 5470 kiloB. 
' I (min.) = - 5470 kiloB. 

= Z, X l-43 + 1000.{(| + ... + |)4 + (|.4 

-5000{(i + ...+t)4 + (i.4 
Zj (max.) = + 50300 kiloe. 

= - V, X 2 - 1000 X 2 - 5000 x 2 
V, (min.) = - 6000 kilos. 

= - X, X 0-875 - 1000 (i + ... + 4) 2 

-5000 (J + ... + 4)2 
X. (min.) =: - 48000 kilos. 

= Zg X 0-8 - 1000 (i + . . . + i) 2 
-5000 (4 + ... + J) 2 
Z. (max.) = — 52500 kilos. 

These results are shown in Fig 27. 
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§7. — ^Debivbd Fobms. 

. From the above calculations it is appa- 
S rent that the greatest stresses in the vertical 
'*' and diagonal braces occur when the bridge 
is partially loaded. It will be interesting to 
ascertain according to what law the girder is 
loaded when the greatest stresses obtain in the 
braces. By noticing in each case what tem- 
porary loads are left out of the general equa^ 
tion of moments it will be observed that any 
diagonal brace, Y3 for instance, will be subject 
to the greatest tension when all the joints 
lying to the right of it are loaded, and will be 
under the greatest compression when all the 
joints lying to the left are loaded. This is 
represented in Fig. 28 by the words " Ten- 
sion " and '^ Compression." 

Evidently if this diagonal were inclined 
upward to the right instead of to the left the 
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words in Fig. 28 wonld simply have to change places, and also 
if the girder be looked at from behind (or else its image in a 
looking-glass) the diagonal ¥« will appear in the same bay as 
Y3 in Fig. 28 ; ihns the arrangement of the moving load to pro- 
duce the greatest stresses in ¥« will be as shown in Fig. 29. 

If both diagonals are present in the same girder, as shown 
in Fig. 30, and are so constructed as to be incapable of resisting 

Fig. 28. 
Compression. , Tension. 




compressioD, they will come into play only when the loading is 
such as to produce tension in them ; at other times they will be 
subject to no stress just as if they were threads. In such a 



Fig. 29. 



Tension. 
^ ^ — 



Compression. 




girder therefore only the greatest tension given for the diagonal 
bars in the above example need be considered. Thus in Fig. 30 
the greatest tension in the diagonals of the third bay from the 



Fig. 30. 




left will be for the brace inclined upwards to the left the same 
as that in T3 (as found in the previous numerical example), and 
for the brace inclined upward to the right the same as that 
in Ye* Similarly the greatest tension in the other diagonal 
braces of Fig. 30 can be written down from Fig. 27. 

The vertical braces are always in compression in this case, 
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as will appear at once from Fig. 81^ for 
since the diagonals are incapable of resisting 
compression there would be nothing to op- 
pose the Tertical downward force produced 
Fig. 81. ^7 ^^'^ vertical brace if 

it were in tension. The 
greatest compression in 
the verticalB will be the 
same as given in Fig. 27, 
for only one of the dia- 
gonals in each bay is in 
tension at a time, and the other being there- 
fore slack can be considered as absent. 

Thns without any further calculations 
the greatest stresses in a girder with crossed 
diagonals can be written down from those 
obtained in the previous example, and this 
is done in Fig. 82. 

If the diagonals are so constructed that 
they can only take up compression (this is 
sometimes liie case in wooden girders), 
it will appear by similar reasoning that 
for the diagonals, only the greatest com- 
pression, and for the verticals only the 
greatest tension, found in the previous ex- 
ample, will apply. As regards the minimum 
stress or compression in the verticals, the 
load each vertical supports at the top joint 
can alone produce compression in it, for 
the diagonals cannot do so, as they never 
can be in tension. This load is either 
1000 kil. or 1000 + 6000 kiL, and there- 
fore the greatest compression in the verti- 
cals is 

Y (min.) = - 6000 kilos. 



The greatest stresses in a girder of the above construction 
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are giyen in Fig. 33, and the diagonals are shown in double 
lines to express their incapability to resist tension. 

In girders with a single system of diagonals, varying, how- 
ever, from Fig. 27 in that the arrangement is symmetrical on 
each side of the centre, the greatest stresses can be written 
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down at once from the above, with the single exception of that 
in the central vertical brace. 

The stress in the central vertical of Fig. 84 evidently depends 
on the tension in the adjacent parts of the lower boom at its 
foot, and it must therefore always be in compression. This 
compression will reach its greatest valne when the tension in 
the boom is a maximum, that is, when the bridge is fully 
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loaded ; and in this case each vertical brace has a compression 
of 6000 kilos, to bear. Therefore, for the central vertical also, 

V (min.) = - 6000 kiloB. 

In Fig. 35 it is obvious that the central vertical can only be 
in a state of stress when there is a direct load on the top joint; 
this stress must therefore be compression, and its greatest 
valae is evidently 

V (min.) = - 6000 kUos. 

Lastly, if in the girder shown in Fig. 27 the signs of all 
the stresses be changed, the greatest stresses for a parabolic 
girder having the bow above, as shown in Fig. 36, will be 
obtained. In fact, the whole of the reasoning and the equations 
are precisely the same, except that all the signs must be 
changed, and that maximum must be put for minimum, and 
minimum for maximum. The derived forms shown in Figs. 37, 
38, 39, 40, can be obtained from Fig. 36, as before. 



§ 8.— Thboby of Pababolio Gibdebs. 

It appears from the above example that the stresses in a 
parabolic girder can be found by the method of moments, even 
when the theory of such girders is not known. Two properties 
of these girders were discovered : the first is that the stress in 
the horizontal boom is greatest when the bridge is fully loaded, 
and is then equal throughout ; and the second, that when the 
bridge is fully loaded the stress in 
the diagonal braces is everywhere nil ^^' **' 

The last property is in reality con- 
tained in the first, for when X = Xi 
(Fig. 41), Y = 0, or else the hori- 
zontal forces at P would not be in 
equilibrium. 

It will be useful to investigate the 
conditions upon which these properties depend. This knowledge 
is not necessary to enable the calculations for any given parabolic 
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girder to be made, but is required when the form of a girder 
is to be fomid which will haye these properties. 

Consider a chain attached to the two fixed points A and B 
(Fig. 42), and hanging in its carve of equilibrium. Let the 
load be uniformly distributed over the span AB, and equal to 
q per unit of length. Suppose that the chain is cut at its 

Fia. 42. 




lowest point 8 (where it is horizontal), and a horizontal 
force H applied at the point of section to maintain equili- 
brium. This force must be horizontal, since the part of the 
chain at 8 is horizontal. Let the chain be also cut at any 
other point P, applying a force T to maintain equilibrium. It 

is evident tibat this force 
Fia. 43. 



.^T. 




>n 



must lie in the direction of 
the tangent at the point P. 
The piece 8 P of the chain 
(Fig. 43) is held in equili- 
brium by three forces : viz., 
H, T and the resultant of 
the load on the part 8 P. 
This last force is equal to qx^ where x denotes the hori- 
zontal distance of P from 8 ; and its point of application is 

X 

at a distance ^ from either P or 8, since the load is uniformly 

distributed over x. 

Taking moments round P : — 



X 



Hysg'a?.-. 



(1) 



But since P is any point on the curve, this equation is true for 
the point A, thus substituting I for x, and /for y. 



H/-<?/.J. 



(2) 
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Dividing eq. (1) by eq. (2). 



y 
f 






(3) 



This is the equation to a parabola, and it is evidently also 
applicable to the part 8 B of the chain; Thus the position of 
all points of the chain can be determined by this equation, by 
giving values to a; and solving for y. 

It is evident from Fig. 43 that the horizontal component 
of T is everywhere equal to H, it is so therefore at the points 
of attachment A and B ; it is also evident that the vertical 
component V of T is qXy and therefore equal to ql at A and B ; 
and, lastly, that 

T = VH« + V». 
If the manner of loading is altered, some points of the chain 

Fia. 44. 




Fio. 46. 



may still remain on the parabola, and for these points equation 
(3) will hold good. This is the case, for instance, when the loads 
on each side of S are concen- 
trated at points, so long as the 
load at each point is equal to 
the sum of half the distributed 
load on the two adjacent bays 
(Fig. 44); for the part SP of 
the chain (Fig. 45) will still be 
subject to the vertical load q.x 
(the resultant of the four con- 
centrated loads shown in the figure), and the point of appUca- 

tion of this resultant will still be at the distance ^ from S. 

D 
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The chain can be loaded as above by employing vertical 
struts to transfer the nniformly distributed load (Fig. 44). The 
unloaded portions of the chain are evidently straight^ and the 
form of equilibrium will therefore foe that of a polygon inscribed 
in a parabola. The above is even true if the vertex is not a 
loaded point ; for consider the part P P] of the chain cut out, 
and equilibrium maintained by the forces T^Ti (Fig. 46). Taking 
moments round P, 



Fig. 



*hl 




and this equation will not be altered if, instead of S and Q, 
other points, such as Si and Qi (Fig. 47), are taken as loaded 

points. i c 

Fig. it. 




If the two points A and B cannot offer any horizontal re- 
sistance but only vertical reactions, other means to resist the 
horizontal pull H must be adopted, for instance, introducing 
a horizontal boom. Thus a parabolic girder of the form shown 
in Fig. 48 is obtained, which can carry a load, uniformly distri- 
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bated over the whole span, without requiring any diagonal 
braces. The conditions, therefore, that must obtain, in prder 
that the girder may have the properties mentioned above, can 
be briefly stated thus : — 

The feet of the vertices must lie in a pa/rahola^ the aaia of 
which is vertieal andpouaea through the centre of the spa/n. 

Fia. 48. 




Fio. 49. 




The whole of the aboye reasoning remains true, if the girder 
be turned upside down and all the forces reyersed (Fig, 49) ; it 
need not, therefore, be repeated. 

This subject will be further considered under the head of 
** Sickle-shaped Trusses " (Bowstring-roofs). 
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THIED CHAPTER. 

§ 9. — Application of the Method of Moments to the 
Calculation of the Stbesses in Braced Gibdebs 

HAYINQ FaBALLEL BoOMS. 

The method of moments can also be employed in calculating 
ordinary braced girders divided into rectangular bays. It is 
hardly necessary to observe that the equation of moments 
remains true although two of the three bars cut through are 
parallel, their point of intersection being therefore at an infinite 
distance, and consequently the lever arm of the stress in the third 
bar being also infinite. All the lever arms in the equation of 
moments are, however, infinite, and thus divide out of the 
equation, enabling the required stress to be determined,* For 
example, in the girder shown in Fig. 50, the stress Y in the 
diagonal F G is to be found by taking a section a /3, applying 
the forces X,Y,Z to maintain equilibrium, and forming the 




equation of moments for one of the parts of the girder 
(Fig. 51) with reference to the point of intersection of X and 

* In this caae these infinitieB are all equal ; they can therefore he oonfiidered 
as a oommon factor, hut generally it is a mathematical fallacy to treat infinite 
factors in this manner. — Tbans. 
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Z. This pointy which is at infinity, can be considered as lying 
on the central horizontal line of the girder, and since X and Z 
paas through it their lever arms are nH, but the lever arms of 
all the vertical forces are evidently infinite. Now, if O were 
the point of intersection of X and Z, at a distance x from the 
point where a /3 cuts Y, the lever arm of Y would hex . sin ^, 
and if O be considered to move off to infinity, x becomes 
infinite, and the lever arm of Y is oo . rin (f). 

Fig. 51. 



/ 



y 







00 



Therefore, the equation of moments is 
or dividing out by oo . 



Here Y . sin ^ is the yertical component of Y, hence the 
above equation is merely the expression of the law that for 
equilibrium the sum of the vertical forces must be zero. 
Thus the principal object of the method of moments (to 
obtain an equation containing only one unknown) is, in this 
special case, arrived at by resolving the forces vertically. This 
shows the general applicability of the method of moments ; 
for even in special cases like the present, in which a shorter 
way of obtaining the required result exists, it can be used, and 
even points to the shorter method. 
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Substitatiiig the value of D in the aboye equation, viz. : 

and arranging it according to the rale, to ascertain the eflfect 
of the moving load : 

-?(4 + l + t + * + t) + ?{(i-f) + (i-4)l. 

The maximnm valne of Y can now be obtained by leaving out 
the positive member produced by q, and the minimum value 
by omitting the negative member. 

There is no difficulty in determining the stresses X and Z 
(Fig. 51). Let \ be the length of a bay, and h the height of 
the girder, take moments first round G and then round F, 
thus: 

0=:XA + (i> + rt{(4 + f + l + t + t)-8^ + (f-3A-X) 

+ (i.8x-2x)} 
0=-ZA + Cp + ?){(4 + | + | + 4 + * + f).2x + (i.2x-X)}. 

From which it is evident that these bars are in the greatest 
state of stress when the bridge is fully loaded. 

Fio. S2, 




Lastly, to find the stress in the adjacent vertical to the right, 
take a section 7 S (Fig. 52). The point about which to take 
moments is at infinity, and 

= - V . 00 - D . 00 + (I + I) 00 + (p + <7) 00 + (p + 5) 00 . 



§ 10. — GIBDBBS WITH PABALLEL BOOMS. 



39 



The only difference between this equation and the one pre- 
yiously obtained for Y.sin (f) is that — Y is written instead of 
Y.sin ^. Hence it is obyious that 

The Talnes Y.sin ^ and — V are therefore identical ; hence 
by first finding V, Y can be ascertained by dividing by 
( — sin if>). This is expressed in the following rule: the re- 
solved farts vertieaUy of the stresses in a diagonal cmd vertical 
meeting cU an unloaded joint are of equal magnitude^ hut of 
unlike sign. 



§ 10. — Bbaged Girder, op 16 Metres Span, composed op 

Single Biqht-anqle Triakqle& 

Apart from the difference of form, the dimensions of this 
girder- are the same as those of the parabolic girder, already 
calculated (p. 20), that is, the span (16m.) and the depth (2m.) 
are the same. The loads are also the same, viz., 1000 kilos, 
dead load and 5000 kilos. Uve load, on each bay. It is also 
assumed that the line of railway is on a level with the upper 
boom ; these loads, therefore, act at the upper apices (Fig. 53). 



Fio. 58. 
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(kdculation ofYo and Z^. 

Since Yo and D are the only vertical forces acting at A 
(Fig. 54) : 

Va + D=:0, or Vo=-D. 
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Yo therefore reaches its greatest numerical value when D is 
greatest ; that is eyidently when the bridge is fully loaded. In 

this case D = — ^— kilos., and hence : 

y« (min.) = - 24000 IdloB. 

Further, since Z^ is the only horizontal force at A : 

z, = 0. 



Fio. 54. 
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Caleulaitan ofX^ and Vg. 



Two vertical forces act at S (Pig. 53), viz., the load at this 
point (the greatest value of which is 3000 kilos.) and Vg. 
Therefore, 

V, (min.) = - 8000 kiloe. 

And since Xg is the only horizontal force at S : 

x, = o. 



Ccdeulaeion of Xj, Z^, Vi, Tj. 
(Section a/3. Kg. 55.) 

Taking moments for the part of the girder shown in Fig. 55, 
about the point C : 



whence 



= X, X 2 + (1000 + 5000) x(i + » + ...+!) X 2, 



Xi (min.) =: - 21000 kilos. 
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The equation of moments about the point D is 



Therefore, 



= - Z, X 2 + aOOO + 5000) H + ... +i)2. 



Z, (max.) = + 21000 kilos. 



Besolying the forces yeitically : 

0=-V,-1000(| + ... + i)- 5000 (i + . . . + i) , 



or, 



y, (min.) = - 21000 kiloe. 



The diagonal Y^ makes an angle of 45^ with the horizontaL 
Therefore, the resolved part of Yi vertically is Yi . sin 45^ 

^ 1 

or Yi . —y== • Hence, by the rule : 

y J- = -v 

^*V2 " 



or 



iT, = +21000x^^2, 
Y| (max.) = + 29700 kilos. 



Fio. 55. 
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or, 



CaJeyJaium of Xj, Z3, Y^, Yj. 
{Section yS. Fig. 56.) 

Taking moments about E : 

= X, X 2 + aOOO + 5000) { (i + . . . + «) 4 + (1 . 4 - 2) } , 

X, (min.) = - 36000 kilos. 
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Taking moments about F : 

0=-Z, X2+(1000 + 5000) { (i + . . . + 1) 4 + (i . 4 - 2) } 

Z, (max.) = + 86000 kiloB. 

Besolving the forces vertically : 

o=-v,-iooo{i + ... + »-(i-i)l 

- 5000 (^ + . . . + 1) + 5000 (1 - i). 

By leaving out of this equation, fiist the negative^ then the 
positive members, multiplied by 5000 : 

Vg (ma3L) = - 1875 kiloa. 
y, (mm.) = - 15625 kilos. 

Then multiplying these values by \/2, and changing the 
sign: 

T, (max.) = + 22100 kUos. 
Y, (min.) = + 2650 kike. 




T \.t . o — «; T *.t . o — o; J 
X4 (min.) = - 48000 kilos. 

0=-Z, x2 + (1000 + 5000) { (i + . . . + i) . 8 + (f . 8 - 2) 
+ (».8-4) + (J.8-6)} 
Zg (max.) = + 48000 kilos. 

0=-V4-1000{i + ... + t-(l-l)-(l-|)-(l-J)| 

- 5000(i + ... + ♦) + 5000 {(1 -I) + (l-») + (l-i) I 
y ( (max.) = + 8250 kilos. 

* \(min.) = -6750kUoB. 
Y ( (max.) = + 9550 kilos. 

* \ (min.) = - 4600 kilos. 
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The f(^owiiig eqnatknis are foimed with zeferenoe to the part of the girder 
situated to the right of the section line : 

=- X. x 2 -aOOO + 5000) {(* + ...+!) 6 + (1.6-2) +(1.6 -4)} 
X, (min.) = - 45000 kilos. 

= Z, x2-(1000 + 5000) { (1+ . . . + I) 6 + (1 . 6 - 2) + (i . 6 - 4) { 
' Z« (max.) = + 45000 kiloe. 

= - V, + 1000 {i + ... +f - (1 - •)-(! -1) - (1 - J)} 

+ 5000(i + ... + !)- 5000 {(l-f) + a-l) + (l-i)} 
y / (max.) = + 6750 kilos. 

• l(nmL) = -3250kaoB. 

Y / (max.) = + 4600 kilos. 

* I (min.) = - 9550 kUos. 

= - X. X 2 - (1000 + 5000) {(1 + .•. + I) 4 + (J .4 - 2)} 
X« (min.) = - 86000 kUos. 

:= Z, X 2 - (1000 + 5000) { (i + ... + ») 4 + (i.4 - 2) } 

Zj (max.) = + 36000 kUos. 

0= - V. + 1000 {i + ... + 1 - (1 - «) • (1 - J) } 

+ 5000(i + ... + |)-6000{(l-f) + (l-.J)} 
y /(max.) = + 10875 kilos. 
•\(min.) = - 375 kilos. 

Y /(max.) = + 530 kilos. 
•\(min,) = -15400 kilos. 

0= -X, X 2 -(1000 + 5000) (! + ,•. + 4). 2 
X, (min.) = - 21000 kUos. 

= Z, X 2 - (1000 + 5000) (i + . . . + 4) . 2 
Z. (max.) = + 21000 kilos. 

= -V, + 1000 U + ... + I - (1 - i) }+ 5000(1 + ... + |)-5000(1 - i) 
y ( (max.) = + 15625 kilos. 
' I (min.) = + 1875 kilos. 

Y / (max.) = - 2650 kilos. 
' \(min.) = - 22100 kilos. 

The diagonal Yg does not meet any vertical at an unloaded 
jointyfor the joint B (Fig, 63) cannot be considered unloaded on 
acoonnt of the reaction of the abutment. The rule for finding 

Y is therefore not applicable in this case. The vertical forces 

Y 

acting at B are the resolved part of Yg or -y= » the reaction 

W of the abutment and the stress in the last vertical, which 
has already been found = 3000 kilos. Hence for equilibrium : 

J^ + w - 8000 = 0. 
V2 
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Yg therefore obtams its greatest negatiye 
value when W is a maximum, that is, when 
the bridge is fully loaded, in which case 

— 5 — kilos. ; and, therefore, 






oo 



Y.Cmin.) = - 21000 x V2 = - 29700 kiloB. 

The results obtained are shown in Fig. 57. 



§ 11. — Debited Forms. 

If the above equations be examined, to 
ascertain what positions of the live load 
produce the greatest stress in the diagonal 
braces, it will be found that the law already 
found for parabolic girders (p. 26) holds 
good, or the stress in any diagonal is a 
mcudmum or a minimum when the joints on 
one side only are loaded. . 

The stresses in a girder in which the dia- 
gonals slope upwards from left to right 
(instead of from right to left) can evidently 
be obtained by looking at the girder of 
Fig. 57 from behind.* 

If the diagonals are to be tension-braces, 
and unable to resist compression, the follow- 
ing alterations will have to be made in the 
arrangement of the original girder ; in the 
bays where the diagonals are always in 
compression, they must be changed for 
diagonals sloping in the opposite direc- 
tion, and in the bays where the diagonal 
braces are subject alternately to tension and 
to compression, two diagonals must be in- 
troduced. 
Figs. 58 and 59 represent two girders having opposite 
diagonal systems, and the kind of stress in each brace is denoted 

♦ Holding the page np to the light. — Trans. 
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by the sign +9 signifying tension, and — compression. Carrying 
out the above alterations. Fig. 60 is obtained, in which the dia- 
gonals are never in compression, and the greatest numerical 
value of the fusion in them can at once be written down by 
means of Figs. 58 and 59, taking the values from Fig. 57. 



Fio. 58. 
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A vertical brace can only be in tension when the diagonals 
meeting it at an unloaded joint are in compression. This can 
never occur in Fig. 60 ; and the verticals can, therefore, only 
be in compression ; consequently, only the values of Y (min.) 



Fio. 59. 






need be considered, and for the left-hand side of the girder 
these values must be taken from Fig. 58, and for the right- 
hand side &om Fig. 59. 

The stresses in the horizontal bars X and Z are greatest when 
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the girder is fuUy loaded, and when this is the case it is easily 
seen that, in the left half of the girder, the diagonals sloping 
upwards from right to left will be in tension, and in the right 
half those sloping from left to right. Evidently, theref6re, the 
stresses in the booms can be obtained from Fig. 58 for the left 
half, and from Fig. 59 for^the right half of the new girder. 
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Thus, withont fhrther calcalation, the 
stresses in a girder of the form shown in 
Fig. 60 can be obtained. These stresses 
have been given in Fig. 61. 

If the diagonals can only resist com- 
pression (as is often the case in wooden 
structures), the stresses can be obtained 
by an exactly similar process from Fig. 57., 
These stresses are shown in Fig. 62. 

If the line of railway is carried on the 
lower apices, instead of on the upper, it can 
be considered that both the live and the 
dead loads are applied to the lower joints. 
The stresses in the horizontal and diagonal 
bars will not thereby be altered, and the 
stress in the vertnals can be found by 
the rule of ^SeettoQ- 9, namely, that the 
diagonal and vertical braces meeting at an 
unloaded joint have equal vertical stresses, 
but of contrary sign. In this case the un- 
loaded joints are the upper ones, and in 
Fig. 63 the stress in any vertical can be 
found by dividing the stress in the dia- 
gonal meeting it at the top joint by y/2y 
and changing the sign. From Fig. 63 tjie 
derived forms shown in Figs. 64 and 65 can 
be deduced as before. 

If the line is carried on the verticals 
between the booms, the points of attach- 
ment can also be considered as the points 
of application of the live and dead loads. 
All the upper as well as the lower joints 
are therefore unloaded, consequently the 
resolved part vertically of the stress in any 
diagonal will be the numerical value of the 
stress in the parts of both the verticals it 
meets. For instance, in Fig. 66 the diagonal in the third bay 
is subject to the maximum and minimum stresses 

+ 15400 and - 580 kilos. 
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These values divided by y/2 and with 
changed signs give 

-10875 and + 375 kUos, 

and these will be the stresses in the 
upper part of the vertical to the left 
and in the lower part of the vertical to 
the right. The stresses in the verticals 
in this figure as well as in the girders 
shown in Figs. 67 and 68 can therefore 
be obtained without difficulty, using the 
rule given in § 9. As to the stresses in 
the horizontal and diagonal bars it is 
evidently immaterial whether the loads 
be carried on the top or bottom joints or 
between them. Lastly in girders with 
symmetrically arranged diagonals all the 
stresses can be written down from Figs. 
57, 63, and 66, with the exception of the 
stress in the central vertical. For this 
reason only the central part of the girder 
is shown in Figs. 69, 70, 71, 72, 73, and 
74, and it is easy to see that the stress in 
the central vertical will be either ± 6000 
kilos, or according as the end which 
does not meet a diagonal is loaded or not 

§ 12. — Bemabks on the Degbee of 
Accuracy of the Assumptions 
made with regard to the dis- 
TRIBUTION OF THE Loads. 

Some objections may be raised to the 
above calculations, for the distribution of 
the loads on which they are based is not 
strictly true, and the results to be accurate 
require a slight correction. 
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In the first place, the weight of the girder itself acts on 
the upper as well as on the lower joints, and not, as assumed^ 
at the points through which the line of rails passes only. The 
correction in this case, however, will only apply to the vertical 
braces ; for, as already seen, the stress in the remaining bars is 
independent of the position of the rails. Taking any of the 
verticals in Fig. 53 or Fig. 54 and distributing the Icmd on it 
in due proportion between the top and bottom, it is easily seen 
that the method of moments could be applied to find the stress 
in that vertical. But it is better to make the calculation as in 
§ 9 and § 10 (La taking the point of application of the dead 
load the same as that of the live load), and then, if considered 
necessary, apply a correction in the following manner : Imagine 

Fio. 74. 
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a secondary vertical placed alongside of the main one, the object 
of this vertical being to realize the assumption made by trans- 
mitting the load on what has been considered the unloaded joint 
to the loaded joint. This secondary vertical will be a strut when 
the load has to be transmitted downwards, and a tie when it has 
to be transmitted upwards. The stress in it will therefore be 
negative when it is above the line of rails, and positive when it 
is below. Now if the secondary vertical be considered amal- 
gamated with the principal vertical, it is evident that the actual 
stress in the latter can be found by adding to the stress already 
determined the stress in the former. 

To make this clearer by an example, let the true distribu- 
tion of the dead load in Fig. 57 be |rds of the 1000 kilos, on the 
top joints and ^rd on the bottom joints, whereas it was con- 
sidered that the whole of the dead load was applied to the top 
joints. The secondary vertical has therefore to transmit 
333 kilos, from the lower to the upper joints, and is consequently 
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a tie with a stress of + 333 kilos. This must now be added 
to the stress in all the verticals. For instance, in vertical V, 

V,(iiiax.) = + 375 + 333 = 708 kUos. 

V, (min.) = - 10875 + 333 = -. 10542 kiloe. 

In the girder shown in Fig. 63 the line of rails is attached 
to the bottom joints. Supposing that the true distribution of 
the dead load is ^rd on the upper joints and frds on the lower 
joints, it is evident that the secondary verticals will be struts 
transmitting 333 kilos, from the upper to the lower joints, 
and therefore to obtain the correct stress in the verticals 
— 333 kilos, must be added to the stresses already found. For 
instance in vertical Ya 

V,(max.) = + 3250 - 333 = + 2917 kUoB. 
V, (min.) =- 6750 ~ 333 = -7083 kUos. 

In this case the correction is so small that it might be 
neglected. But in larger bridges, where the dead load is large 
in comparison to the live load, and is more equally distributed 
on the joints, the correction becomes important. 

There is a second correction to be made, in connection with 
the distribution of the moving load. It will be remembered that 
it was assumed that each bay was bridged over by secondary 
girders,* so as to convey the dead and live loads on the line of 
rails to the adjacent joints. It is evident^tbat it is only when a 
bay is fully loaded that the reaction at each end of the 
secondary girder can be equal to haK the load on one bay. 
Now the stresses in the diagonal and vertical braces were 
calculated on the supposition that all the joints on one side 
of the brace were fully loaded, and all those on the other side 
free of the moving load. With a uniformly distributed moving 
load this obviously cannot occur. 

Yet, when it is considered that in reality the moving load 
is not uniform and continuous, but that, on the contrary, the 
load is concentrated at the points of contact of the wheels with 

* These secondary girders are supposed to be diaoontinnoos.— Tbans. 

£ 2 
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the railsy and that in the case when the distanoe between the 
wheels is equal to the distance between the joints, the above 
assumption is strictly tme, it would appear that the error is 
insignificant, unless indeed the number of bays is small. At 
any rate the error affects only the diagonals and verticals, and 
is on the safe side. 

Both these sources of error disappear, the latter when the 
number of bays is very great, and the first when there are no 
verticals, in which case the calculations differ slightly from the 
preceding ones. To illustrate this latter point, the following 
example has been chosen. 



§ 13. — ^Braced Gibdeb with Equilatebal Tbiakqlbs. 

(Wabben Gibdeb.) 

(Railway Bridge over the Trent near Newark.) 

Each girder (Fig. 75) is composed of 27 bays of equilateral 
triangles having their apices alternately above and below. 
The line of rails is on a level with the bottom boom, one half 
of the load is carried directly on the lower joints, and the other 
half is transmitted by means of vertical ties to the upper joints. 
Thus one half of the dead as well as of the live load acts on the 
lower joints, and the remaining half on the upper joints. The 



Fig. 75. 
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whole girder is supported at A and B by bolts carried on cast- 
iron frames which rest on the piers. The distance apart of these 
points of support is 259 feet, and therefore the length of the 

259 
side of one of the triangles is -jr =18*5 feet. The depth' of 

18*5 
the girder is -^ X tan.60° = 9-25 x 1-73 feet. Taking9'25 
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feet as the nnit of length, the side of the triangles will be 

represented^ by 2, the height of the girder by 1 • 73, and its 

length by 28. 

The weight of the whole bridge is 589 tons, and since there 

689 
are four girders, the dead load on each girder is -j- = 147i tons. 

Taking the moving load on each line at 1 ton per foot run, 

2 X 259 
it will amount to — j — = 129 • 5 tons on each girder. The 

total load on one girder is therefore 

147-25 + 129-5 = 276-75 tons. 

276 '75 
Thus the load on each joint is — g^Q— tons, or in round 

numbers lO^tons. In the following calculations the live as well 
as the dead load has been taken for simplicity at 5 tons on each 
joint, although the proportion of the dead to the live load is as 
147*25 : 129*5 ; this will] make no difference in the stresses in 
the booms, and the greatest stresses in the diagonals will be 
slightly increased. Besides, the live load cannot be considered 
as accurately equal to 1 ton per foot run ; often it is taken 
higher. 




The only object of the vertical bars is to transmit part of 
the load to the upper apices; they do not form an integral 
part of the truss, and can therefore be omitted in the calcula- 
tions, the upper joints being considered loaded instead. The 
distribution of the load is therefore as shown in Fig. 76. 
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Cahulation of the Stresses X and Z in the Upper and 

Lotver Booms. 

Cutting off the part shown in Fig. 77 by the section line 
afi, and taking moments first about the point M and then 
about the point N, the following equations are obtained, denot- 
ing by D the reaction at the abutment A : 

= X^ X 1-73 + D x7- 5(1 + 2 + 3 + 4 + 5 + 6) 

-50 + 2 + 3 + 4 + 5 + 6) 

0=-Z^Xl- 73 + Dx8-5 (1 + 2 + 3 + 4 + 5 + 6 + 7) 

-5(1+2 + 3 + 4 + 5 + 6 + 7). 

Substituting for D its value 

l> = s (A + A + • • • + «) + 5 ( A + A + . . . + «). 




and arranging the equations so that the effect of each load may 
be seen (according to the previous rule). 



o = X^x 1-73 
+ 5{(A + ...+«)7.+ («.7 
+ 5{(A + ... + «)7 + (H.7 

= - Z« X 1-73 

+ 5l{A + -- + «)8 + («-8 
+ 6{(A + --- + «)8 + («-8 



!) + {». 7 
!) + (». 7 

i) + (H.8 



2) + . .. + («. 7-6)} 
2) + ... + («;7-6)}. 

2) + . .. + («. 8-7)} 
2) + . .. + («. 8-7)}. 



In these equations all the members containing the live load 
have positive signs, and the omission of any of them would con- 
sequently diminish the numerical value of the stress. 

Having thus shown that the booms obtain their greatest 
stress when the bridge is fully loaded (and this, it may be 
added, is true in the case of all lattice girders), the calculations 
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can be simplified by putting for D its value when the moving 
load covers the bridge, namely, 

and combining the members containing the live and*dead loads. 
The above equations then become 

= X^ X 1-73 + 135 X 7 - 10(1 + 2 + . . . + 6) 
0= -Z^X 1-73 + 135x8-10(1 + 2 + . .. + 7), < 

whence 

X4 (min.) = — 425 tons, 
Z4 (max.) = + 462 tons. 

The foUowing equations, for the xemaining parts of the booms, are obtained in 
an exactly similar manner: 

= X, X 1-73 + 135 X 1 
X| (min.) = — 78 tons. 

= - Z, X 1-73 + 185 X 2 - 10 X 1 
Z| (max.) = + 150 tons. 

= X, X 1-73 + 135 X 3 - 10(1 + 2) 
X, (min.) = — 216 tons. 

= - Z, X 1-73 + 135 X 4 - 10(1 + 2 + 3) 
Z,(max.) = + 277 tons. 

= X, X 1-73 + 135 X 5 - 10(1 + 2 + 3 + 4) 
X, (min.) = - 338 tons. 

= - Z, X 1-73 + 135 x6- 10(1 +2 + 8 + 4 + 5) 
Z, (max.) = + 381 tons. 

= X, X 1-73 + 135 X 9 - 10(1 + 2 + . .. + 8). 
Xj (min.) = — 494 tons. * 

0=. -Z. X 1-73 + 135x10 -10(1 + 2 + ... + 9) 
Zs (max.) = + 520 tons. 

= X^ X 1 .73 + 135 X 11 - lb (1 + 2 + . . . + 10) 
Xf (min.) = — 540 tons. 

= - Z. X 1-73 + 135 X 12 - 10(1 + 2 + . . . + 11) 
Zf (max.) = + 555 tons. 

= X, X 1-73 + 185 X 13 - 10(1 + 2 + . . . + 12) 
Xj (min.) = — 564 tons. 

= - Z, X 1-73 + 135 X 14 - 10(1 + 2 + . . . + 13) 
Z, (max.) => + 566 tons. 



I 

J 
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Caleulaiion of the Stresses Y and TJ in the Braces. 

Since the braces make an angle of 60^ with the horizontal, 
the resolved part vertically of the stresses in them are 



or 



Y.dneO^ and U. sin 60° 
Y X 0-.866 and TJ x 0'866. 



Resolving the forces acting on the parts of the girder shown in 
Figs. 78 and 79 vertically. 

= Y, X O-See -D + 5x6 + 5x6 
= - U4 X 0-866 -D + 5x7 + 5x7. 

Fig. 78. 




Substituting for D its value 

l> = 5(A + A + - • + «) 
+ 5(,V + A + . .. + «), 

and arranging the equations according to the previous rule 

= Y4 X 0-866 

-5(A + ... + «) + 5 {(!-«) + (! -«) + ... +(!-«)} 
= - U4 X 0-866 

-5fA+-. + «-a-»)-<l-»)- •"(l-tt)} 

- 5(A + .•• + «) + 5 J(l -«)+(!-«) +... + (!-«)}. 

In these equations the members containing the moving load 
do not all possess the same sign, therefore leaving out first the 
positive and then the negative members, 

o = Y, x0-866-5(,iy + ... + «-A-A--..-A) 

X4 (max.) = + 91 tons. 
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= Y, X 0-866 - 5(A + ... + H - * - A - .•• - A) 

X« (min.) = + 89 tons. 
= - U4 X 0-866 - 6(,V + .. . + « - A - A - • • • - A) 

+ 5(A + A + ... + A) 

U4 (max.) = — 32 tons. 

0=-U, xO-866-5(A + ... + tt-A-A- A) 

-5(A + A+ . +«) 
U4 (min.) = - 81 tons. ' 
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It appears that only Y4 (max.) and 04 (min.) need be . 
taken into consideration, and therefore the calculations for Y4 
(min.) and U4 (max.) coold have been spared. But it is ad- 



Fio. 79. 




visable always to calculate both values, for sometimes the 
stresses are of differdnt signs, in which case both must be 
retained. 



The eqnatioai tod the stieflBeB in the remaining dlagonab are fotmd similarly 
afl shown below : 

= Y| X • 866 - 5 (^ + . . . + «) - 5 ( A + - - ' + tt) 
Y / (max.) = + 156 tons 

* \(nrin.) = + 78 tons 

Orr-U, X 0-866 -5(A + ... + «^ A)- «(A + '.• + ») 

,j ( (max.) = — 72 tons 
' I (min.) = - 144 tons 

= Y, X 0-866-5 (Vt + ... + «- A - A) 

-5(Vt + ... + if) + 5(A + ^) 

188 tons 

66 tofts 



Y /(niax.) = + 
M(min.) = + 
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0= -U, X 0-866- 5(A + . .. + »-*- A- A) 

-5(A + ... + «) + 5(A + A + A) 



Tj ( (max.) = — 59 tons 
•\(mm.) = -122t<m8 



= Y, X0-866-.5 (A + ... + »-*-.. .-A) 

-5(A + ... + «) + 5(A + ... + A) 

Y / (max.) = + 112 tons 
•((mill.) =+ SSUma 

0=-U,xO-866-5(A + ... + «-A-..--A) 

-5(A + --- + «) + 5(A + .-. + A) 

^j ( (max.) = — 46 tofos 
•\(imn.) = -lOltonB 

= Y.xO-866-5(A + ... + 4f-A-...-A) 

-5(A + ... + «) + «(A + ... + A) 

Y ( (max.) = + 71 tons 
• l(min.) =+24 



0=-U. xO-866-.5(A+... + «-A-..-A) 

-5(A + ... + if) + 5(A + ... + A) 



jj / (max.) = — 17 tons 
^»\(min.) = - 



61 tons 

= Y. XO- 866 -5 (A + ... + «-«-.. .-A) 

- 5 (A+. .. + «) + 5 (« + ...+ A) 
Y f (max.) = + 52 tons 

• I (min.) = + 9 tons 

= - U. X 0-866 -5 (A + ... + «-«-. ..-A) 

-5(^+.;. + «) + 5(ii + ... + A) 
»j f (max.) = — 0'8 tons 

• I (min.) = - 42 tons 

= X, X 0-866 - 5 (A + ... + «-«-...- A) 

- 5 (A + .•• + tf) + 5 (« + ... + A) 



- ( (max.) = + 34 
''\(mm.) = -7-4 



V I \um^,j = T 0« tons 

" tons 



0=-U, xO- 866 -5 (A +... + «-«-. ..-A) 

-5(A + ... + «) + 5(« + ... + A) 

^ ( (max.) = + 16 tons 
M(min.) = -25 tons. 

Since the girder is symmetrical with respect to the central 
line, the stresses in the corresponding braces in the other half 
will be exactly the same, and need not therefore be calculated. 

The verticals have to sustain a part of the dead load as 
well as the 5 tons moving load. Half the weight of the line 
of railway, which forms part of the dead load, is supported by 
the lower joints, and the other half is transmitted by the 
verticals to the upper joints. This weight is 24*75 tons. 



L 
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and since there are fourteen 
bayEf, each vertical will have 

^=^-^ = 0-88 ton to carry. 
2 X 14 

Each vertical is there- 
fore subject to a tension of 
+ 5*88 tons. 

The results of the above 
calculations are collected 
together in Fig. 80. 

If all tlie signs of the 
stresses be changed, those in 
asimilargirdertumed upside 
down (Fig. 81) are obtained. 

[Note. — Since the loads are 
equally distribnted on the top 
and bottom joints, it is immaterial, 
80 far as regards the booi^s and 
diagonals, whether the line be 
placed on a level with the bottom 
or the top boom. In the first case 
the verticals will be ties, and in 
the second they will be strats.] 

§14. 

In order that the rela- 
tion between braced girders 
with a single triangulation, 
and those having two or 
more (or Trellis and Lattice 
girders as they are some- 
times called), may be clearly 
shown, the girders in the 
following examples will have 
a span of 16 metres and a 
total load of 48,000 kilos., 
so that they may be com- 
pared with the girder of § 10. 
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If the load on the girder shown in Fig. 57 were only half 
what it was assumed to be, the stresses would be exactly a half 
of those given in the figure. Taking two such girders with 
halved stresses^ one in which the diagonals are inclined upwards 
from right to left as in Fig. 57, and the other from left to right 
as in Fig. 63, and placing them exactly one behind the other, 
so that all the corresponding bars, with the exception of the 
diagonals, cover each other, a girder is obtained the crossed 
diagonals of which are capable of taking up either tension or 
compression. Wherever two bars coincide the stresses in them 
' are to be added, and the stresses thus obtained are those pro- 
duced in the derived girder by the total original load, one-half 
of which acts on the upper apices, and the other half on the 
lower apices. In each of the verticalsi except tiiose over the 
abutments, the stress vanishes, for the maximum stress in one 
girder is added to the minimum stress in the other. To pro- 
duce the above loading it is necessary, when the whole load is 
applied at the level of the upper boom, to introduce verticals to 
transmit half of it to the lower joints, in which case these 
verticals will be in compression ; or if the line of railway is 
attached to the lower boom, vertical ties must be used to convey 
half the load to the top joints ; and lastly, if the line is placed 
between the two booms a vertical will be required, the lower 
half of which will be in compression, and the upper half in 
tension. The verticals in compression will have a stress of 
— 3000 kilos., and those in tension of + 3000 kilos. In this 
manner the stresses given in Figs. 82, 83^ 84 have been ob- 
tained. (So as not to overload the diagrams with figures, the 
stresses in the booms and diagonals have been omitted from 
Figs. 83 and 84. They are the same as those in Fig. 82.) 

Again, if two girders of the design shown in Fig. 57» with 
halved stresses, be placed so that one overlaps the other by half 
a bay, and if the stresses in the parts of the booms where they 
overlap be added, the stresses in a braced girder of the form 
shown in Fig. 85 will be obtained, but they will only be true if 
the girder be supported as indicated in the figure. If the line 
of railway is placed on the lower boom or between the two 
booms. Figs. 63 and 66 can be employed in a similar manner 
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to form the girders given in Figs. 86 and 87. (The stresses in 
the booms and diagonals have been omitted, being the same as 
those in Fig. 85.) If the diagonals in such a girder be so con- 
structed that they can only resist tension, the form of the 
girder and the stresses in it will be as shown in Figs. 88, 89, 90. 
(The stresses in the horizontal and diagonal bars in Figs. 89 and 
90 are the same as those in Fig. 88.) 



Figs. 82, 88, and 84. 



Centre 




^ \. 


A 


\ A 


\ A 


\ 


X o 


\ A 


\ 


e V 


X o 


^v ^ ^A 


X. X • 


X 


X ® 


^^ ^ ^Bk 


X 


r» >^ 


r^-^ 


X X •? 


\ / tn 


X 


X •^ 


_ X /\,. ^ 


X 


■ S 




■* — '^-^^ IM > 


, . . .I 


ll ■'^■'"- ^^^ "^ p 


1 


o X 


X 


X ^k 


xX 


/ 




^r ^w 


J 


O X 


X » 


^r ^v O 


X X • 


y 


^s. ® 


y ^V ® 


X 


■'• X 


X o 


X ^w o 


/ X • 


X 


\. ** 


^r ^V © 


X 


•* y 


X o 


^r ^V O 


X X » 


/ 


\ o 


^^^ ^v ^^ 


/ 


^^r 


^ 


X x^ 


/ N 


/ 


X* 


X X 


/ 



The girders in the last six figures have a length of 17 metres 
(instead of 16 metres), and the stresses given are only true 
if there are two points supports at each abutment.* 

If, however, the original spaii and method of supporting the 
girders is to be retained, the design shown in Fig. 91, made up 
of the two simple systems of Figs. 92 and 93, can be employed. 
The stresses given have been calculated on the supposition that 
the live as well as the dead load is applied to the upper 

* The girden shown in Figs. 85 to 90 are not of much practical nse, for 
although their length is 17 metres, the clear span is only 16 metres.— Tbans. 
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Fig. 85. 
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extremity of the verticals. The stresses in Fig. 92 are therefore 
obtained by dividing those in Fig. 57 by two. The stresses in 
Fig. 93 must, however, be calculated anew, taking the dead 
load at 4000 kilos, and the moving load at 20,000 kilos. 

These calculations are exactly similar to those given in 
§ 10. It is to be observed that in this case, contrary to all 

Figs. 8S, 89, and 90. 
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the previous examples, the first and last verticals (are^ subject 
to bending stress (for this reason they have been shown in 
double lines in the figure). From Fig. 94 the three following 
equations are obtained for the three bars in the first bay : — 

= X X 2 + 12000 X 1 (taming point P) 
X = - 6000 kilos. 



= Y X --Z - 12000, 
^2 



Y = 16971 kiloB. 



= — Z X 2 - 12000 (turning point 0) 
• Z = - 6000 kilos. 
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Both X and Z are negative, these bars are therefore in com- 
pression. The first vertical is therefore held in eqnilibrinm by 
the fonr forces shown in Fig. 95 ; thus irrespective of the 
12,000 kilos, direct compression in its lower half, it is in the 
same condition as a beam supported at both ends and loaded in 
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the centre with 12,000 kilos. The same figure evidently also 
represents the stresses in the last vertical. 

To avoid these bending stresses the first and last diagonal 
can be placed as represented in Fig. 06, in which case the 
equations for the three bars of the first bay will become (Figs. 
97 and 98) 

= X X 2 + 12000 X 1 (turning point P) 
X = - 6000 kilos. 

2 



= Yx 



- 12000 



V2« + l 
T = + 13416 kiloe. 

= — Z X 2 (tnming point J) 

Z = 0. 

The stresses in the bars of the last bay will be similarly 
altered. This alteration will, however, not affect the stresses in 
the other bars, and they remain the same as in Fig. 93. Com- 
bining the design of Fig. 96 with that of Fig. 92, a girder of 
the form shown in Fig. 99 is obtained. (Only a few of the 
stresses are given, for the others coincide with those of Fig. 91.) 

Starting with the girders of Figs. 91 and 99, a series o^ derived 
forms can be obtained by altering the position of the loads and 
the nature of the diagonals. Following, for instance, the 

F 
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reasoning of § 11 and assaming that the diagonals can only 
take up tension, Figs., 100 and 101 are obtained, in which only 
a half of the girder is shown, for it is symmetrical about the 
centre, and the stresses in the corresponding bars are equal. 

Fig. 102 is obtained by replacing the verticals in Fig. 91 
by diagonals inclined to the right at an angle of 45^. This is 
a trellis girder with four triangulations, and can also be con- 
sidered as made up of the four girders shown in Figs. 103, 
104, 105, and 106. 



FiQ. 97. 



Fig. 98. 
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The stresses given have been calculated on the supposition 
that the span of the girders is 16 metres, their height 2 metres ; 

the total dead load — — kilos, and the total live load — — - 



Fig. 100. 



I 
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—6000 -f€000 +10500 +25500 +93000 +99000 +49500 +46500 | +40500 



kilos., so that the girder of Fig. 102 may correspond with the 
former cases. 

The dead load, however, according to the more accurate 
assumption, has been equally distributed betw^^-^tite-bottom 
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and top joints^ bnt the live load, as in previous cases, is 
exdusively applied to the upper joints.* 

Therefore at each lower joint there is a dead load of 
250 kilos, and at each upper joint a dead load of 250 kilos., 
together with a live load of 2500 kilos, (with the exception of 
the end joints, which of course have only one-half the load to 
cany). Fig. 107 is obtained by calculating the stresses in the 
four single lattice girders with these assumptions and then 
fuzing them together. The end verticals in Figs. 102, 103, 
104, and 107 are represented by double lines to indicate that 
they are under bending stress. 

A comparison of ^is trellis girder of four triangulations 
with the one of eight triangulations, shown in Fig. 108, will 
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convince that when the stresses in a trellis girder of a still 
greater number of triangulations have to be determined it is not 
necessary to go through all the calculations of all the single 
systems of which it is composed. 

The stresses in the booms increase gradually from the abut- 
ments to the centre, and the stresses in the diagonals decrease 
gradually in the same direction, and these increments and 
decrements vary according to a law which becomes all the 
more evident the greater the number of triangulations and the 
greater the number of stresses actually calculated. 

* This aasmnption is not strictly accurate, for the weight of the line of way, 
the longitudinal, and the cross-giiders is applied to the same joints as the Uve load, 
and it is only the weight of the truss itself that can be considered as equally dis- 
tributed between the bottom and top joints. — Trans. 
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ThnSy as soon as the calculations have been carried to a 
certain . point, the shorter method of interpolation may be 
adopted. 

The stresses in the diagonals of the girder of Fig. 108 are 
on an average half those of the corresponding ones of Fig. 107^ 
which agrees with the number of diagonals being double, and the 
stress in each of the new diagonals is very nearly the .arith- 
metical mean between the two adjacent diagonals. Further, 
the number representing the stress in any part of the booms of 
Fig. 107 is almost exactly the arithmetical mean of the two 
numbers that take its place in Fig. 108. It therefore is not 



Fio. 108. 
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actually necessary to calculate the stresses in each of the eight 
single lattice girders, forming the girder of Fig. 108, but the 
stresses already found for lattice girders with two or four 
triangulations can be used, according to the degree of 
accuracy required, to determine the required stresses by 
interpolation. 

The points of application and the values of the bending 
forces acting on the end verticals are given in Figs. 109 and 110. 
In the first figure the resolved parts vertically and horizsontally 
of the stresses are given instead of the stresses themselves, and 
in the second figure only the bending forces on the vertical are 
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Fra. 109. 



Fra. liO. 



shown. The direct compresdon which abo exists in these 
verticals can be found &om Fig. 108. 

In Fig. 108 it was assumed that a dead load of 125 kilos, 
was placed on each lower joint and a dead load of 125 kilos., 
together with a live load of 1250 kilos, on erery upper joint. 
If instead of this, the dead load on the lower and npper joints 
had been taken as 1, and the live load as 0, the stresses given 
in Fig. Ill would have been obtained. 

These nnmbers are what may be called the gfresA-num&ers 
when the bridge has no moving 
load upon it. 

These DUmbers also apply to 
any similar trellis girder with 
eight triangulationa if the span 
is eight times Ihe height. If the 
dead load is p kilos, (or any 
other unit of weight) on each 
joint, the stress in kilos, can evi- 
dently be obtained by multi- 
plying the stress-numbers by p. 

Fig. 112 gives the stress- 
nnmbers obtained supposing the 
dead load to be and the live 
load ou the npper as well as on 
the lower joints to be 1. To 
obtain the stress in kilos, of 
a geometrically similar girder 
having a live load of m kilos, on 
the top and bottom joints, the stress-numbers are to be multi- 
plied by m. 

The stress-numbers in Fig. Ill are simultaneous, whereas 
those iu Fig. 112 do not occur at the same time, but give the 
greatest stresses due to partial loading. The functions of the 
diagonals can therefore be best investigated from Fig. Ill, 
and it will he observed that by multiplying the stress-numbers 
of this figure by p + m, the stresses in the fully-loaded girder 
are obtained. 

TakiDg two vertical sections through this figure, one at the 
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first top joint from the left and the other at the second top 
joint and applying the reqtiisite horizontal and vertical forces 
to maintain equilibrium, Fig. 113 is obtained* It will be 
seen that in each section the vertical forces distribute them- 
selves equally between the points of crossing of the diagonals, 
and that the total difference of the vertical forces is equal to 
the total load on the bay. It will further be observed that the 
horizontal forces increase from the 
centre towards the booms, and are 
proportional to their distance from 
the centre. These laws would have 
been even more clearly expressed 
with a trellis girder of sixteen tri- 
angulations. 

The greater the number of tri- 
angulations, the greater will be the 
analogy between the functions of the 
diagonals and those of the solid web 
of a plate girder. 

The stress-numbers in Figs. Ill 
and 112 can be employed as follows 
to determine the stress in any other 
trellis girder with eight triangu- 
latioDS, geometrically similar, and 
having a dead load of p kilos, and 
a live load of m kilos, on the 
upper as well as the lower joints : 

Multiply the dress-numbers in 
Fig. Ill hy p, and those in Fig, 112 
hy m. The svm of the numbers oUained totU give the stress 
required. 

Or representing by Z, the stress produced by the dead 
load, by Z^ the stress produced by the live load, and by Z the 
total stress : 

Z =pZp + mZ«. 




As an example take a trellis girder of 64 metres span and 8 
metres depth, the dead load being |> = 1500 kilos, and the 
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liye load m = 2000 kilos, on each top and bottom joint; then 
for the sixteenth brace inclined upwards from right to left^ 
the above equation becomes 

Z = 1500 X 0-707 + 2000 x 1*768 = + 4596 kOoe. 

as the maximum stress or greatest tension, and 

Z = 1500 X 0-707 - 2000 x 1061 = - 1061 kHos. 

as the minimum stress or greatest compression. 

In the same manner the following stresses are obtained for 
the remaining diagonals inclined upwards from right to lefty 
beginmng at the left end of the girder : 

+ 21036, + 19799, + 18562, + 17324, 
+ 16175, + 15027, + 13877, + 12727, 
+ 11667, +10606, + 9546, + 8485, 

+ 7Ma. -. 6540. {! ^; {IJS?: 
f+ 3713, /+ 2828, 

\- 1944, I- 2828, 

and these stresses multiplied by — 1 will give the stresses in 
the diagonals inclined upwards from left to right. 

Similarly it is found that the different parts of tlie booms 
are subject to the following stresses, commencing at the left 
end of the girder : 

11375, 37625, 62125, 84875, 105875, 

135125, 142625, 158375. 172375, 

184625, 195125. 203875, 210875, 

216125, 219625, 221375. 

These numbers taken with the positive sign give the stresses 
in kilos, in the lower boom and with the n^ative sign those in 
the upper boom. 

Again if p = 125 kilos, and m = 625 kilos, in the girder of 
16'" span, the stresses in the diagonals inclined upwards from 
right to left, beginning at the left end of the girder, are 

+ 4508, +4243, +3977, +3712, 
+ 3475, +3237, +3000, +2762, 

+ 2552, + 2342, + 2132, |+ ^^ 

<+ 1740, f+ 1558, /+ 1376, f+ 1193, 
\- 193, I- 320, I- 447, \- 574. 



1+ 1039. r+ 884, 



\« 729, I- 881, 
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and the stresses in the parts of the booms commencing firom the 
left are 

2437-5, 8062-5, 13312-6, 18187*5, 

22687*5, 26812-5, 805625, 83937-5. 

86937-5, 39587-5, 41812 -5, 43687*6, 

45187-5, 46312-5, 47062-2, 47437-5. 

It will appear by comparing these numbers with those 
given in Fig. 108 that the stresses are much altered when the 
live load is applied to the lower as well .as to the upper joints 
instead of only to the upper joints. 
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§ 15. — Sickle-shaped (Bowstbing) Roof of 208 Feet 
Span with a Single System of Diagonals. 

{Roof over BaUway Station, Birmingham,) 

The unit of length in Fig. 114 is 16 feet, and the dimensions 
given must therefore be multiplied by 16 to obtain them in 
feet. Accordingly the span is 

2 X 6-5 X 16 = 208 feet, 

the height of the upper bow is 

(I + 1-5) X 16 = 40 feet, 

and that of the lower bow 

1 X 16 = 16 feet,* 

and lastly the horizontal length of each bay is 

1 xl6 = 16feet 

The'ordinates of the upper bow are everywhere 2 '5 times 
those of the lower bow. 

The load on the roof has been taken at 40 lbs. per foot 
super of horizontal area covered, including snow and wind- 
pressure. 

The distance apart of the principals being 24 feet, the area 
supported by each is 

208 X 24 = 4992 sq. feet, 

* Id the actual roof at Birmingham, the height of the lo^rar bow is 17 feet, 
but 16 feet has been adopted here to simplify the calculations. Otherwise the 
dimensfltas given are the same as those in tiie actual roof. The calculations have 
been made for a roof with single diagonals sloping upwards from right to left ; 
but under the head of " Derived Forms " will be found the stresses for a roof 
similar to the one at Birmingham, with crossed diagonal ties. 
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and the corresponding load 
is 

4992 X 40 = 199680 Ibe. 

The load on each of the 
thirteen bays ia therefore 
199680 



13 



= 15360 lbs., or 




7-5 tons nearly (2000 lbs. 
to the ton). 

The weight of the prin- 
cipal itself deduced from 
the dimensions of its parts 
is very nearly 1'5 ton for 
each bay. 

Half the load on each 
end bay is taken np di- 
rectly by the abutments, 
and each of the twelve 
central joints has 1*5 tons 
permanent and 7*5 tons 
variable * load to carry. 

Oaleulaium of the Stresses 

X and Z in the Upper 

and Lower Bows. 

Cutting oflF the part of 
the roof shown in Fig. 115 
by the section line a fi and 
taking moments first about 
M and then about N, the 
following equations are ob- 
tained: 

= X4X 1-205 + Dx 4 

- 1-6(1 +2 + 8) 
-7-5(1 + 2 + 8) 

0= -Z«xl-055 + Dx8 
-1-5(1 + 2) 

- 7-5(1 + 2). 

* As mil be seen in the sequel, Prof. Bitter under- 
stands by the load being Tariable that any joint or 
joints may be loaded and the rest unloaded. This, it 
wiU be obaerred, is not the nsnal English practice in the case of roofs.— Tbans. 
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Substituting for D its value : 

D = 1-5 (A + A + ... + «) + 7-5 (A + A + ... + «), 

and arranging the equations according to the previous rule so 
that the effect of the variable load may be traced : 

o = x, X 1-205 
+ l-5{(A + ... + A)4 + (i».4-l) + (H.4-2) + («.4-8)} 
+ 7-5(^ + ... + A)4 
+ 7-5{(i§.4-l) + (+i.4-2) + («.4-3) 

= - Z4 X 1055 
+ l'5{(^+... + «)3 + (H.8-l) + («.8-2)} 

+ 7-5{(H.8-l) + (H.8-2)} 

The members' containing the variable load, 7 ' 5 tons^ are all 
positive and therefore of the same sign as the members due to 
the permanent load 1*5 ton. Hence the stresses X4 and Z4 are 

Fio. 115. 




greatest when the structure is fully loaded, 
equations : 

X« (min.) = - 184-4 tons. 
Z« (max.) = + 128-0 tons. 



Solving these 



It having thus been shown that the greatest stresses in the 
bows occur when the roof is fully loaded, it is better to 
substitute for D its corresponding value, 



^ 1-5 + 7-5 

D = ^ X 12 = 64 toM. 
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in the original equations, which then become 

= X4 X 1-205 + 54 X 4 - 9(1 + 2 + 3) 
= - Z, X 1-055 + 54 X 8 - 9(1 + 2). 

In a similar maimer the equations for the remaining parts of the bows are ob- 
tained as given bdow : 

= Xi X 0S47 + 64 X 1 
X| (min.) = - 155-6 tons 

= - Zi X 0-41 + 54 X 1 
Z, (max.) = + 181-7 tons 

= X, X 0-672 + 54x2-9x1 
X, (min.) = ^ 147-8 tons 

= - Z, X 0-415 + 54 X 1 
Z,(max.) = + 130-2 tons 

= X, X 0-963 + 54X8-9U + 2) 
X« (min.) = — 140-2 tons 

= - Z, X 0-767 + 54x2-9x1 
Z, (max.) = + 129-1 tons 

= X, X 1-882 + 54x5-9 (1 + 2 + 8 + 4) 
X, (min.) = - 180-2 tons 

= - Z, X 1-272 + 54x4-9 (1 + 2 + 3) 
Z, (max.) = + 127-8 tons 

= X« x 1-481 + 54x6-9 (1 + 2 + 3^4 + 5) 

X» (min.) = - 127-6 tons 
= - Z, X 1-419 + 54x5-9 (1 + 2 + 3 + 4) 

Z, (max.) = + 126-9 tons 
= X, X 1*491 + 54x7-9 (1 + 2 + 3 + 4 + 5 + 6) 

X, (min.) = — 126-7 tons 
= - Z, X 1-491 + 54x6-9 (1 + 2 + 3 + 4 + 6) 

Z, (max.) = + 126-7 
= X,xl-41 + 64x8-9(l + 2 + ... + 7) 

X« (min.) = — 127-6 tons 

= - Z, X 1-489 + 54x7-9(1 + 2+. .. + 6) 
Zg (max.) = + 126-9 

= X, X 1-244 + 54 X 9 - 9 (1 + 2 + ... + 8) 

X. (min.) = — 180-2 tons 
= -Z, xl-414 + 54x8-9 0+2 + ... + 7) 

Z, (max.) = + 127-8 tons 
= Xjo X 1-004 + 54 X 10 - 9 (1 + 2 + ... + 9) 

Xjo (nuB.) = — 184-4 tons 
= - Zjo X 1-265 + 54x9-9 (1 + 2+.. . + 8) 

Z,o(inflaL) = + 128-0 tons 
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: X„ X 0-706 + 54 X 11 - 9 (1 + 2 + ... + 10) 
Xj, (min.) = - 140-2toiiB 

- Zj, X 1 046 + 54 X 10 - 9 (1 + 2 + . . . + 9) 
Zh (max.) = + 129-1 tonB 

: X„ X 0-367 + 54 X 12 - 9 (1 + 2 + . . . + 11) 
X„ (min.) = - 147*3 tons 

: - Z„ X 0-76 + 54 X 11 - 9 (1 + 2 + . . . + 10) 
Z}, (max.) = + 130-2 tons 

:X,a X 0-347 + 54 X 12 - 9 (1 + 2 + ... + 11) 
X,3 (min.) = — 155-6 tons 

-Zi, xO-41 + 54 X 12-9(1 + 2+...+ 
Zi, (max.) = + 131-7 tons. 



= -Zi, xO-41 + 54 X 12-9(1 + 2+... + 11) 
Zi, (max.) = + 131-7 tons. 

It appears &om these results that the greatest stresses in 
the symmetrically placed parts of the bow are equal. Now as 
the only difference between the corresponding bays on each 
side of the centre is in the direction of the diagonal, it follows 
that the greatest stresses in the bows are independent of the 
position of the diagonals. It therefore makes no difference in 
the results if the point round which moments are taken is at 
the right or left angle of the bay ; that is, whether the point lies 
in the diagonal or not* But this cannot be the case unless the 
stress in the diagonal is nothing. From this it follows that 
the diagonals have no stress in them when the roof is fully 
loaded. 

This property of bowstring roofs will be farther discussed 
in the ** Theory of bowstring trusses." 



Calculation of the Stress Y in the Diagonals, 

To determine the stress Y4 take moments about for the 
part of the roof given in Fig. 116. O is the point of inter- 
section of X4 and Z49 and it is found by construction that its 
distance to the left of A is 2, and that the lever arm of Y4 is 
4 ' 68. Hence the equation, 

= Y4 X 4-68 - D X 2 + 1-6 { (3 + 2) + (2 + 2) + (1 + 2) { 

+ 7-5 {(3 + 2) + (2 + 2)+ (1 + 2)}. 
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substitutmg for D iitt value 

and arranging the equation so as to be able to observe the 
effect of the variable load^ 

= Y, X 4 • 68 + 1 • 5 { [8 + 2 (1 - «)] + [2 + 2 (1 - H)] 
+ [l + 2a-«)]-(f» + A + ... + A)2} 
+ 7-5{[8 + 2(l-«)3 + [2 + 2a-»)] + [l + 2(l-«)]} 
-7-5(A + A+... + A)x2, 

which simplifies to the following : 

= Y4 X 4-68 - 1-3[(A + .-. + A)2 - (8 + 2 + 1)(1 + A)] 

-7'5(A+... + A)2 + 7a(8 + 2 + l)(l + A). 

On calculation it appears that the co-efficient of 1 ' 5 is zero, 
thus confirming the result obtained above, by means of the 
greatest stresses in the booms, that a uniformly distributed 




load, such as the weight of the principal itselfi produces no 
stress in the diagonals. The last equation can tiierefore be 
written in the simpler form : 

= Y4X4e8-.7-5(f» + ...A)2 + 7-6(S + 2 + l)a + A). 

Leaving out first the positive then the negative members 
containing 7*6 tons. 

Y /(max.) = + 11' 1 tons; 
* ICrnin.) =-111 



ton& 
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This result again shows that a uniformly distributed load 
produces no stress in the diagonal^ for the maxiinum and mini- 
mum values of Y4 are equal. 

The stresseB in the remaining diagonals aie obtained in a predaely aimilar 
manner. The eqnationB given below have been written in the aimpfost fonn, that 
is, omitting the pennanent load : 

= Y, X 0-92 - 7-5 (A + . . . + H) 0-2 + 75 (l + \f) 

Y ( (max.) = + 8'S tons 

• \(min.) = —8-3 tons 

= Y, X 2-52 - 7-5 (i + .. . + H) 0'75 
+ 7-5(2 + l)(l + ^) 

<Y < (max.) = 4 9*5 tons 

• \ (min.) = — 9*5 tons 

= Y, X 8-8 - 7-5 (<^ + . . . + A) 5 

+ 7-6(4 + 8 + 2 + l)(l + A) 

Y / (max.) = + 12*6 tons 

• l(min.) =-12-6 tons 

= Y. X 17-6 - 7-5 (tV + ... + A) 15 

+ 7-5(5 + 4 + 3 + 2+l)(l+i4) 

Y < (max.) = + 13*8 tons 

• \ (min.) = " 18-8 tons. 

The point about which to take moments for the diagonal in the central bay lies 
at infinity ; it is therefore necessary to foUow the mle given in the third section, 
§ 9. The sine of the angle this diagonal makes with the horizontal is = 0'831. 

The equation to find Y, is therefwe, 

= Y, X 0-831 X oo-7-5(A + ... + A)a> 

+ 7-6(6 + 5 + 4 + 3 + 2 + l)(l + A); 

or since the finite vanishes in comparison to the infinite, 

= Y, X 0-831 X a>-7-6(A+... + A)« 

+ 7-6 (6 + 5 + 4 + 8 + 2 + 1) A ; 

and dividing ont l^ the oommoQ fiiotor oo, 

= Y, X 0-831 - 7-5 (A + . . . + A) + 7-5 (6 + .. . + 1) A 

Y ( (max.) = 4- 14*6 tons 
^ \(min.) = -14-6 tons 

In the following equations the points about which moments aro taken fall to 
the right of the section line : 

= - Y, X 16-1 + 7-5 (A + . . . + A) 28 

-7-6(7 + ... + 1)(H-1) 

Y ( (max.) = + 15-0 tons 

• l(min.) = - 15-0 tons 
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= - Y, X 71 1»- 7-5<tlg + ... + ^ 18 

-7-6(8 + ... + l)aj-l) 
Y / (max.) = + 14'6 tons 
• \{min.) = -14M 



'6tOIIB 



0=-.Y„x3-68 + 7-5(A + A + A)15 

-7-5(9 + ... + 1) (+1-1) 

Y / (max.) = + 14*1 tonis 
"\(iiiin.) = -14-ltoiifl 

= - T„ X 1-82 + 7-5 (t«, + A) 13-75 

-7-5(10 + . .. + 1) (4^-1) 

Y / (max.) s= + 13*0 ttaa 
"\(mm.) =-18*0 tons 

= - y„ X 0*65 + 7*5 X -^ X 13-2 

-7-5ai + ... + i)(Tr-i) 

Y / (max.) = + 11-6 torn 
"\(mm.) = -11-6 tana. 

* 

Cakulatian of the Stresses V in the Verticals. 

To find Vi take moments for the part of the roof shown in 
Fig. 117, round the point of intersection of Xi and Za. By 

iFio. 117. Fw. 118. 





construction it is found that this point is at a horizontal distance 
of ' 1 to the right of A. Hence the equation of moments is : 

0= -V, X 0*9 + D X 0*1, 

or substituting for D and arranging the equation, 

0=-V, xO*9 + l*5(Ti, + A + ... + a)0*l 
+ 7-5(A + A + ... + «)0*l. 

The co-efficient of 7 ' 5 is positive, and therefore V i is greatest 
when the variable load covers the roof. Solving the equation 

V, (max.) = + 6 tone. 

The stress V, is to be found from Fig. 118. The point of 

a 2 
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intersection of X, and Z, is at a horizontal distance of '06 to 
the right of A and the equation of moments is 

0=-V, xl-94 + Dx 0-06 + 1*6 X 0-94 + 7-6 X 0-94, 

snbstitnting for D and arranging the equation, 

= -V,X 1-94 + 1-5 [GV + ... + tt)006 + (l -•!!•)] 
+ 7-5(A + ... + «)006 + 7-5(1-^. 

Here again the co-efficient of 7 '5 is positive^ and the equation 
can therefore be solved as it stands^ whence, 

y,(maz.) = + 6 tons. 

For the pert vertical, Y,, the point about which to take 
moments falls to the left of A, and the equation consequently 
alters its form to a alight extent 

The equation of moments rounU in Fig. 119 is 

= - V, X 8-214 - D X 0-214 + V5(1'2U + 2-214) 

+ 7-5(l-214 + 2-214), 

and substituting for D and arranging the equation 

= - V, X 8-214 - 1-5[(A + •.• + «)0-214 - (2 + l)(l +!L*?)] 
-7-5(A+... + i4)0-214 + 7-5(2 + l)(l+*^). 

Fio. 119. 




In this case one of the members containing 7'6 is positive 
and the other negative. To determine Y, (max.) the negative 
member, and to find Ys (min.), the positive member must be 
left out The value of Y,, keeping both these members in the 
equation, will also be calculated ; this gives the value of Ya 
when the roof is fully loaded : the reason for doing this will 
appear further on. 
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The valnes obtained are 

^ |(iD«) = + 8;l tons. V. = + 6 tons. 

l(mm.) = — 1*1 tons. 

Similarly the following eqnsttonB are obtained : 

=- V, X 4-91 - l-5[(Vt + ... + A)0-91 -(8 + 2 + 1)(1 +?2^)] 
-7-5(V» + ...+A)0-91 +75(8 + 2 + 1)(1 + ?±»)J. 

y /(max.)=+10-8tanB. v. = 6tona. 

n(min,)=-8-8taDii. ^* 

0=-V.x7-5-l-5[(A + ... + A)2-6-(4 + ... + l)(l + t5)] 
-7«(tV + ... + A)2-6 + 7-6(4 + ... + l)(l+'^»)]. 

y /(mar.) = + 12-9 tons. v, = +6ton8. 

•\(min.)= -5-9 tons. • ^''*™- 

0=-VaXl2-6-l-5[(A + ... + A)e-6-(6+... + l)(l+i^)] 

- 7-5(A + ... + A)6-6 + 7-5(5 + ...+ l)(l+^*)]. 

y /(max.) = + 14-5 tons. v. = +6tons. 

•\(min.)=- 7-5 tons. • -r^^wm. 

0=-V, x81-6-1-5[(t1, + ... + ^24-5-(6 + ... + 1)(1+^)] 

-7-5(A + ...+,A)24-5 + 7-5(6 + ... + l)(l+!^)]. 

y Kmax.) = + 15-4 tons. y ^ + etons. 

M(min.)= -8-4 tons. ' -r«««« 

In the remaining bays the point about which moments are taken is to 
the right of the section line, and the signs of the equations are consequently 

= V, X 60 + 1-5[(A + ... + A)68 - (7 + ... + 1)(« - 1)] 
+ 7-6(tW + ••• +A)68 - 7-6(7 + .. . + 1)(« - 1). 

/(«»«•) =+ 15-8 ton-. V. = + 6 tons. 

*\(miii.}= -8*8 tons. * 

= V, X 18-5 + 1-5[(V» + ... + A)22-5 - (8 + ... + 1)^ - l)] 
+ 7-5(A + .., + A)22-5 - 75(8 + ... + l)(5i - 1). 

y |(in«.) = + we ton". V, = + Ctona. 

•\(inin.) = - 8*6 tons. 

= V„ X 6-48 + 1-5 [CA + A + A) W« -(» + ... + 1)(!2^ - 1)] 

+ 7»(A + A + A)l««-7-«(9 + ... + i)C-T?-l)]- 

v.. i^"^^ =+ 14-8 tons. V,. = + 6 tons. 

"l(nun.)=- 7-8 tons. " ^""^ 

= V„x8-8 + 1-5[(tJW + A)1*-8-(10 + - + 1)(t-0] 
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v., (<r«> = +f :? *^- v.. = + 6 tons. 

l(imn.) = — 6' 5 tons. 

= V„ X 1-385 + 1-5 [A X 13-385- (11 + ... + 1) (^ - l)] 
+ 7-5 X A X 18-385 - 7-5(11 + •.. + 1)(~J^ "" 0- 

It vras reoommemled in § 12 to asBume that both the per- 
manent and variable loads were applied to the same joints, and 
this assumption was made possible by the introduction of 
secondary verticals, whose object was to convey to the supposed 
loaded joints the part of the permanent load belonging to the 
other joints. In the present ease it was supposed that the whole 
of the weight of the principal was applied to the top joints. 
Now in reality, this load is distributed between the upper 
and lower jomts, but the upper joints have the greater propor- 
tion to bear, and only about one^third or 0*5 ton of the 
permanent load on each bay falls directly on each lower joint. 
The secondary vertical introduced to transmit this load to the 
upper joints is therefore a tie, and the tension in it is 0*5 ton, 
and this stress must be added to the stresses in the verticals 
previously found. 

The more accurate yaluee of the stresses in the* verticals are therefore 

Vi (max.) = + 6*5 tons. 
Vj (max.) = + 6 • 5 tons. 

V. I^""? = +f "*"""• V. = + «-8toii«. 

l(iniii.) = - 0-6 tana. 

yf(max.) = + 11-8 tow. V.=.+«-5t0M. 

• l(min.) = — 5-4 tons. 

^'e^=.%T^"- V, = + 6-5ton. 

y Kmax.) =+ 16-3 tons. y - + 6-5 tons. 

•'l(min.) = -8-3tons. * ^ 

y Kmax.) = +16-1 tons. y ^.^^^ 

•\(min.)=: -8-1 tons. 

Y ((max.) = + 15 '8 tons, 
"\(min.)= -7 -3 tons. 



Vio = +6 -5 tons. 
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y,, = s 6-5 tona. 



The whole of the results are given 
in Fig. 120. 

§ 16. — ^Deriyed Fobhs. 

The above calculations show that 
the diagonals of a double bowstring 
roof possessing only one single system 
of diagonals are subject both to tension 
and compression. On examining the 
equation of moments for the stress in a 
diagonal it will be seen that the maxi- 
mum stress in it is reached when all the 
joints to the right, and the minimum 
when all the joints to the left of it, are 
loaded. 

If the diagonals were inclined up- £ 
wards from left to right, the reverse 7 
would obviously be the case, and the 
stresses that then obtain can easily be ^ 
found by looking at Fig. 120 as it i 
were from behind ; or, what amounts to 
the same thing, the stress in a diagonal 
inclined upwards &om left to right can 
be found fix>m that in the diagonal situ- 
ated in the symmetrically placed bay 
and inclined upwards fix>m right to left 
~ If in any bay the diagonal inclined 
to the left can only take up tension, a 
second diagonal of like properties in- 
clined to the right must be introduced, 
and it "will come into play only when 
the first one is slack, and vice versa. 
The stresses in these diagonals can be 
obtained from Fig. 120 ; the maximum 
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stress in the diagonal inclined to the left can be found directly, 
and the maximmn stress in the diagonal inclined to the right 
will be the same as that in the diagonal of the symmetrically 
placed bay. 

Before the stresses in the verticals of a roof with crossed 
diagonals can be determined, it is necessary to ascertain which 
of the diagonals is in tension under the partial loading, for the 
section line must be paraUel to the diagoDal which is in tension 
in order to cut through only three bars. When the roof is fully 
loaded, the stress in all the diagonals is zero, and at the same 
time the stress in the lower boom is greatest. The tension in 

the verticals will then also be greatest. 
For besides the permanent load p 
,(Fig. 121) the stresses Z and Z' are the 
only forces that can produce tension 
in the vertical. The stresses Y and 
^2' Y' in the diagonals, when they exist, 
produce on the contrary compression, 
for the resolved parts vertically of 
the stresses in them act upwards. But with a full load Z 
and Z' are greatest, and Y and Y' are nothing, and therefore 
the tension ip the verticals is greatest under these circum- 
stances. 

The above appears even more clearly by observing the 
effect produced by unloading one of the joints when the full 
load is applied. Unloading a joint can be considered as the 
application of a vertical force acting upwards ; and since the 
diagonals are under no stress when the structure is not loaded 
at all, as well as when it is fully loaded, it follows that it is 
only necessary to investigate the effect of a vertical force acting 
upwards on the unloaded and weightless structure as represented 
in Fig. 122. The vertical force'E. produces the reactions D and 
W at the abutments A and B, and for simplicity only those 
diagonals have been shown which are brought into tension by 
this force. To find which of the diagonals in any bay is in 
tension, take a section through this bay, and form the equation 
of moments for the part (Fig. 123) which does not contain K, 
round 0, the point of intersection of the directions of the 
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booms. It is then easy to see whioh of the, diagonals mnst be 
acting to maintain eqailibriunu For instance, in the fourth 
bay it is the diagonal inclined to the right, for the equation of 
moments is (Fig. 128) 

y 
The stress T is therefore positive, or the diagonal is in tension 

Fia. 122. 




Fio. 128. 




(the equation for tbe other diagonal would give a negative stress 
or compression). 

As soon as it has been determined by this means which of 
the diagonals are in tension it can be decided by a similar 
process whether any particular vertical is in tension or compres- 
sion. Thus, for instance, for the third vertical (Fig. 124) 

the equation of moments is 

= D 8 + V ». 

from which a negative value is obtained for Y, showing that it 
ia in compression. 

A different process must, however, be employed for the 
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vertical, aeted^on diieetly by the f<Mroe K, beoaiue the aeotiou 
line would cut through four bars. I^ow it is eaaj to see that K 
pioduoea compreflsion in every part of the lower bow, the 
equation of moments to find Z (Fig. 125) being 

0= -Dt-Z» or D= -^. 

Thus the parts of the bow acting on the foot of the vertical in 
question (Fig. 122) being in compression will produce com- 
pression in it 



Fia. 12L 
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It is thus seen that unloading any joint diminishes the stress 
in all the verticals, from which it follows that the tension in the 
verticals will be greatest when all the joints are loaded. 

It now remains to be decided what joints should be un- 
loaded in order that the stress in any vertical may be a 
minimum. Take, for instance, the ninth vertical ; it is evident 
that unloading the eighth joint will diminish the stress in it, 

Fia 126. 




and the same effect will likewise be produced by unloading the 
seventh, sixth, &c., to first joint; and, what is an important 
point, the unloading of each of these joints will bring the same 
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system of dii^mds into tension in tke two \my% adjfieeiit to 
ike ninth vertieal (Fig. 126). Bat if ike ufeiloading were 
still farther eontinaed' the oompresdon in the ninth vertical 
¥rould be 4iminislie<L For since in the two adjaeent bays 
to this vertical the same set of diagonals is in tension (the 
sjrstem inclined to the left), the equation already found for 
Ty (min.) holds good, and this equation shows that the com- 
pression is diminished by unloading the ninth, tenth, eleventh, 
and twelfth joints. Hence the value of Y^ (min.) found above 
is also true if the diagonals are crossed. There is, however, a 
second minimum value of Vo ; for it can be shown in a similar 
manner to the above that the stress in ¥9 is a minimum when 
the joints 10, 11, and 12 are unloaded and the remainder loaded 
(Fig. 127). Evidently in this case the ninth vertical is in the 
same condition as the fourth vertical in Fig. 120, and therefore 
the value of Y^ (min.) obtain& Hence to find the greatest 

Fig. 127. 
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compression in any vertical the values of the two minima must 
be compared and the one whose absolute value is greatest 
taken. 

As regards the stresses in the bows, they are greatest when 
the roof is fully loaded, and consequently when the stress 
in the diagonals is nothing ; the arrangement of the diagonals 
can therefore produce no alteration in the stresses in the 
bows. 

Thas without any new calculations the stresses already 
found can be inscribed in Fig. 128, showing a bowstring roof 
with crossed diagonal ties. 

By similar reasoning it is easy to prove that id the case of 
crossed diagonal struts which are not capable of taking up 
tension (this is the case in wooden structures) only the maxima 
values of the stress in the verticals; apply, and that in iact 
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oompression cannot ooonr in the verticals owing to the oom- 
presBion in the diagonals. The Btresses given in Fig. 139 
require, therefore, no further comment. 

It must however be observed, and this does not only apply 
to this case bnt also to wherever orossed diagonals exist, that 
the stneses found above are only tme if no artificial stresBes 
exist in the bars. Such artificial stresses cannot ocotir in single 
diagonal systems, for in this case every bar can be reached by a 



sectitHi line cutting through only three bars. Thus if no 
exterior forces are acting on the system, the equation of 
moments for any bar, whose stress is T, abont the point of 
intersection of the other two bars included in the section is 



Bnt if two diagooals cross each other in a qnadrilateral the 
section line most cut through four bars, and the stresses in the 
two diagonals tend to turn the part cut off in opposite direc- 
tions round the point of intersection of the other two bats. 
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From Fig. 130 the equation of moments is 
which implies the condition 

Y y' 

but the absolute values of Y and Y' are indeterminate. 

Therefore, if by means of set screws or otherwise an 
artificial stress Y is set up in one diagonal, the stress in the 
other will immediately change, in the above proportion, to 
Y'. This will alter the stresses in the verticals and parts of 

Fio. ISO. 



the bow in the same bay, and they can easily be found by the 
method of moments as soon' as Y is known and Y' determined. 

The stresses given above are therefore only true if, when 
the structure is unloaded, all the bars are without stress. 
Then only one of the diagonals (either a tie or a strut) will be 
acting at any time, but if artificial stresses are introduced it 
might happen that both diagonals would be acting at the same 
time. 

§ 17. — ^Afpabent Failures of the Method of 

Moments. 

There are cases in the employment of this method, and some 
have occurred in the last example, in which it would appear 
that although a result is obtained it can only be approximate. 
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In every case the point aboat whioh momeats are taken is 
the intersection of two of the bars cut through by the section 
lina When these bars are nearly parallel the accurate deter- 
mination of this point and the measurement of the lever arms 
is connected with difficulties. In aU probability two distinct 
computers would arrive at different results. 

This would seem to be a great disadvantage of the method. 
Bat on ftuther consideration it will appear that it is possible on 
the contrary to derive some nse from the circumstance. 

It is clear that limits to the error can be obtained by first 
intentionally giving the lines too great and secondly too small a 
convergence (Fig. 131), and calculating in each case the stress. 
Thus two values are obtained, and evidently the true value 

Fig. 131. 




lies between them. By comparing these values with the 
intentionally committed errors it is possible to ascertain to what 
degree the stresses will be altered by small errors in the 
carrying out of the work. 

For the uncertainty apparent on the drawing is in 
reality a representation of what actually occurs by errors in 
the construction. As the workman deviates in one direction 
or the other from the working drawings, so the stresses 
will approach one or the other limit. Therefore it is possible 
to ascertain the alterations produced in the stresses owing to 
inaccuracies in the carrying out of the design. 

A second objection, even less founded than ^the farmer, is 
that the method does not depend entirely on calculation, but 
must obtain some of its data by graphic means. But calcnla- 
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tions sliotild only he imAe irben they aime quicker at the 
result than other methoda. If, therefore, the graphic method 
is shorter than calculation it should be adopted, especially 
as there is less liability to error in measuring than in calcu- 
lating. 

§ 18. — Theoby op Sickle-shaped Tbusses. 

It will be noticed that in the preceding numerical example 
the stresses were obtained without knowing anything of the laws 
respecting the distribution of the stresses in the structure. K, 
however, it were required to determine the form of the structure, 
it would be necessary to be acquainted with these laws. For 
this reason it is proposed to extend the ^ Theory of Parabolic 
Trusses," commenced in § 8. 

In that paragraph the equilibrium of a loaded chain was 
considered (Fig. 42). If this chain be imagined to rotate through 
two right angles about the horizontal axis A B, the vertical 

Fig. 182. 








V 



forces will be reyersed in direction and Fig. 182 obtained. The 
chain can be considered as negatively loaded, and evidently the 
equation obtained for Fig. 42 remains true, namely : 



H/ 



=?i!. 



2 



Similarly for another parabolic chain (Fig. 183) loaded with a 
positive load P per unit of length of the span, the equation 

PP 
2 



HF = 



holds good, and evideirtly the load P can be so chosen that the 
horiBOBtal thrust H will be the same as the horiEontal pull H 
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in the former case. The requisite condition can be obtained 
by dividing one eqnittion by the other, thos : 

f ^P 

or in words : the loads per nnit of length of the span must be 

as the heights of arc. , 

K both these chains are placed on the same abutments 

(Fig. 134) the reaction will be entirely vertical, for the hori- 

Fia. 183. 
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zontal thrust of one chain neutralizes the horizontal pull of the 
other. The vertical reaction at the abutment will therefore be 
equal to 

This reaction is equal to that produced by a straight girder of 
span 22 and with a uniformly distributed load of F - j). 

The lower chain can be loaded negatively by means of ties 
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pulling upwards, the tenBion in them being eqnal to p per-unit 
of length of span. 

In the same manner part of the positive load on the upper 
chain can be produced by means of ties pulling downwards. If 
this part of the load be equal to the negative load on the lower 
chain, namely |> per unit of length of the span, there will still be 
a load F — p on the upper chain, which will be designated by 
h and which can be applied by external loads (Fig. 135) ; if the 

Fio. 185. 




ties of the upper and lower chains be considered joined together, 
the load p can be omitted, for its effect is exactly reproduced 
by these vertical ties. A double bowstring truss without 
diagonals has thus been built up, carrying a load on the top 
equal to h per unit of length of the span. 

The stresses in both bows as well as in the verticals can be 

Fig. 186. 




calculated from the magnitudes I,/, F, k. For simplicity there 
is a vertical to every unit of length of the span (Fig. 136), and 
this is quite legitimate, for it was shown in § 8 that the load 
could.be concentrated at points, and so long as the load at 

H 
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each point was equal to half the uniform load on the adjoining 
intervals those points remained on the parabola. 
F and jp can be found from the equations ; 

Fntting 4 = ~ ^i^d reducing, 



n-r • n-1 

The load Jc produces therefore a tension ^ in the verticals. 

'^ t* — 1 

In the preceding numerical example 

n'F"" 2-5 "5 '*•'*" 2" 

Hence the tension in the verticak (or the negative load on the 
lower bow) is in this case 

and the load on the upper bow is 

Thus, if the external load on each top joint is 7 *6 tons, the 
tension in each vertical will be } x 7*5 « 5 tons, and the upper 
bow is in the same condition as if loaded with 7x7*5= 12*5 
tons at each joint 

The load of 1 * 5 tons on each top joint due to the weight of 
the truss itself produces a tension in the verticals = | x 1 . 5 = 
1 ton, and the positive load on the upper bow is $ x 1 *5 = 
2*5 tons. 

Lastly, if 7*5 + 1 '5 = 9 tons is the total load on each top 
joint, the negative load per unit of length of span on the Iowot 
bow is 6 tons, the positive load on the upper bow is 15 tons, and 
the tension in each vertical is 6 tons. 

If, however, part of the load is appUed at the lower joints it 
must be convejed by secondary verticals to the top joints, and 
the tension in these secondary verticals is to be added to that 
in the main verticals. For instance, in the preceding example 
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0'5 ton of the weight of the trass was considered as acting on 
the lower joints; 0*5 ton must therefore be added to the 6 tons 
tension found aboTe> and this coincides exactly with the value 
obtained by the method of moments. The negative load 
on the lower bow remains the same as before, namely 6 tons, 
for the tension in the secondaiy verticals evidently does not 
affect it. 

The constant horizontal stress in the bows is : 



^2/ 2x1 ^ 



which is tension in the lower bow and compression in the upper 
bow. This is the same value that was obtained by the method 

of moments (Z, = + 126*7 tons, and X^ = - 126*7 tons). 

1 
If — ss 0, it follows that j) = and P = i; that is, if the lower 
n 

bow becomes a horizontal straight line the loading of the upper 

bow produces no tension in the verticals. 

Furtheri if - becomes negative j> also becomes negative ; that 

fir 

is, the loading of the upper bow produces compression in the 
verticals. For instance, if 

1—. 

k k 

In this case, therefore, one half of the load placed on the 
top is transferred to the bottom bow (Fig. 137). 

Fio. 137. 




Grenerally, the above equations, &c., are true for a negative 
as well as for a positive value of/ 

In all casesy therefore, when the load is uniformly distributed 

H 2 
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oyer the span the verticals alone are. capable of maintaining 
equilibriom. It is only when the load is unevenly distributed 
that there is any tendency to deformation, and this is met by 
the introduction of diagonals. 

The law upon whioh the BtresaeB in the diagonals of a double bowstring truss 
depend can also be foand, and is appended here for those readers who are 
acquainted with the Oaloolns. 

The diagonals together with the verticaJla make the tmss perfectly rigid, and it 
therefore behaves towards external forces in the same manner as a simple beam 
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Q^Mz 




Fig. 139. 



supported at both ends. Thns, if a load Q be placed on it at a horizontal dis* 
tance z, from the right abutment (Fig. 188) a reaction 

will be produced at the other abutment A. 

Take a vertical section M N through the tmss 
to the left of the weight Q, dividing the stmo- 
ture into two parts, one of which is shown in 
Fig. 189. To maintain equilibrium forces must 
be applied to this section. In order that the 
algebraic sum of the vertical forces may be zero, 
a vertical force Y must be applied equal to D, 
therefore 

The force Y alone would, however, with D produce a couple, and it is therefore 
necessary for equilibrium to apply at the section a couple of equal moment. The 
horizontal forces h k form such a couple. If the section line M N is indefinitely 
near to one of the vertical braces, M and N are the only points at which a bi^ 
can be intersected, and the horizontal forces must therefore be applied at these 
points. The value of h can be found by taking moments about A, thus : 

= V(/-«)-A.ML + A.NL. 
I^ as before, the heights of the arc of the parabolas are F and / respectively, 
the equations to these curves are, 

F"" P "■/' 
Fr(»n which the foUowing values for M L and N L are obtained : 
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Substiiating these, as well as the value found above for Y, in the equatioii of 
moments; 

whenoe 



2 (F -/)(/ + «) 
And differentiating with respect to x, 

dh Qlz 



dx 2 (F -/)(/ + rp)> 

This differential equation gives the rate of increase of A for an increase of the 
abscissa x^ that is when the point M moves towards the left 

The absolute value of h will evidently be greatest when the whole of the bow 

from B to M is loaded with weights Q. Beplacing (^hjkdz and writing -r— 

- dh 

for -~ according to the previous notation used for a distributed load : 



dH_ 

dx " 2(F 






dH_ hi (/ + xy 

dx ■" "2(F-/)(/+«)*-^ 2 

dH ifc/ 



dx 4(F-/) 

If the loading were continued to the left of the pomt M, this negative 

value of -T— wouldapproachO, and to prove this it is only necessary to ascertain 
ax 

as before the effisot of a single load placed to the left of M, at a distance m from 

the abutment A. 

It is then found that all such loads make -r— positive, and therefore -^— is 

d« dx 

greatest when every point firom A to M is loaded. The equations thus obtained 

are: 

e=-Q|j(/ + a:) + AF(l.^)-A/(l-5), 
QlM dh Qlz 



As 



2(F -/)(/- x)' dx 2(F-/)(^-«)»' 

ds. ki_ r*"i"' 

dx - 2(V - f)(l - syj ,'Jl' 

kl „ (.1 - xy 

_ j^ — -r • 
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dx~ 4(F-/y 

The geuenl equation foi -r— oui tbertfoie be put in tbe form ; 



4(F-/) 

TheM reanlU oan^ employed ta tlte fbUowing duuqbt i 
in the dingonala. 

It will be Temembered tbftt the Motion line H N was taken iai 
& Tertic&l. Tbe polat where the diagonal ia oat will therefore be at the inter- 
section with one of tbe boama, for iostance, the lower one (Fig. 140). Tbe three 
foroee H, T, H diatribnte themaelTea as follows ; at tbe point of interaeeUoa H 
thefoMoH iaai^lied together with a* mnob of the vertioal foroe V as ia neceaaaiy 
to piodnce a reeultant in tbe direotitn of the bow ; at tbe point of intemoticin 

FiEi. 140. 



N with the diagonal a part of the horimntal force H, and as tnnch of the vertical 
tbroe V aa ia neoeaaary to give a reenltant in the direction of the diagonal ; and 
lastly at the point of interaectdon N with the lower bow tbe remainder of H, and 
as mnoh of the vertical force V as is neoeasary to prodnoe a leaultant in the 
direction of the lower bow. 

Had the aectionbeeti takenat adiatanoedxhirther to the left, H and T would 
have been replaced by 

H + ^.d.randV + ^-dx 
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If both aeotioDfl be tdkem simtiltazieoiialy (Fig. 141) and the foroes aotmg on 
the part of the Btrootore thus oat out be oonaideied it will be observed that the 

excess -3— ,dx of the horizontal foroes is the foroe that tends to moye the npper 
ax 

bow to the light and the lower bow to the left. 

If the breadth of the pieoe cut out be taken equal to the small quantity \ 

(instead of the indefinitely small quantity dx)-^ ,\ will still very nearly re- 

d X 

present the distorting force, or snbstitatiiig for -r- the yalue foand above it will 

dx 

be very nearly eqnal to 



kl 



4(F-/) 



.X 



when a maximum or a minimum lespectiyely. 

This foroe distributes itself on the apices of the triangles formed by the 
diagonals and verticals, and acts towards the left or towards the right aoccording 
to the position of the load. 

Fio. 143. 



Fig. 142. 
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». 
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If X is the length of one bay, the distorting foroe is applied to one apex only 
and can be resolved into two components, one along the diagonal and tiie other 
along the vertical (Fig. 148). 

The component along the diagonal is 



T (max. or min.) = ± 



kl 



4(F-/) 006 a 



or since — = <f, the length of the diagonal. 



Y (max. or min.) = :t 



kl 



4(F-/) 



.d. 



Therefore to find the greatest stress in any diagonal it is only necessary to 
multiply its length by ± .-= — — . 

For instance in the case of the roof calculated in § 15, 



kl 



7-5 X 6-5 



*(P-/) 4(2-5-1) 



= 8125. 
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By measoring the lengthfl <l„ d, . . . d,, of the diagonals and mnltiplTing by 
8 * 125 the following table is obtained : 

d^ = 1-018, Y, = 8-125 X 1-018 = 88 

d, = 1-163, Y, = 8-125 X 1-183 = 95 

d^ = 1-861, Y4 = 8-125 X 1-861 = 11-1 

da = 1-55, Ya = 8-125 X 1-55 = 126 

d, = 1-7, ' Y, = 8-125 X 1-7 = 13-8 

d, = 1-8, T, = 8-125 X 1-8 = 14-6 

d,= 1-835, Y, =8125x 1-885 = 14-9 

d, = 1-815, Y, =8125x 1-815 = 14-7 

d|o = 1-785, Y,o = 8125 x 1735 = 141 

d„ = 1-605, Y„ = 8-125 X 1-605 = 130 

d„ = 1-426, Y„ = 8-125 x 1-426 = 116. 

Comparing these yalaes with those given in Fig. 120 it will be seen that the 
difTerences are very small. 

The above law can be applied to the ease of fish-beUied girders, by writing 
-/for/; 

d»~=*=4(F+/)' 

It is also true in the special oases when the lower or the apper bow become 

straight; in thefirst case/ = and in the second F = 0, or -r- = r^=, when the 
° dx 4F^ 

J ITT jL f 

lower bow Is straight, and -j- = jy when the upper bow is straight. 
For instance in the parabolic girder calculated in § 6, 

dH kl 2500x8 „^^ 
---=--= -- — -- = 2500, 
dx Aif 4x2 ' 

and measoring the lengths d^ d, . . . d, of the diagonals : 

c^=:2-5 Y, = 2500x2-5 = 6250 

d, = 2-741 Y, = 2500 x 2-741 = 6850 

d^ = 2-828 Y4 = 2500 x 2-828 = 7070 

d, = 2-741 Y, = 2500 X 2-741 = 6850 

d. = 2-5 Y, = 2500 x 25 = 6250 

d, = 2-183 Y, = 2500 x 2-183 = 5460 

These stresses agree almost exactly with those given in Fig. 27. 

It is possible to investigate a similar law for the stresses in the verticals, bnt 
on account of their double function, first as braces and secondly as stmts or ties 
to convey the load from one joint to another, this law is very complicated and 
consequently unsuited to practical purposes. Nor would the results agree with 
those obtained by the method of moments as well as in the case of the diagonals. 
For these general laws are based upon the supposition that the moving load 
progresses gradually, whereas when using the method of momenta it is considered 
that the moving load advances by jumps from one joint to the next. It is there- 
fore better in all cases to employ the method of moments to calculate the stresses 
in the verticals. 
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FIFTH CHAPTER. 

§ 19. — Oantileveb Boof with Stat, Spak 6 Metbes. 

The load, including snow and wind, is assumed to be 200 
kilos, per square metre of horizontal area, coyered. The dis- 
tance apart of the principals is 4 metres. The load on each 
principal is therefore 

6x4x200 = 4800 kilos. 

and the load on each of the 6 bays is 800 kilos. ; of the 7 
joints, the first and the last have 400 kilos, to support, and 

Fio. 144. 




the remaining five 800 kilos. (Fig. 144). The weight of the 
truss itself being small, the whole of this load may be taken 
as a yariable load.* 



Catetdation of the Stress Ein (he Horizontal Bars, 

The reactions W and F produced at the two points of 
support A and C by a load Q are shown in Fig. 145. To 
find the stress H in the bar M N, due to this load, the 
equation of moments about the point 0, for the part of 

* Afl wiU be seen in the sequel. Prof. Bitter trndentands by the load being 
yariable that any joint or joints may be loaded and the rest unloaded. This, it 
win be observed, is not the nsaal English practice in the case of roofs.— -Tbans. 
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the roof given in Fig. 146, would have to be formed. But the 
position of Q has been so chosen that the resultant of Q and P 
passes through O, and consequently H = o. It will also easily 
be seen that all loads to the left of Q produce negative stresses, 
and all loads to the right of Q positive stresses, in the bar 
M N. Hence, when H is a minimum, the part of the roof over 



Fig. 145. 



Gompreesion. 




which "Compression" is written in Fig. 145 will be loaded, 
and the remainder unloaded ; and when H is a maximum, the 
loads will extend over the part marked ^ Tension." 
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Fig. 147. 





The same result can be arrived at, however, by forming the 
equation of moments, when all the joints are loaded, and arrang- 
ing this equation so that the effect of every load can be seen. 

When Q (distant 4 metres from the wall) is the only 
load on the roof, a stress P is produced in the rod B C, 
whose vertical component is | Q (Fig. 147) ; for the equation 
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of moments about A shows that the yertical component of F 
acts in the same manner as the reaction of the point of sup- 
port B wonld if A B were a girder resting on two sapports, 
A and B. Since A B is to A C as 6 to 8, it follows that the 
horizontal component of P is always twice as great as the 
vertical component, and is in this case therefore equal to | Q. 
Thus, the equation of moments to find H3 is (Fig. 148) — 



or 



0=-H, xl-Qx2 + *Qx4-tQxl, 



H,xl=-Q{2-.*.4 + |.f}, 
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The increment to the stress Hg produced by Q is there- 
fore composed of three parts. The first is the direct infiuence 
of the load, and the other 
two the indirect effect pro- 
duced by the reactions. 

If Q, howeyer, were situ- 
ated to the right of the sec- 
tion line, the increment to 
the stress would be com- 
posed of two • terms only, 

both the indirect effect of the reactions. For instance, the 
increment to the stress H3, produced by a load Q, 2 metres 
from the wall, is to be found from the equation 

0= -H, x| + iQx4-|Qx|, 
or 

H,xl = Q {i.4-|.iJ. 

Thus the equation to find H3, when all the joints are loaded, is 

H, X I = 800 (i. 4 - i.|) + 800(i. 4 - I .|) 

+ 800(4.4-l.|-l)-800(2-J.4 + 4.J) 
+ 800 (8 - 1 . 4 + i . I) - 400 (4 - 1 . 4 + 2 . 1). 

Omitting the negative members from the right-hand side of 
the equation, 

H, (max.) = + 2000 kilos. ; 

and leaving out the positive members, 

H,(miii.)= -2000knoB. 



108 BRIDGES AND ROOFS. 

The following equations for the remaining horinnfal ban are obtained in a 

HiXl=:-800(l-J,6 + i.l)-800(2-i.6 + |.l) 
-800 (3-^.6 + 1.1) -800 (4-1.6 + ^.1) 
-800 (5 -#.6 + 4.1) -400 (6 -1.6 + 2.1) 
H, (max.) =: 0, H| (min.) == - 4800 kiloe. 

H,x| = 800(J.5-i.#) + 800(i.5-f.|-l) 

- 800 (2 - 4 . 5 + 1 . 1) - 800 (8 - 1 . 5 + 4 . I) 
-800 (4 -4. 5 + 4. 4) -400 (5 -1.5 + 2. 1) 

H, (max.) =: + 640 kiloe., H, (min.) = - 8040 kilos. 

H, X 4 = 800 (4 . 8 - 4 . 4) + 800 (4 . 3 - 4 . 4) 

+ 800 (4 . 8 - 1 . 4) + 800 (4 . 3 - 4 . 4 - 1) 
-800 (2 -4. 3 + 4. 4) -400 (3 -1.3 + 2. 4) 

H4 (max.) = + 8733 kiloB., H« (min.) = - 1333 kilos. 

H. X 4 = 800 (4 . 2 - 4 . 4) + 800 (4 . 2 - 1 . 4) 
+ 800 (4 . 2 - 1 . 4) + 800 (4 . 2 - 4 . 4) 
+ 800(4.2-4.4-l)-400(2-1.2 + 2.4) 

Hs (max.) = + 5600 kilos., H. (min.) = - 800 kilos. 

H. X 4 = 800 (4 . 1 - 4 . 4) + 800 (4 . 1 - 4 . 4) 
+ 800 (4 . 1 - 1 . 4) + 800 (4 . 1 - 4 . 4) 

+ 800(4.1-4.4)-400(l-l.l + 2.4) 

H« (max.) = + 8000 kUos., H« (min.) = - 800 kttos. 



For all the remaining bars the taming point lies in the line 
A B ; and since the resultant W, of any load Q and the ten- 
sion F prodnced by it in B C, always passes through A, it 
follows that the greatest stress in all the remaining bars 
occurs when every joint is loaded. 

This total load of 4800 kilos, can be considered to act at the 
centre of A B, and the vertical component of F will then be 
j^ . 4800 s= 2400 kilos. The horizontal component of F is twice 
as greats or 4800 kilos. Consequently, 

P = V2400> + 4800* = 5367 kilos., 

and this is the greatest tension in B C. From Figs. 149 and 
150 the lever-arm of the stress Xs, with respect to the point 
My is 

6 

L M . 00s a = 4 . . =: 0*4982 metre. * 

Ve»+i8 
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The equation of momentB to determine Xg is therefore (Fig. 
150) 

s X, X 0*4982 + 2400 x8-800(0+l + 2 + )X 

or 

X, = - 7299 kiloe. 

Fio. 149. 

P 
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Similaarly, 

= X| X • 822 + 2400 x5-800{l + 2 + 8 + 4 + |} 
X, = -2488]dlofl. 

= X, X 0-6576 + 2400 x4-800{l + 2-4^8 + |} 
X, s - 4866 kUofl. 

=r X4 X 0*8288 + 2400 X 2 •- 800 (1 + 1) 
X4 = - 9782 kilos. 

= X. X 0*1644 + 2400 x 1 - 400 X 1 
X. = - 12166 kilos. 

= X« X 01644 + 2400 X 1 - 400 X 1 
X, = - 12166 kOoi. 

Fio. 150. 




To find the stresses in the diagonals, moments will have to 
be taken about the point B. The leyer-arm of ¥3 (Fig. 150) 
with respect to this point is 

BM. sine = 3.-7=1== 1*664 metre. 

Vl« + (|)» 

* The length of V, (Fig. 149) is evidently } metre.— Tbahb. 
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Fl€. 152. 



i\»i» 



^ 



— BOO) 



-1100 



-leoo 



and the equation of moments 

= - Y, X 1-664 + 800 (1 + 2 + 3), 

or 

T, = + 2884 Idlos. 
Similarly, 

= - Yx X 3-586 + 800 (1 + 2 + 3 + 4 + 5) 
Yi ±= + 3394 kilo& 

= - Y, X 2-561 + 800 (1 + 2 + 3 + 4) 
Y, = + 3124 kiloe. 

= - Y^ X 0-89 + 800 (1 + 2) 
Y« >: + 2683 Idlofl. 

0= -Y, X0-316+800X 1 
Y, = + 2530 kilofl. 

The stress in the verticals is also to 
be fonnd by taking moments about B. 
Thus, for Ys the equation of moments is 
(Fig. 151) 

s V, X 4 + 800 (4 + 8 + 2 + 1), 
y, = - 2000 kilog. 



s 



-MOO 



-2400 
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Similarly, 

= ViX6+ 800 (I + 5 + 4 + 3 + 2+1) 
Vi = - 2400 kUoB. 

= V, X5 + 800 (5 + 4 + 3 + 2+1) 
V, = - 2400 kiloB. 

= V4X3 + 800(3 + 2 + l) 
V, = - 1600 kiloB. 

= V, X 2 + 800 (2 + 1) 
y, = - 1200 kiloB. 

o = y, xi + sooxi 

y« = - 800 kUos. 



§ 20.— ganthiSveb koop without stay. 



Ill 



The reaction W of the fixed point of support A can be 
found from its components Hi and Vi, and its greatest value 



IS. 



W = i/H,« + Vi« =: V4800» + 2400« = 5867 kiloB, 



or numerically the same as the tension in B G. 

The stresses obtained are collected together in Fig. 152. 



§ 20. — CAHTILEyEB BOOF WITHOUT StAY. 

The dimensions and loading of the roof are shown in Fig. 
153, and are the same as those of the similar roof given in 
Fig. 144. Instead, however, of the toe being supported by a 

Fzo. 153. 




stay, as in the former case, the roof is tied into the wall at the 
point E. 

The lever-arm with respect to A of the stress X, in the 
bar tying the roof into the wall at E, is 



A£ .ooBa = 1 . 



6 



= 0*9864. 



V6« + l« 



And hence the equation of moments to determine X is 



or 



= X X 0-9864 -800 (1 + 2 + 3 + 4 + 5 + 4), 



X = + 14599 kilog. 
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Fig. 154. 
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-1200 



-1000 
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To find Xi...X^ the corre- 
sponding eqnationB in the last parar 
graph can be employed, by patting 
P and its components = 0. Thus 
the following equations are ob- 
tained: — 

= X, X 0-822-800(1 + 2 + 8 + 4 + 4) 
:S| = + 12166 kiloo. 

= X, X 0-6576 -800 (1+2 + 8 + I) 
X, = + 9732 kiks. 

= X, X 0*4982 - 800 (1 + 2 + {) 
X, = + 7299 IdloB. 

= X4 X b-8288 - 800 (1 + {) 
X4 = + 4866 Idloe. 

= X,x0'1644- 400x1 
X. = + 2488 kiloe. 

= X,x 0-1644*400x1 
X« = + 2488 kflog. 

The same applies to the stresses 
Hi • . . H«, and the following equa- 
tions are deduced from the former 
ones by putting P and its compo- 
nents = 0. 



Os 

= 
= 
= 
= 
= 



HjXl 
H, = - 

H.XI 
H.= - 

H,X4 
H, = - 

H,Xi 

H.X4 
H. = .. 

H,Xi 



-800(1 + 2 + 8 + 4 + 5+4) 
14400 kUos. 

-800 (1 + 2 + 8 + 4 + 1) 
12000 IdloB. 



-800(1 + 2 + 8 + 4) 
9600 kilos. 

-800(1 + 2 + 4) 
7200 kilos. 

-800(1 + 4) 
4800kilo8. 

-400x1 
2400 kUcB. 



-MOO 



The equations of moments to 
find the stresses Vj ... Ye and 
T4...Te must be formed with re- 
ference to the point B as in the 
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former case. In the preceding example the force P passed 
through B; it had, therefore, no influence on the stresses 
in the diagonals and verticals. Thus the stresses found for the 
verticals and diagonals^ in the former example hold good in 
this. 

The reaction W can be found from its components Vi and 
Hi, thus : — 



W = W,« + Hi* = Va400» + 14400« = 14599 kUoe. 

It is, therefore, numerically equal to the tension X. 

The stresses in the various bars are collected together in 
Fig. 154. 
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SIXTH CHAPTER. 

§ 21. — Braced Arcjh op 24 Metres Span. 

The bridge is designed to carry a single line of railway, and 
is supported by two braced arches. The moving load on the 
bridge is taken at 4000 kilos, per metre run, of which, therefore, 
one-half comes on each braced arch, and the length of a bay 
being 3 metres, the moving load on each joint is 6000 kilos., 
or 6 tons (1000 kilos, to the ton). The dead load is estimated 
at 1400 kilos, per metre run, or 700 kilos, for each arch ; that 
is, 2100 kilos, on each joint, or approximately 2 tons. 

The two halves of the arch are in contact at the point S 
only (Fig. 155), and the connection is made by means of a 
single bolt, thus forming a hinge.* Hinged joints are also 
placed at the abutments A and Ai. 

Preparatory to finding the greatest stresses, the effect of a 
single load placed on the weightless structure will be investi- 
gated* 

A load Q placed anywhere on the right half of the arch 
produces a reaction R at the hinge S (Fig. 156), between the 
two halves of the arch. For the left half, the direction of this 
force must pass through the point A, for otherwise rotation 
round this point would take place. This force produces at A 
a reaction B, acting in the direction A S ; this must be its 
direction, or else rotation would ensue round S, besides which 
action and reaction are equal and opposite. Let P be the 
intersection of* the two forces B and Q, then it is easy to see, 

* It would be a more rational form of oonBtruction if the hlngo were situated 
in the horizontal B B,. But the above conBtruction is more general, and in the 
case of wooden structures the rational form would be difficult of execution. For 
these reasons it has not been adopted here, but can easily be deduced by making 
SC = instead of 0-5. 
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by taking moments abont this pointy that the reaction D pro- 
duced at the hinge Ai must pass through P, in order that 
equilibrium may obtain. This reaction is also eyidently equal 
in magnitude and opposite in direction to the resultant of 
B and Q. 

Thus, to find the direction of the reactions at the abut- 
ments due to a load Q placed on one half of the arch, the 
line joining the hinge at the abutment of the other half with 
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the central hinge is produced to intersect the vertical through 
the load, and from this point a line is drawn to the hinge 
at the other abutment. The pressure at the central hinge 
on the unloaded half is always directed to the hinge at its 
abutment (In the sequel the central hinge will be called 
" the binge/' and the other two hinges the *^ abutments.") 

The magnitude of the hinge- reaction B can be found by 
resolving it into its horizontal and vertical components, and 
then forming two equations of moments, one for each half 

I 2 
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of the arch. Thus, if H and V are these components, the 
following equations are obtained from Fig. 156 : 

= Vxl2 + Hx4-QxS, 
= Vk12-Hx4, 

whence 

Thus having found the action of a single load Q on the 
whole archy it remains to determine the stresses this load pro- 
duces on the yarious bars composing the structure. This is 
best done by taking a section through any three bars, as before, 
and writing the equation of moments for the part of the arch 
comprised between this section and the hinge. As in former 
cases, the moments are taken about the point of intersection of 
two of the bars cut through. Whether any particular load 
produces tension or compression in the bar under consideration, 
can easily be determined by noticing in which direction the 
load tends to make the part of the arch rotate. In this manner 
the joints that must be loaded to produce tension in a bar, and 
those which must be loaded to produce compression, can easily 
be ascertained. The maximum stress is found by loading 
all the former, and the minimum stress by loading the latter 
only. 

[Note. — ^It is necessary to know the direction in which the vertical com- 
ponent y of the central hinge-reaction acts on each half of the arch. By ex- 
amining the various figures given. It will be evident that this can always be 
decided on by inspection, but it would, perhaps, be safer to assume some 
direction as the positive one; for instance, let Y be positive when it acts up- 
wards against the left half of the arch (as in Fig. 160), then a n^ative value 
of y would indicate the state of things in Fig. 157 or Fig. 167.] 



CaJouJation of the Stresses X in the Honzonidl Bars. 

The equation of moments to find X will i9vidently, in every 
case, be taken about the foot of the diagonal (Fig. 158). A 
load on the left half of the arch produces a hinge-reaction in 
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the direction Ai S, and the resnltant of this reaction and the 
load tends to tnm the part of the arch between the section 
line and the hinge from right to left — that is, in the same 
direction as X tends to make it rotate. For equilibrium, 
therefore, X must be negative. 

A load on the right half of the arch produces a hinge- 
reaction, which passes through the point round which moments 
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are taken ; such a load will, therefore, have no effect on the 
stress in X. Obviously, therefore, X is always in compression. 
Hence, to find the greatest compression or minimum stress in. 
X, the whole of the left half of the arch must be considered 
loaded, and the other half can be loaded or not, the result in 
either case being the same. For simplicity, both halves will be 
considered loaded (Fig. 157). The equations to obtain the 
hinge-reaction are then 



= Vxl2 + Hx4-4xl2-8(9 + 6 + 3), 
= Vxl2-Hx4 + 4xl2 + 8(9 + 6 + 8X 



whence 



v = o, 



H=i48. 



Consequently, the equation of moments to determine Xi 
(Fig. 158), with respect to the point E, is 

= -X, x8-5-48x8 + 8(8+6) + 4.x9. 



or 



Xi (min.) = — 10*29 ions. 
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The following eqQfttionB aie obtained in the same manner : 

0=:— X,x2*5-48x2 + 8x84-4x6 
X, (min.) s — 19-2 tons 

= -X, Xl-5-48xl + 4x8 
X, (min.) = — 24 tons 

= - X4 X 0-6 
X4 = 0. 

Fick 158. 




CaJevlation of the Stresses Yin the Diagonals. 

The stress in the diagonal Y^ will be calculated to illustrate 
the method. The loads can be divided into three groups. 
Those in the first group make Y2 positiye, those in the second 
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negatiye, and lastly, those in the third exert no influence ; and 
therefore, if acting alone, the stress in Y. would be zero. 

These groups are shown in Fig. 159, by the signs +, — ^ 
and 0. 

The loads on the third and fourth joints belong to the first 
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groupy for the resultants of these loads and the hinge-reactions 
produced by them tend to turn the part of the arch between 
the section line a fi and the hinge, from right to left. The 
stress Yj has the opposite tendency (Fig. 161), and is there- 
fore made positive by these loads. 

The load on the second joint is the only one belonging to 
the second group. This load does not act directly on the part 
of the arch under consideration, but by means of the hinge- 
reaction produced by it, which acts in the direction Ai S, thus 
tending to produce rotation from left to right, or, in other 
words, making the stress Ya negative. 

The third group contains the loads on all the remaining 
joints ; for either they produce no hinge-reaction (1st and 9th), 
and have therefore no influence, or else they act indirectly 
through a hinge-reaction in the direction A S, passing through 
the point F, round which moments are taken, and consequently 
producing no stress in Y,. 

To determine Y, (max.), therefore, the 3rd and 4th joints 
are to be loaded, and the 2nd is to remain unloaded. (The 

PiQ. 160. 




other joints may be loaded or not; they will, however, be con- 
sidered as unloaded.) The hinge-reaction for this loading must 
now be found from the equations. (Fig. 160.) 

= -Vxl2 + Hx4-.lxl2-2(9 + 6 + 3), 

= -Vxl2-Hx4 + 1Xl2 + 2(9 + 6 + 8) + 6(9 + 6), 



whence 



V = 3-75, 



H = 23-25 ; 



120 



BBIDGES AND BOOFS. 



and the equation of moments for the part shown in Fig. 161 
about F is therefore 



= Y, X 6-72 + 23-26 x 0-5 + 3-75 xl'5 -1x1-5-8 (4-5 + 7'5), 



or 



Y, (max.) = + 11*94 tons. 



To detennine Ta (min.) the 8rd and 4th joints must be 
unloaded, 'and the second joint loaded (the remaining joints 

will be considered un- 
Fio. 161. 
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/H-2324. 

/V-Sf»5 



loaded). The components 
of the hinge-reaction can 
be found from the equa- 
tions : 



^\/ 






= -yxl2 + Hx4-lxl2 

- 2 (9 + 6 + 3), 
0=:-^yxl2-Hx4+lXl2 

+ 2 (9 + 6 + 8) + 6 X 3, 

V = 0-75, H= 14-25; 



whence, from Fig. 163, the equation of moments is 

= y, X 6-72 + 0-75 X 1-5 + 1425 x 0-5 - 1 X 1-5 - 2 (4-5 + 7-5), 

therefore, 

Y,(inm.) = +2*57tQ&8. 
Fig. 162. 




and 



Similarly for tbe.remaining three diagonals. 

Y, (max.). 
Take every joint loaded, then 

V = 0, H = 48, 

= y, X 10-25 + 48 X 0-5 - 4 X 1-5 - 8 (4-5 + 75 + 10-5), 

Y, (max.) = + 15-8 tons. 
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< 

Yj (rnin.) need not be ixmsidered, as no distribution of the load prodnoes 
compreBBion in this diagonaL 

Y, (nkax.). 

The 4th joint only is to be loaded, then 

V = 2-25, H = 18-75, 

and 

= Y, X 8-85 + 2-25 x 15 + 18*75 x 0*5 - 1 x 1*5 - 8 X 4-5. 
Y, (max.) = + 7*38 tons, 

Y, (min.). ^<»- 1^* 

The 2nd and third joints only 
are to be loaded, then 

V = 2'25, H = 18*75, 
and 

= Y,x 8*85 + 2*25 X 1*5 
+ 18-75 X 0*5-1 X 1-5 
-2x4-5. 
Y, (min.) = — 0*87 tons, 

Y4 (max.). 

Y4 (max.) need not be considered, as no distribntion of the load prodnoes 
tension in this diagonal. 

Y4 (min.). 

To obtain Y4 (min.) joints 2, 8, and 4 are to be loaded, then 

V = 4-5, H=:25*5, 

and 

= Y4 X 0*788 + 4*5 X 1*5 + 25*5 X 0*5 - 1 X 1*5. 

Y4 (min.) = - 24*4 tons. 




CaleulaUon of the Stresses Z in the Lower Bars. 

The stress in the bar Z3 will be calculated, to illustrate the 
method. In this case moments will be taken about the point 
J (Fig. 164). A vertical through G, the point of intersection 
of A J and Ai 8, gives the position of the load which produces 
no stress in Z3, for the resultant B, of a load Q in this position 
and its hinge-reaction D, passes through the point J. Any 
load to the right of G will produce compression in Z3, for the 
resultant B then passes to the right of J, and the tendency 
is to turn the part of the arch under consideration (Fig. 166) 
firom left to right ; Z3 has the same tendency, and must there- 
fore be negative to maintain equilibrium. Any load to the left 
of G, on the contrary, produces tension in Z3, for the resultant 
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B passes to the left of J. The vertical through G is therefore 
what may be termed the hading hotmda/ry between the loads 
producing tension and those producing compression. 

Thus (Fig. 165) the components of the hinge-reaction when 
Z3 is a TnftTiTnTiTn are to be found from the equations 

= -Vxl2 + Hx4-lXl2-2(9 + 6 + 8), 
= -Vxl2-Hx4+lXl2 + 2(9 + 6 + 3)+6(6 + 3), 

V = 2-25, H = 18-75; 

whence from Fig. 166 the equation of moments is 

= Z, X 2-37 - 2-25 X 6 + 18-75 x 0-5 + 1 x 6 + 2 x 3, 

Z, (max.) = — 3*32 ton& 



Fkl 164. 
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To determine Z3 (min.) the hinge-reaction produced by the 
loading shown in Fig. 167 must be found from the equations 

= yxl2 + Hx4-lxl2-2(9 + 6 + d)-8xl2-6(9 + 6+3), 
= Vxl2-Hx4 + lxl2 + 2(9 + 6 + 3) + 3xl2 + 6x9, 

V = 2*25, H = 41-25; 
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and the equation of moments for the part of the arch shown in 
Fig. 168, is therefore 

= Z. X 2*37 + 2*25 x6 + 41*25 X 0*5 + 4x6 + 8x8. 

Za (min.) =s *• 34*6 tons. 
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Similariy the streasefl in the remaining ban Z can be oaloolated as follows: 

z.. 

The loading boondary is at the Ist 
joint, therefore only the minimum stress \ l 

need be considered. For this ^t<;^H — t 

V = 0, H = 48, 

= Z, X 4*27 + 48 X 0-5 + 4 X 12 

+ 8(9 + 6 + 3). Zt 

Z, (min.) = — 50*6 tons. 

Z,. 

(Loading boundary between the 2nd and 8rd Joints.) 
For the maximnm stress, 

V = 0-75, H = 14*25, 

= Z, X 8-82 - 0-75 X 9 + 14*26 X 0*5 + 1 x 9 + 2 (6 + 8). 

Z, (max.) = — 8*25 tons. 




For the minimum stress, 

V = 0*75, H = 45*75, 

= Zt X 8*82 + 0*75 X 9 + 45*75 X 0*5 
+ 4 X 9 + 8 (6 + 8). 

Z, (min.) =: — 41*45 tons< 

Z,. 

(Loading boondaiy between the 2nd 

and 8rd joints.) 
For the tmtT^mwn^ stress, 

V = 4-5, 
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H = 25-5, 



= Z4 X 1*428 - 4*5 X 8 + 25*5 X 0'5 + 1 x 3. 
Z4 (max.) = — 1*58 tons. 
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For the minimnm stieflSy 

V = 4-5, H=:84*5, 

OsZ^X 1-423 + 4*5 X 8 + 84*5 xO'5 + 4 x3. 

Z4 (min.) = — 80'P tanB. 



OcUculaiion of the Stresses U in the Vertical Bars. 

The bar Us will be chosen to exemplify the method. 7 8 is 
the section line, and F is the point about which to take 
moments. As in the case of Y3 the loads divide themselves 
into three groups relatively to the kind of stress produced in 

Fig. 169. 




U35 and in Fig. 169 these groups are indicated hj the signs 
+»— ^and 0. The stress in Us reaches its maximum value 
when the second joint alone is loaded^ and the hinge-reaction 
can then be obtained from Fig. 162. The values already found 
for its components are : 

V = 0-75. H = 14-25, 

and the equation of moments from Fig. 170 is : 

= - U, X 7*5 + 0-75 X 1-5 + 14-25 x 05 - 1 x 1*5 - 2 (4-5 + 7-5). 

U, (max.) = — 2-3 tons. 

When Ua is a minimum the third and fourth joints are 
alone loaded, and the values of the components of the hinge- 
reaction already found from Fig. 160 are : 

V = 8-75, H = 23-25; 

and from Fig. 171 the equation of moments is : 

= - U, X 7-5 + 8-75 X 1-5 + 23-25 X 05 - 1 X 15 - 8 (4-5 + 7-5). 

U, (min.) = — 10-7 tons. 



§ 21. — BRA.CED ABOH. 



125 



In a similar maimer the remaining straaaes in the bars U oan be fonncL 

u,. 

Ill (max.) need not be oonBidered, for tension cannot be produced in this bar 
by any distribntion of the loads. 

TJ, (min.) obtains when all the joints are loaded, then 



V = 0, 



H = 48, 



and 



= - U, X lS-5 + 48 X 0-5 - 4 X 1-5 - 8 (4-5 + 7*5 + lO'S) - 4 x 18-5. 

Ui (min.) = — 16*0 tons. 

u.. 

Here again U, (max.) need not be considered, and Uj (min.) obtains when 
every joint is loaded, then 

V = 0, H = 48, 

and 

= - U, X 10-5 + 48 X 0-5 - 4 X 1-6 - 8 (4-5 + 7-5 + 10-5). 

Ua (min.) = — 15'4 tons. 



Fio. 170. 



Fig. 171. 
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U4. 

U4 (max.) qoenrs when the 2nd and 3rd joints are loaded, and the 4th un- 
loaded, then 

V = 2-25, H = 18-75, 

and 

= -U« X 4-5 + 2-25 X 1-5 + 18-75 X 0-5-1 xl-5-2 x 4-5. 

TJ4 (max.) = + 0-5 tons. 

Ui (min.) occurs when the 4th joint is loaded and the 2nd and 3rd unloaded, 
then 

V = 2-25 H = 18-75, 

and 

= - U4 X 4-5 + 2-25 X 1-5 + 18-75 X 0*5 - 1 x 1'5 - 8 x 4-5. 

U4 (min.) = — 5-5 tons. 



126 



BBIDGB8 AND BOOFS. 



U,. 



The 5th Tertioal is divided in two at the hinge, and since the head of this 
vertical is only connected with a horizontal bar, it follows that the only vertical 
force that can come upon it is the load on the joint, which can never be more than 
4 tons for each halt Hence 

Uf (min.) = — 4 tons. 

The results obtained are collected together in Fig. 172. 



-10.a9 
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§ 22. — Braced Arch of 40 Metres Span. 
{Bridge over the Theies cU Szeffedin^) 

This bridge, supported hj two braced arches, is designed 
for a single line of railway. The permanent load can be taken 
at 2400 kilos, and the moving load at 4000 kilos, per metre 
run, and one-half of this is supported by each arch. 

The length of a bay beiug 2 metres, each joint has 
2400 kilos, permaneut load and 4000 kilos, moving load to bear, 
or (taking 1000 kilos. = 1 ton) 2 ' 4 tons permanent and 4 tons 
moving load. The two halves of the arch are connected 

together at the centre by a hinge, and hinges are also provided 
at the abutments. The form and dimensions of the structure 
are given in Fig. 173. 

* With the exception of some slight alterations in the dimensians and the 
addition of a central hinge, the flgnre represents the bridge over the Theiss. The 
object of the central hinge will appear in the ^ Theory of Braced Arohea** That 
the diagonals in the central bays of the existing bridge have been expanded into 
a plate-web con hardly be considered a dijQSarence in the principle of the construc- 
tion. 
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Gdhulation of the Stresses X in 
the Horizontal Bars. 

The bar Xs will be taken to 
illostrate the calculations. The 
first step is to determine which 
loads create tension in X5 and 
which compression, and to do 
this the point must be found 
where a load can be placed so as 
to produce no stress in X5. The 
vertical through the intersection ^ >2& 
of A L and Ai S produced (Fig. 
174) gives this required loading 
boundary, for a load Q placed 
in this position produces a hinge- 
reaction D acting in the direction 
Ai S (this reaction must pass 
through Ai to prevent rotation 
round that point), and these to- 



¥jq. 178. 



gether give a resultant R which =^ 
mast be directed to A, so that 
the left half of the arch may not 
rotate round this point, but by 
construction the line GA passes 
through L, and as this is the 
point about which to take mo- 
ments to determine Xs, it follows 
that the load Q can produce no 
stress in Xs. The reaction B, 
due to a load to the right of Q 
passes below L and tends there- 
fore to turn the part L S of the 
arch from left to right, and Xs 
will be positive since it acts in 
tlie opposite direction. 

On the contrary, every load 
situated to the left of Q will 
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prodnce a negative stress in X5, for the resultant B in this case 
passes above L, and therefore tends to produce rotation in the 
same direction as Xs does. 

The vertical through C is therefore the required loading 
boundary^ and the maximum stress obtains when all the joints 
to the right of it are loaded. 

Fio. 174. 



Comprefisioii. 



Teuslon. 




For Xfi this loading boundary is situated at a distance of 
16 metres from the left abutment^ coinciding therefore with the 
vertical bar U^. To find X5 (max.) therefore]][the joints 10, 
11, 12 — 21 must be loaded, and the remainder unloaded 



Fig. 175. 
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(Fig. 175), and the components of the hinge-reaction for this 
loading are obtained from the two following equations of 
moments : 

= Vx20 + Hx5-2-4(^+lS+16 + ... + 4 + 2) 

-4(^+18 + 16 + ... + 4 + 2) 

= Vx20-Hx5 + 2-4(^ + 18+16+... + 4 + 2) 



whence 



+ 4 (^ + 18) 



V = 7-2 and H = 99'2; 
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aod the equation of moments for the part of the arch shown in 
Fig. 176 about L is therefore ; 



X, CmM.) = + 34-a 
Fw. 176. 



2ji 2(J ^|l a[4 i[i X 



To find X, (min.) the hinge-reaction most be determined 
from Fig. 177 thus : 

= - T X 20 + H X 5 - 2-4 (M + 18 + ... + 2) 

= -Tx20-Hx5 + 2-4(iil + 18 + ... + 2) 

+ 4 (14 + 12 + .. + 2) 

V = 5-6 H = 70-4; 

PiQ. 177, 







and the equation .of memento is (Fig. 178) : 
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From this it appears that the numerical values of Xe (max.) 
and X5 (min.) are identical, whence it follows that X5 = 0, 
when the loads producing the maximum stress are on the 
bridge together with those producing the minimum stress, that 
is when the bridge is fully loaded (for the load on the 9th 
joint has no effect). This property is easily explained by the 
"Theory of parabolic girders," given in § 8, for in the pre- 
sent example the arch has the form of a parabola, and it has 
been shown that this is the curve of equilibrium (or linear 
arch) for a load uniformly distributed over the span. Directly 
therefore the bridge is fully loaded, neither the horizontal bars 
nor the diagonals are necessary to maintain equilibrium, the 
verticals, however, are required to transmit the loads to the 
linear arch (Fig. 179). 

Now the permanent load is uniformly distributed over the 
span, and produces therefore no stress in the horizontal bars or 
the diagonals. Thus in calculating the stresses in them, the 

Fig. 179. 
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permanent load can be left out of consideration, and further it 
is only necessary to obtain either the maximum or minim n m 
stress when the other can be found by changing the sign. 

The calculation for X5 could therefore have been given in 
the following form. 

0=-Vx20 + Hx5 

= - V X 20 - H X 5 +4 (14 + 12 + ... + 2) 

V = 5*6 H = 22-4 

= -X,X 1-75 -5-6 X 10 - 22-4 X 1-25 + 4 (4 + 2) 

X« = :k 34-29 tons. 

And the foUowing oaloolstions are made in a similar manner : 

(Loading boundary in 7th bay.) 

0= - Vx20 + Hx6 

0= - Vx20-Hx5 + 4(12 + 10 + ... + 2) 

V = 4-2 H = 16-8 

= - X, X 4-55 - 4-2 X 18 - 168 X 405 + 4 (10 + 8 + . . . + 2) 

X = ^5-20 tons. 
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(Loading boundary in 8th bay.) 

= -Vx20 + Hx5 

= -Vx20-Hx5 + 4(14 + 12 + ... + 2) 

V = 5'6 H = 22-4 

0= -X,x3-7-5-6 X 16-22-4 X 32 + 4 (10 + ... + 2) 

X, = ± 11-16 tona. 

X.. 

(Loading boundary in 8th bay.) 

V = 5-6 'H = 22-4 

= - X, X 2-95 - 5-6 X 14 - 22-4 x 245 + 4 (8 + 6 + ... + 2) 

X, = ±1806tons. 

X,. 

(Loading boundary in 8th bay.) 

V = 5-6 H = 22-4 

= - X4 X 2-3 - 5-6 X 12 - 22-4 X 18 + 4 (6 + 4 + 2) 

X4 = :t 25-88 tons. 

X.. 

(Loading boundary in 9th bay.) 

0=-Vx20 + Hx5 

= - V X 20 - H X 5 + 4 (16 + 14 + ... + 2) 

V = 7-2 H = 28-8 

= - X, X 1-3 - 7-2 X 8 - 28-8 x 08 + 4 (4 + 2) 

X« = ± 43-57 tons. 

(Loading boundary in 9th bay.) 

V = 7'2 H = 28-8 

= - X, X 0-95 - 7-2 X 6 - 28-8 x 0*45 + 4x2 

X, = ± 50-70 tona. 

X.. 

(Loading boundary in 10th bay.) 
0= -V X20 + Hx5 
0=-Vx20-Hx5+4(18 + 16 + ... + 2) 

V = 9 H = 36 

= - Xg X 0-7 - 9 X 4 - 36 X 0-2 + 4 X 2 

X, = :k 50-29 tons. 

• Xf. 

(Loading boundary in 10th bay.) 

Y = 9 H = 86 
= - X, X 0-55 - 9 X 2 - 86 X 0*05 

X, = ±360tong. 

K 2 
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^ift. 



10' 



There never can be any stress in this bar, for no horizontal force oan act 
on its right extremity. Hence 

X,o = 0. 



Calculaiion of the Stressed T in the Dioffonals. 

The diagonal marked Tg will serve to illustrate the calcula- 
tions. 

The point about which moments will be taken is M 
(Fig. 180), and the vertical through the intersection of A M 
and Ai S produced will give the loading boundary. For a 
load Q placed in this position gives with this hinge-reaction D 
a resultant R whose direction is £ M A. If the load lies to 



Fig. ISO. 



<-- 



Tension. 



Compression. 




the right of £ the resultant H, or if it is placed on the right 
half of the arch the hinge-reaction passes below M, and con- 
sequently tends to turn the part 8 a /3 from left to right, 
but Ys has the same tendency, and must therefore be nega- 
tive. 

If on the contrary the load is to the left of £, the resultant 
B, or if the load is to the left of a /3, the hinge-reaction D 
passes above M, and in either case Y5 is evidently positive. 

Thus if the part of the bridge lying to the right of the 
vertical through E be loaded, Y5 will be a minimum ; and if 
the part to the left be loaded, Y5 will be a maximum. 

It has already been remarked when dealing with the 
stresses in the horizontal bars, that the permanent load produces 
no stress in the diagonals ; it seems therefore unnecessary to 
carry the proof any further. Hence in the following calculations 



§ 22. — BRACED ABCH. 133 

the permanent load will be left oat of consideratioD (Fig. 181). 
Also since the numerical values of the maxima and minima 
stresses are equal, only the maximum stress will he calculated 
in each esse, the minimum stress heing ohtained hy changing 
the sign. 

FiQ. 181. 



"•r^^^nTQ^ 



Thus to determine Y, (max.) the equations to find the 
hinge-reaction are (Fig. 182) 

0=-Vx20 + Hx5 

0=-Vx20-Hx5 + 4(16 + 14 + ... + 2) 
V = 7-2 H = 28-8 

and from the same figure the equation of moments is 

= Y. X 5-51 - 7-2 X 3-Ci + 28'8 x 0-5 

-4(0-36+ 2-86 + 4-36 + 6-36) 
Y, (max.) = + 11 '9 tons 

and 

Y,(iiiiii.)- - 11-9 t<Hu. 

Fio. 182. 



~^H-'2a ,a 



lUar maimer the ertrewei in the lemaimag cliagouals oan be fbimd aa 

(Loading boundary in 7th bay.) 

V = 4-2 H = ie-a (seecftlo. forS,) 
= Y, X 10-6 - 4-2 X 8-42 + 16-8 x 0-5 + 4 x 042 
- 4 (1-58 + 3-58 + 5-58 + 7-58 + 9-58) 
Y, = ± 12-92 tons. 
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(Loading boundaiy in 8th bay.) 

y = 5*6 H = 22'4 (see oala for X«) 
= Y, X 9*42 - 5-6 X 7-294 + 22*4 x 0*5 + 4 X 1*294 

- 4 (0-706 + 2-706 + 4-706 + 6-706 + 8-706) 

Y, = ±12-59 tons. 

Y.. 

(Loading boundary in 8th bay.) 

V = 5-6 H = 22*4 

= Y, X 8-16 - 5-6 X 6-13 + 22-4 x 0*5 + 4 X 0-13 

- 4 (1-87 + 3-87 + 5-87 + 787) 

Y, = ± 12-3 tons. 

Y,. 

(Loading bonndaiy in 9th bay.) 

y = 7-2 H = 28'8 (see calo. for X«) 
= Y4 X 6*884 - 7-2 X 4*928 + 28-8 x 0*5 + 4 X 0-923 

- 4 (1077 + 3-077 + 5077 + 7*077) 
Y4 = ± 12*07 tons. 

Y.. 

(Loading boundary in 9th bay.) 

V = 7*2 H = 28-8 

= Y, X 4-24 - 7-2 X 2-223 + 28-8 x 0*5 

- 4 (1*777 + 3-777 + 5*777) 

Ye = ±11*07 tons. 

In the case of Y7 it is found that the point about whicli 
to take moments is situated in the central bay, and this, as 
will appear, makes the arrangement of the loading giving the 
greatest stresses differ from that of the preyious cases (Fig. 183). 
There are, in fact, three groups of loads, two of these produce 
compression and the third tension. For as will be seen from 
the figure the line A^ S in this case passes below the point 
N, and consequently the hinge-reaction produced by a load on 
the left half of the arch also passes below N. Now a load 
situated to the left of the section line X ^ acts on the part 
of the arch S X ft by its hinge-reaction D, and tends therefore 
to turn this part round N from left to right, thus making Y^ 
negative. 

Thus the section line X /it is a second loading boundary ; 
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for, as in the former cases, a load placed between X ^ and 7 p 
produces tension in Y7. 

Hence, to find the greatest stress in Yf, either the two com- 
pression groups can be considered loaded or else the tension 
group. 

Fio. 183. 
Conipreasion. Tiiisiou. Coniprese-on. 




In the latter case the equations to find the hinge-reaction 
are (Fig. 184), 

0=-Vx20 + Hx5 
= - V X 20 - H X 5 + 4 (18 + 16 + 14) 
V = 4-8 H=rl9-2 




and the equation of moments from Fig. 185 is, 



= Y, X 3-194 - 4-8 X 0-671 + 19-2 x 0-5 

- 4 (1-429 + 3-429 + 5-429) 
yr = ± 10-73 lonB. 



Fio. 185. 



For Yg the loads also form 
three groups. The turning 
point is in this case situated inT^ 
the right centre bay and the 
hinge-reaction D passes below 
F. The calculations are exactly 
similar to those for Y7, and 

0=-Vx20 + Hx5 
= - V X 20 - H X 5 + 4 (18 + 16) 
V = 3-4 H = 13-6 

= Y, X 2-51 + 3-4 X 1*6 + 13-6 x 05 - 4 (56 + 3-6) 

Yg = ± 9-8 toM. 




-r — '« 



V-4<8 
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For Y^ howeyer, the position of the turning point is such 
that only two gronps are formed (Fig. 187). Here the section 
line cr is itself the loading boundary, for every load to the left 
of cr T acts on the part S cr t through its hinge-reaction D, which 



Fig. 186. 



GomproBBion. 




A Ai 

evidently makes Y7 negative. But every load to the right of 
cr on the part Bar, produces with its hinge-reaction a 
resultant which tends to induce rotation from right to left, 
and all loads on the right half of the arch acting by means of 

Fig. 187. 
Gompresaion. 



Tension. 



D^. 




A A 

their hinge-reaction W have the same effect. Consequently all 
loads to the right of o- t make T^ positive. 

The loading boundary is therefore situated in thj 9th bay, 
and (see calculation for X^) 

V = 7-2 H = 28-8 

Whence the equation of moments is 

= y, X 2-47 + 7-2 X 5-33 + 28-8 x 0«5 
Y, = ± 21-4 tons. 

Similarly it is found that the section line is the loading 
boundary for Yio, therefore, 

= -Vx20 + Hx5 
0=-Vx20-Hx5 + 4(18 + 16 + ... + 2) 

V = 9 H = 36 

= Y,o X 5*324 + 9 X 20 + 36 X 0-5 
Y„ = ± 37-29 tonfl. 
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Caleiilation of the Stresses U in the Verticals. 

The effect of the permanent load on the vertical bars can 
be deduced from Fig. 179. If half the permanent load is 
applied to the top of the verticals and the other half to the 
footy the compression produced in each vertical will be 1'2 
tons (with the exception, however, of the first and last verticals 
which have only half the amount to sustain). To these stresses 
must now be added those produced by the moving load. 

The maximum and minimum stresses produced by the 
moving load must therefore be found. 

The vertical Us will be taken to illustrate the method. 
The loading boundary can be found by the construction 
employed in Fig. 1 80, for in both cases M is the turning point. 

Compression. Fig. 188. Tendon. 



A load Q placed on the vertical through E, gives with its 
hinge-reaction D a resultant B which passes through M, and 
hence Q can produce no stress in XJ5. The vertical through E 
is therefore the loading boundary, and all loads to the right 
produce tension, and all loads to the left compression. When 
Ub (min.) obtains the bridge will be loaded with the com- 
pression group, and then (see calculations for Ye) 

V = 7-2 H = 28-8 

Whence the equation of moments for the part of the arch 
shown in Fig. 189 is (denoting by u^ the stress due to the 
moving load alone), 

= - ttj X 8-36 - 7-2 X 8-64 + 28'8 X 0*5 

- 4 (0*36 + 2-36 + 4*36 + 6*36 + 836) 

« tt, (min.) = — 11*84 tons. 

Ub (max.) can be deduced from this without further calcula- 
tion in the following manner : 
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If the moying load covers the whole bridge it is evident 
that the stress in each vertical is — 4 tons, and hence 1*5 
(max.) together with u^ (min.) must be equal to — 4 tons, or 

«, (max.) = - 4 - (- 11-84) = + 784 tons. 

To obtain Us (max.) andn5(min.) - 1*2 tons must be added 
to the values just found, thus : , 

U, (min.) = - 11-84 - 1-2 = - 18-04 tons 
U.(max^=+ 7-84-1-2 = + 6-64 tons.* 

Fig. 189. 



g«28/6 




The stresses in the remaining verticals can be found as foUows 

XJ».t 

= - t», X 11-58 - 4-2 X 8-42 + 16-8 x 0-5 + 4 X 0-42 ' 

- 4 (1-58 + 3-58 + 6-58 + 7-58 + 958 + 11-58) 

Uj (min.) = - 15-82 t»j (max.) = + 11 -82 

Ui (min.) = - 17*02 tons 
Ui (max.) = + 10-62 tons. 

U,. 

s; - tt, X 10-706 - 5-6 X 7-294 + 22-4 x 0-5 + 4 x 1-294 

- 4 (0-706 + 2-706 + 4-706 + 6-706 + 8-706 + 10-706) 

ti, (min.) = - 15-08 u, (max.) = + 11-08 

U, (min.) =- 16-28 tons 
U,(max.) = + 9-88 tons. 

* These stresses conld have been obtained quicker thns : To find Ug (min.) 
add to the yertioal component of T, (min.) -> (4 + 1-2) tons, and to find U« 
(max.), add to the vertical component of T« (max.) -> 1*2 tons. As, however, 
this method cannot always be adopted, the longer one has been preferred. 

t Strictly speaking, the load on the Ist vertical is only half the load on the 
others, the remaining half being taken by the abutment. It has, however, been 
considered fully loaded, as this would probably be the course pursued in pzaotioe. 
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U,. 

« - ti, X 9-87 - 5'6 X 6'18 + 22-4 x 0-6 + 4 x O'lS 

- 4 (1-87 -h 8-87 + 5-87 + 7*87 + 9-87) 
II, (min.) = - 14*2 ti, (max.) = + 10*2 

U, (min.) = - 15-4 tons 
U,(maz.) = + 9'Otona. 

= -fi^ X 9-077 -7-2 x4-928 + 28-8x 0-5 + 4 X 0-923 

- 4 (1-077 + 3-077 + 5-077 + 7-077 + 9-077) 

ti4 (min.) = — 13-1 u^ (max.) = + 9-1 

U4 (min.) = - 14-8 tons 
U4 (max.) = -I- 7-9 tons. 

U.. 

= - «« X 7-777 - 7-2 X 2-223 + 28-8 X 0*5 

- 4 (1-777 + 3-777 + 5-777 + 7-777) 

«« (min.) = - 10-03 Ug (max.) = + 6*03 

n«(min.) = -11-23 tons 
XJc(max.)=+ 4-83 tons. 

U,. 

In determining the stress in Y7 it was found that the loads 
divided themselves into three groups. This is also tme in 
the case of Vi with this difference, that the second loading 
boundary is placed one bay more to the left on account of the 
oblique direction of the section line ^ '^ (Fig. 190). 



Tension. 



Fio. 190. 
Compression. 
— -M ^ 



Tension. 




When the loads producing compression are on the arch the 
equations to obtain the components of the hinge-reaction are, 

= -V X 20 + H x5 

= - V X 20 - H X 5 + 4 (18 + 16 + 14 + 12) 

V = 6 H = 24 
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and the equation of moments for the part S ^ '^ is, 



= 



-UjX 7*429 — 6 X 0*671 + 24 x 0*5 
>- 4 (1-429 + 3-429 + 5-' 

!«, min.) = — 8-38 Uj (max.) = - 



^ ^ V* '*^ -r M ^**' -r « 429 + 7-429) 
: — 8-38 Uj (max.) = + 4-38 

Uy (min.) = — 9-58 tons 
U, (max.) = + 3-18 tons. 



In this case abo there are two loading boundaries, and 

= -Vx20 + Hx6 

= - V X 20 - H X 5 + 4 (18 + 16 + 14) 

. V = 4-8 H = 19-2 

= — «8X7-6 + 4-8 X 1-6 + 19-2 x 0*5 

-4(3-6 + 6-6 + 7-6) 

ttg (nun.) = — 6-57 Wg (max.) = + 2*57 

Ug(min.) =—7-77 tons 
Ug (max.) = + 1*37 tons* 

U,. 

As in the case of Yg the loads divide themselves again into 
two groups ; the loading boundary is "however one bay more to 
the left (Fig. 191). 



Tension. 



Fig. 191. 



Gompzession. 




and 



To obtain the hinge-reaction, 

= -Vx20 + Hx5 

= -Vx20-Hx5 + 4(14 + 12 + ... + 2) 
V = 6*6 H = 22-4 

= - tt, X 9-38 + 5*6 X 5*33 + 224 X 0*5 

tfj (min.) = — 8'4 u, (max.) = + 4-4 

U, (min.) = — 9*6 tons 

U,(max.) = + 3-2 tons. 
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U 



10 < 



The loading boundary is in the 9th bay, and 



= 



V = 7*2 H = 28-8 

: — »,o X 22 + 7-2 X 20 + 28-8 x 0*5 

«,, (min.) = — 11-2 u,, (max.) = + 7*2 

U,o (min.) = — 12-4 tonfl 

XJ,o (max.) = + 6-0 tons. 

U„. 

The vertical in the centre is divided in two by the hinge, 
and as at the top it is only connected to a horizontal bar, the 
only stress that can exist in it is the compresaion produced by a 
load placed on the top. The greatest load for each half is 
0*6 ton permanent, and 2 tons moving load. Hence 

U„ (min.) = — 2'6 tonfl. 



Cdhulation of the Stresses Z in the Bow. 

To find the stress in the bar Z5 a section line is drawn 
through the 5th bay, and the equation of moments formed for 
the part of the arch lying between the section line and the 
hinge with reference to the point of intersection of the 
diagonal and horizontal bars (Fig. 192). 



Tension. 



Fig. 192. 



CompreBsion. 




The vertical through the point of intersection F of A 
and Ai S is the loading boundary, for the resultant B of a load 
Q in this position and its hinge-reaction D passes through O. 
This loading boundary lies in the 6th bay. 

In this case the permanent load will have to be taken into 
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consideration ; eyeiy joint will therefore have a permanent load 
of 2 '4 tons, and those joints which have been celled the loaded 
joints will cany 4 tons of moving load besides. The dis- 
tribution of the moving load producing the greatest tension is 
shown in Fig. 192, and the equations to find the hinge-reaction 
are, 

= - V X 20 + H X 5 - 2-4 (IS + 18 + 16 + . . . + 2) 
= -Vx20-Hx 6 + 2-4(^ + 18 + 16 + . .. + 2) 
+ 4 (10 + 8 + ... + 2) 
V = 3 H = 60. 

Consequently, from Fig. 193, 

= Z, x2'218-3x 12 + 60x0-6 + 2-4(^ + 10 + .. . + 2) + 4x 2 

Z« (max.) = — 39-86 tons. 





- 
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Again, to find Z5 (min.) (Fig. 192), 

= V X 20 + H X 6 - 6 - 4 ( iLo + 18 + . , . + 2) 

0=Vx20-Hx6 + 2-4(^ + l8 + ... + 2) + 4(«^+18+... + 2) 

V = 3 H = 116 

and from Fig. 194 

= Z, X 2-218 + 3 X 12 + 116 X 0*6 + 2-4 (^ + 10 + ... + 2) 

+ 4(^ + 10 + ... + 4) 
Zs (min.) = - 142-70 tons. 

For the sake of comparison the stress in Zs, when the moving 
load covers the whole bridge, will also be calculated, thus. 



= 
= 

= 



Vx20 + Hx6-6-4(AQ + i8 + ... + 2) 
Vx20-Hx6 + 6-4(»;> + 18 + ... + 2) 

V = H = 128 
Z. X 2-218 + 128 X 0-6 + 64 (t« + 10 + . . 
Z, = - 132-7 ton*. 



+ 2) 
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From the above calculations it appears that the compressioii 
in the bars forming the bow can be considerably greater with 
an uneven than with a uniformly distributed load. In this a 
parabolic arch-bridge differs from a parabolic girder-bridge, for 
it was shown that in the latter the greatest compression in the 
bow occurred when the bridge was fully loaded. 

It also appears that it is not absolutely necessary to calculate 
the maximum stress in the bow. For if the maximum and 
minimum stresses produced by the moving load be added 
together the result is the stress due to the moving load when it 
covers the bridge. And it is evident that this stress is always 
negative (for altering 6*4 to 4 in the last equation will not 
change the sign of Z5). Consequently the absolute value of 
the minimum stress produced by the moving load must be 
greater than that of the maximum stress, and the compression 



Fig. 194. 




produced by the dead load still further increases the balance in 
favour of the minimum stress. And since a greater section of 
material is generally required to resist compression than the same 
amount of tension, the maxima stresses might be neglected. 

They will, however, be calculated, and for the following 
reason. If the arch be imagined turned upside down it 
becomes a suspension bridge, and the same calculations with 
reversed signs would apply, the minima stresses becoming 
the maxima stresses and vice versd. Now it is just possible, if 
the dead load were small in comparison to the moving load, 
that the i&inima stresses in the suspension bridge might 
become negative, and would then probably determine the 
section (the bars being long columns). For such cases there- 
fore it is necessary to know what are the maxima stresses 
inZ. 
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The Btresses in the renkaining ban Z can be calculated as follows : 

z.. 

(The loading boundary coincides with the Ist vertical.) 

When the bridge is free of the moymg load, 

= Vx20 + Hx5-2-4(«-O + 18 + ... + 2) 
= Vx20-Hx5 + 2-4(ip + 18 + ... + 2) 

V = H = 48 

= Zj X 4-968 + 48 X 0-5 + 2-4 (^ + 18 + .. . + 2) 

Zi (max.) = — 53-14 tons. 

When the moving load covers the bridge, 

V = H = 128 

= Zi X 4-968 + 128 X 0-6 + 6-4 (^ + 18 + . . . + 2) 
Zi (min.) = — 141-71 ton& 

Z,. 

(Loading boundary in the 2nd bay.) 

V = 0-2 H = 48-8 

= Z, X 4-186 - 0-2 X 18 + 48-8 x 0-5 

+ 2-4(^ + 16 +...+2) 

Z, (max.) = — 51-41 tons. 

V = 0-2 H = 127-2 

= Z, X 4-186 + 0-2 X 18 + 127-2 X 0*5 

+ 6-4(iJ + 16 + ... + 2) 

Z, (min.) = — 139-89 tons. 

z,. 

(Loading boundary in the 4th bay.) 

V = l-2 H = 62'8 

= Z, X 3-464 - 1-2 X 16 + 52-8 X 05 

+ 2-4 (J^ + 14 + . .. + 2) + 4 X 2 

Z, (max.) = — 48-73 tons. 

V = l-2 H = 123-2 

= Z, X 3-464 + 1-2 X 16 + 123-2 x 0-6 

+ 2-4 (^ + 14 + . .. + 2) 
+ 4(iJ» + 14 + ... + 4) 

Z, (min.) = — 139-3 tons. 
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(Loading boundary in the 5th bay.) 

V = 2 H = 56 * 

= Z4 X 2*805 - 2 X 14 + 56 X 0-5 

+ 2-4 (^ + 12 + . .. + 2) + 4x2 

Z4 (max.) = — 44-77 tons. 

V = 2 H = 120 

= Z4 X 2-805 + 2 X 14 + 120 X 05 

+ 2-4(Lt4.12 + ... + 2) 
+ 4 (^ + 12 + ... + 2) 

Z4 (min.) = » 140*3 tona. 

(Loading boundary in the 7th bay.) 

V = 4-2 H = 64-8 

= Z, X 1-707 - 4-2 X 10 + 64-8 X 0-5 

+ 2-4 (^ + 8 + .. . + 2) + 4x2 

Zf (max.) = — 34-21 tons. 

V = 4-2 H = 111-2 

= Z, X 1-707 + 4-2 X 10 + 111-2 x 0-5 

+ 2 • 4 (ip + . . . + 2) + 4 (^ + . . . + 4) 

Z, (min.) = — 146*2 tons. 
Zr. 

(Loading boundary in the 8th bay.) 

V = 5-6 H = 70-4 

= Z, X 1-28 -6-6x8 + 70-4 x 0-5 

+ 2*4(f + 6 + 4 + 2) + 4x2 

Z, (max.) = — 28*74 tons. 

V = 5-6 H = 105*6 

= Z, X 1-28 + 5*6 X 8 + 105-6 x 0*5 

+ 2-4 (f + 6 + 4 + 2) + 4 (f + 6 + 4) 

Zy (min.) = — 149-9 tons. 

z.. 

(Loading boundary in the 8th bay.) 

V = 6-6 H = 70*4 

= Z, X 0*943 -5-6x6 + 704 X 0*5 + 2*4 (} + 4 + 2) 
Z, (max.) = — 24*6 tons. 

V = 5-6 H = 105*6 

= Z, X 0-943 + 5-6x6 + 105*6 x 0-5 

+ 2*4 (f + 4 + 2) + 4 (f + 4 + 2) 

Z. (min.) = — 152-8 tons. 

L 
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£i^. 



(Loading boundary in the 9th bay.) 

V = 7-2 H = 76-8 

= Z,x 0-698- 7-2 X 4 + 76-8 x0-5 + 2-4(| +2) 
Zg (max.) = — 27*5 tons. 

V = 7*2 H = 99-2 

= Z, X 0-698 + 7-2x4 + 99-2 x 0-5 

+ 2-4(| + 2) + 4(f + 2) 

Z,(min.)= -149-0 tons. 



iio< 



A slight alteration occurs in the grouping of the loads in 
this case, for in no position does the moving load produce 
tension in Ziq. This is shown in Fig. 195. The reason is that 
the prolongation of the line Ai S happens to coincide with the 
diagonal of the 10th bay, but every load to the left of the 
section line € a> acts indirectly on the part S € co by means of its 
hinge-reaction D, which passes through the turning point P, 
and consequently produces no stress in Ziq. 

Fig. 195. 

No effect Compression 



D"^ — 




Thus to find Z^o (max.) the bridge can be considered 
unloaded (or if one chooses, loaded up to the point P), and 
when Zio (min.) obtains the moving load will cover the bridge 
(or else up to the section line € cd only). Hence the following 
equations : 

V = H = 48 

= Z|o X 0-5498 + 48 X 05 + 24 x | 
Z,o (max.) = — 48-02 tone. 

V = H = 128 

= Z,o X 0-5498 + 128 x 05 + 2-4 X f + 4 X | 
Z,o (min.) = — 128-05 tons. 

The results obtained are collected together in Fig. 196. 
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If the signs of all the stresses in Fig. 196 be changed, the 
stresses in the suspension bridge formed by turning the arch 
upside down will be obtained, if the abutment hinges become 
the points of attachment. This suspension bridge is shown in 
Fig. 197. 

§ 23. — Stability op the Abutments op the Braced Arch, 

The stability of the abutments can be tested by the method 
of moments, and it cJso can be ascertained which distribution of 
the moving load acts the most injuriously in this respect. The 
force tending to overturn the abutments or piers is the hori- 
zontal component of the thrust of the arch. The vertical com- 
ponent of the same force, on the contrary, adds to the stability. 
Both components are greatest when the bridge is fully loaded, 
yet the excess of the moment of the horizontal component over 
that of the vertical component may reach its maximum with 
a partial load. 

To decide this point the first step is to find the position 
which a load must occupy on the bridge, so that it may have 
no overturning effect on the pier. The axis about which the 
pier tends to rotate is represented in Fig. 198 by the point F,* 
and for the load Q to have no overturning "effect the reac- 
tion produced by it at the abutment Ai must pass through F. 
Evidently the vertical drawn through the intersection of F Ai 
cmd A S produced gives the required position of the load Q, 
and it is also easily seen that the reaction for all loads to 
the right of Q will pass inside F, and for all loads to the left of 
Q outside F. The worst case for the pier is therefore when the 
bridge is loaded from the left abutment up to the vertical 
through I. The position of this vertical evidently depends on 

the ratio j- of the height of the pier (up to the hinge Ai) to its 

breadth. 

As an example suppose that 

* To aUow for the compreBsibiliiy of the material of which the pier is built, 
moments should not be taken roimd F but round an axis nearer the centre of the 
pier. See Appendix. — ^Tbans. 

L 2 
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Fia. 19G» 



Pio. 197. 




^2fi 



-n,o» 




-10,6a 
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then for the arch calcnlated in the preceding paragraph the 
loading bonndiEuy IQ falls in the 18th bay. Fig. 199 repre- 
sents the most unfavourable arrangement of the load as regards 
the pier at Ai. From this figure the equations to obtain 
the hinge-reaction are : 

0ss-Vx20 + Hx 6- 2-4(^ + 18 + ...+ 2) 

-4(Y + 18+...+ 6) 

0«-Vx20-Hx5 + 2-4(«A + 18+...+ 2) 

+ 4(VIjL18+...+ 6) 

V = 0-6 H = 125-6. 



Fig. 198. 







Fig. 199. 




Let M represent the overturning moment of the whole 
bridge about the horissontal axis through F (Fig. 198), then : 



^ = - 0-6(6 + 20)+ 125-6(* + 5) 
2 



-2-4r(?5^) + a8 + 6) + (l« + 6) + .. .+ (« + ») + U 
- 4r(?^) + (18 + ») + a« + ») + ••• + (« + »)]• 



•• 
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To resist this there is the moment of stability of the pier^ and 
if, as in Fig. 200, there is a second arch abutting against the 
other side of the pier, there will also be the moment of this arch 
tending to turn the pier over in the contrary direction. This 
arch, however, must be considered unloaded, for every load on 



Fig. 200. 



I 4^ i y Y y jf ?T«4Q 




it produces a thrust passing above F, and consequently the most 
unfavourable case for the pier will be when this arch has no 
moving load upon it. It has been already found that in this 
case 

y = and H = 48; 

and hence, if Mi is the moment of the second span about F, 

Ml = 48(5 + A) - 2*4(«Q + 18 + 16 + ...+ 2), 

Let G be the weight of the pier ; then the condition of stability 
is expressed by 

By substituting in this equation the values of M and Mx the 
requisite dimensions of the pier can be ascertained.* 

* The pier oonld, howeTer, fail by gliding if the friction between any of the 
bed-joints were not soffioiently great. A similar case is disoossed at p. 186. — 
Teaks. 
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§ 24 — Theory of Hinged-bridges. 

It is now proposed to consider from a more general point of 
view the principles of construction of these bridges. 

The stresses in any system of bars can be calculated by the 
method of moments as soon as the direction and magnitude of 
the reactions at the abutments are known. In girder-bridges 
the abutments are so arranged that they can only produce 
vertical reactions, and there can therefore be no uncertainty 
as to their magnitude. But in the case of arched or sus- 
pension bridges a horizontal reaction is added to the vertical 
reaction, and it is only when this former can be determined 
that the stresses can be calculated. 

This horizontal reaction is indeterminate unless the con- 
tinuity of the structure is interrupted at some point and a hinge 
introduced, as will be proved by the following. 

In the " Theory of parabolic girders " (§ 8) it was shown 
that the parabola is the curve of equilibrium of an inverted 
chain in the form of an arch, when the load is uniformly distri- 
buted over the span ; and in this case both the horizontal and 
vertical reactions are determinable. But the slightest alteration 
either in the distribution of the load or in the form of the curve, 
would make the chain collapse unless it is stiffened by some 
means. This stiffening can be obtained in two different ways : 
either by transforming the flexible chain into a stiff bow which 
prevents deformation by its resistance to flexure, or else by 
means of a system of braces composed of horizontal, vertical, 
and diagonal bars, forming triangles with each other. In both 
cases the flexible arch will be transformed into a stiff structure, 
and the abutments will have to supply horizontal as well as 
vertical reactions. 

The magnitude of the vertical reactions can always l>e 
determined; this will appear by taking moments about the 
abutment B (Fig. 201 or Fig. 202), thus : 

= V-2/-QT, 

or 

St 

V = Q — • 
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But the horizontal reactions are indeterminate^ for the only 
condition of equilibrinm to which they are subject is that the hori- 
zontal force acting at A shall be equal and opposite to that acting 
at By and this condition can evidently be satisfied by an infinite 
number of values. This condition can also be expressed as 



Fi<J. 201. 



< — 
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Fi6. 202. 
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follows : the resultants D and VV of the reactions at the abut- 
ments must, for equilibrium, meet the vertical through Q at 
the same point. The position of this point on the vertical is, 
however, indeterminate, and depends on the magnitude of H. 
The point P (Fig. 203) will lie above the horizontal through 
the abutments when the horizontal reactions act inwards, and 
below the horizontal (Fig. 204) when the horizontal reactions 
act outwards. The nearer P is to the horizontal the greater 



Fig. 203. 



Fig. 204. 





the horizontal reactions, and when this distance vanishes these 
reactions become infinite. 

[Note. — ^In reality H is not indeterminate, as will be evident by the 
application of Canon Moeeley's Principle of Least Resistance, which, as stated 
by Professor Bankine, is as follows : — 

'*If the forces, which balance each other in or npon a given body or 
structure be distinguished into two systems, called respectively active and 
passive, which stand to each other in the relation of cause and effect, then will 
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the passive forces be the least which are capable of balancing the active 
forces, consistently with the physical condition of the body or structure.*' 

Now in the present case the vertical passive forces are determinate, and 
the principle therefore applies only to H, the constant horizontal thrust 
in the arch. He must therefore have the least value consifitent with 
stability]. 

The actual magnitude of this horizontal reaction depends on 
the attachments, on the resistance of the abutments, on the 
changes of temperature, and in fact on several causes which can 
hardly be allowed for by calculation * Yet this is of the 
very greatest importance, for the structure could fail either by 
the horizontal reaction decreasing or increasing considerably. 

Suppose, for instance, that the braced arch ju8t calculated 
were constructed without a hinge in the centre, and that by 
the abutments giving way slightly, the horizontal reactions 
vanished, the structure would then become an ordinary girder 

Fig. 205. 




(Fig. 205), and the stress in the bar X^o for instance, could be 
found according to the previous method, by means of the equa- 
tion of moments : 



or 



= X„ X 0-5 + 6-4 KVty + A + ... + 4^) 20 

+ (tt . 20 - 2) + (i* . 20 - 4) +... + («. 20 - 18)1 

X, (min.) = — 1280 tons. 



In the braced arch it was found that X^o = ±50*7 tons. 

* Professor Rankine shows, both in his * Applied Mechanics' and in his 
* Civil Engineering,' bow hraced arches without hinges are to be treated, allowing 
for the yielding of the abulmouts, temperature, &c. — Trans. 
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or 



Simflarly for Zjo : 

= Z„ X 0-5498 + 6-4 [(A + A + ... + «) 18 

+ (« . 18 - 2) + (44 . 18 - 4) + . . . + as . 18 - 16)1 

Zi, (max.) = + 122910118; • 



whereas for the arch : 

Z,o (min.) = - 128-05 tons. 

Thus, if the horizontal reactions vanish the stress in Zio 
would be increased nearly ten times, and that in Xio more 
than twenty times. 

If, however, the abutments remain firm, and the arch expands 

Fig. 206. 
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by an increase of temperature, the horizontal reaction will be 
increased, and it is not difficult to see that in some parts the 
stresses will become considerably greater. 

As soon, however, as a hinge is introduced, as at S (Fig. 
207), all the indeterminateness as to the magnitude of the 
horizontal reaction disappears, and likewise the danger caused 
thereby. It has already been shown that a load Q (Fig. 207) 
placed on one half of the arch calls forth a reaction at the 
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abutment of the other half, which must of necessity pass through 
the central hinge. Consequently by producing B S the position 
of F can be fixed, and with it the horizontal reactions at the 
abutments. If the abutments give way slightly, the hinge will 
be slightly lowered, and it will rise a little when the arch 
lengthens with an increase of temperature, but in no case will 
the difference produced in the stresses be appreciable. 

It has already been pointed out in § 8, and again at the 
end of § 20, that there is no difference between the calculations 
for an arch, that is when the convexity of the bow is turned 
upwards, and those for a suspension bridge in which the 
convexity is turned downwards. Thus Fig. 208 is obtained 
from Fig. 207 by turning the arch upside down, and then 

Fio. 208. 




Fio. 209. 



Fig. 210. 




changing the direction of all the forces. It is also evident that 
all the remarks made relatively to the arch also apply to the 
suspension bridge. 

It is hardly necessary to observe that hinge-bridges can be 
constructed of a variety of forms. Two of these are represented 
in Figs. 209 and 210. Fig. 209 can be regarded as the para- 
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bolic girder of Fig. 89, the lower boom of which has been cut 
through in the centre, and the resistance to tension of the boom 
replaced by the horizontal reactions at the abutments. Fig. 210 
is a similar form in which the resistance to tension of the 
abutments is brought into requisition. Both structures can be 
calculated in the manner explained in § 21 and § 22. 
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SEVENTH CHAPTER. 

§ 25. — Variation in the SrBBsiaBS dub to Alterations 

IN THE Span. 

In the preceding chapters the equations of moments, &ay have 
been given in extenso for each part of the structure, for it is 
possible to employ these equations and the stresses obtained in 
many ways for structures that are geometrically similar to 
those that have been calculated, or as it may be expressed, for 
structures that differ only in their unit of length. 

Were it not that the loads alter according to the span, and 
especially that the proportion between the permanent and 
moving load changes, the equations and stresses found would 
be directly applicable whatever the span. For it makes no 
difference in the results whether the unit of length is a foot, 
or a metre, or a yard, since the equations of moments depend 
only on the proportion between the lever arms and not on their 
absolute length. 

If then, when the span increased, the permanent and the 
moving load increased in the same ratio, it would only be 
necessary to multiply the stresses already found by this ratio 
to obtain the new stresses. But in general this cannot be 
done, for the permanent load as a rule augments much more 
rapidly as the span increases than the moving load, and con-i 
sequently an increase of span will affect the stresses in dif- 
ferent parts of a structure differently. The problem is therefore 
to find these new stresses from those already calculated, and to 
do so by as short a way as possible. 

The following notation will be used : p and m will represent 
the permanent and moving loads on the structure that has 
already been calculated, and pi and mi the permanent and 
moving loads on the new structure. 
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Now every stress can be divided into two parts, one pro- 
duced by the permanent and the other by the moving load. If 
the stress already found be thus divided, and the first part be 

multiplied by — the second by — and the results added the re- 

2? m 

quired stress will evidently be obtained. 

The various bars of a structure divide themselves into three 
groups, with respect to the effect of the permanent and moving 
loads upon them as follows : — 

The first group contains all those bars the stress in which 

depends entirely on the moving load. In this case the new 

stress is obtained by multiplying the old stress by the 

,. Wi 
ratio - • 
m 

The second group comprises those bars in which the stress 
is greatest when the structure is fully loaded. For them the 

new stress is equal to the old stress multiplied by-^^ — ; — ^ • 

* ^ + w 

And the third group consists of all the remaining bars, that 

is those who obtain their greatest stress with a partial load. In 

this case the stress produced by the permanent load must be 

multiplied by - and that by the moving load by - ^ and the re- 
sults added together to obtain the new stress. 

The last group is the only one which ever requires new 
calculations, and as a rule these calculations are very simple. 
The stresses in the bars of the first and second groups can be 
obtained without diflficulty from the stresses already found. As 
an illustration a few examples are appended — 

a. Parabolic Oirder. 

Here the diagonals belong to the first, the horizontal bars to 
the second, and the verticals to the third group. 

Thus to find, from Fig. 27, the stresses in the diagonals of a 
similar girder, 48 metres span, with a permanent load of 8000 
kilos, and a moving load of 12,000 kilos, on each joint, the 
stress in each of the six diagonals must be multiplied by 

^2000 _ 
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and the new stresses are 

± 15000, ± 16400, ±. 17000, ±. 16400, db 15000, ± 13130. 

The stress in the horizontal bars must be multiplied by 

8000 + 12000 _ 10 
1000+ 6000" 3 

to find the new stress, which is 

- 160,000 kilo0. 

Similarly the stresses in the bow are to be multiplied by -^ thus : 

+ 175000, + 167700, + 163000, + 160300. 

The stresses in the verticals must be divided into two parts 
as explained above. Now the permanent load produces a stress 
of " 1000 kilos, in each vertical, and therefore the effect of the 
moving load can be found by adding — 1000 to the stresses 
given in Fig. 27 ; thus 

For the Maxima Stresses, 

( - 1000 \ / - 1000 \ / - 1000 \ / - 1000 \ Permanent load- 
\ 0/ \ + 1560/ \ + 2500/ \ + 2800 j Moving load. 

And for the Minima Stresses, 

i — 1000 \ / — 1000 \ / — 1000 \ / — 1000 \ Permanent load. 
\ - 5000 / \ - 6560 / \ - 7500 / \ - 7800 / Moving load. 

and the new stresses are obtained from these by multiplying tho 
first figures in brackets by 8 and the second by 2-4, thus 

F&r the Maxima Stresses, 

{-^,} = -sm {;3^} = -42eo 

And for the Minima Stresses, 
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Since the stresses in the remaining three verticals are 
repetitions of the above, it is unnecessary to calculate 
them. 

b. Braced Girder with Parallel Booms. 

Here the first group does not occur ; all the horizontal bars 
belong to the second group, and the diagonals and verticals to 
the third group. 

As an example, let it be required to deduce from Fig. 57 the 
stresses in a similar girder of 48 metres, and (as in the last 
example) with a permanent load of 8000 kilos, and a moving 
load of 12000 kilos, on each joint. 

The stresses in the horizontal bars are to be multiplied by 

8000 + 12000 _ 10 
1000+ 5000"" 8 

to obtain the new stresses — thus, 

70000, 120000, 150000, ISOOOO, 

which for the lower boom must be taken with a positive sign 
and for the upper boom with a negative sign. 

The stresses in the diagonals and verticals could be as 
quickly calculated by introducing into the equations of moments 
given at p. 89-43, the new values of the loads as by the present 
method of dividing the stresses into two parts. This latter 
course will, however, be adopted, for in so doing the stress pro- 
duced by the permanent load alone and by the moving load 
alone will be found, and thereby a better view of the functions 
of these braces will be obtained. As an example, take the 
diagonal and the vertical of the third bay. In § 10 it was found 
that 

and that 

= Y. X 0-707 - 1000 [(i + I + ... + I) - (1 - 5) - (1 - J)j 

- 5000 ( J + I + . . . + f ) + 5000 [(1 - f ) + (1 - 1)]. 

To find the stress produced in this diagonal by the per- 
manent load alone, leave out the two members multiplied by 
5000 and solve the equation, thus obtaining + 2,120 kilos. 



§ 25. — ^VABIATION IH STRESSES DUE TO ALTERATION IN SPAN. 161 

Then leave ont the permanent load, and the sttesses due to the 
moving load alone are found to be 

+ 18260 and -2650. 

The last two stresses are to be multiplied by 

^2000-0.. 

6000 "**' 

m 

and the first by 

8000,, 
1000""*' 

and the results added together, thus : 

The stresses in the Tertical Ya can be found by multiplying 
the above stresses by =, thns : 

c. Braced Arch and 8wp$n9icn Bridge. 

The diagonal and horizontal bars in this case belong to the 
first group, the verticals and the bars in the bow to the thiid 
group, the second group has no representatives. 

As an example let it be required to find the stresses in a 
suspension bridge geometrically similar to that given in Eig. 
197, and having a span of 120 metres. 

The permanent load on each joint will be taken at 20 tons, 
and the moving load at 12 tons. The stresses in the horizontal 
bars (Fig. 197) are therefore to be multiplied by -^ = 3 to 
obtain the new stresses, thus : 

::tl5'6, ::t 83*48, ::t 54*18, ::t 77'64^ db 102'87, ::t 180*71, 
± 152*1, db 150*87, ± 108*0, 0. 

Likewise the stresses in the diagonals are to be multiplied 
by 3, thus 

db 88*76, ±dl'T7j ±86-9, ±86*21, db 85*7 db 88*21, 
±82*19, ±29*4, ±64*2 db 111*87. 

M 
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For the verticals the values of Ui, u^ already found (p. 124), 
and representing the effect of the moving load alone (taken with 
contrary signs for a suspension bridge) can be used. 

These values multiplied by the ratio ^ = 3 give for the 
maxima stresses, 

+ 47-46, + 45-24, + 42-6, + 39-3, + 85*52, + 30-09, 
+ 25-14, + 19-71, + 25-2, + 83-6, + 6; 

and for the minima stresses 

-35-46, -33-24, -30-6, -273, -23-52. -18-09, -13-14, 

— 7-71, -13-2, -21-6, 0. 

The stress in the verticals produced by the permanent load 
is (with the exception of that in the eleventh vertical, which 
has only one-half to bear) + 1'2 ton, and to obtain the 
stress in the larger bridge due to the permanent load alone, 
this must be multiplied by ^ = 8 ' 33, and the new stress is 
l'2x8'33 = 10 tons, which must be added to the stresses 
due to the moving load, thus : 



+ 57-46 I +55-24 I +52-6 
-25-46 -23-24 -206 



+ 29-7i 
— 2-29 



+ 35-2 
- 3-2 



+ 49-3 
- 17-3 

+ 43-6 
-11-6 



+ 45-52 
-13-52 

+ 11 
+ 5 



+ 4009 
- 8-09 



+ 35-14 
- 314 



The stresses in the chains can also be determined by split- 
ting up the stresses as above, for the stress produced by the 
permanent load alone, which is uniformly distributed over the 
horizontal span, can be easily found from the formula given 
in § 8, the chains being in the form of a parabola ; the stress 
due to the moving load alone can then be found by subtraction 
from the total stress. The result of thus splitting up the 
stresses given in Fig. 197 is the following, where the upper 
figures are due to the permanent, and the lower to the moving 
load. 



53-2 
88-5 



52-2 

87-7 



51-2 

88-1 



50-5 
89-8 



49-8 
92-9 



49-3 
96-9 



48-7 
101-2 



48-4 
104-4 



48-1 I 48 
100-9 80 
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The first are to be multiplied by |;^ = 8 • 33, and the second 
byi^= 3, thus: 

443 I 434*5 I 427 I 421 | 415 I 410 I 406 | 403 I 401 I 400 
265 I 263 I 264 I 269 I 279 I 291 I 804 I 313 | 303 | 240 

and the new stresses are obtained by adding these together, 
thus : 

708 I 697*5 I 691 I 690 I 694 I 701 I 710 I 716 I 704 I 640 
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EIGHTH CHAPTER. 

§ 26. — Suspension Bbidge in Three Spans. Span of 
Central Opening, 120 Metres. Span of each Side 
Opening, 60 Metres. 

Suspension bridges do not, unless special arrangements are 
made, compare favourably with braced arches, as regards the 
amount of materials employed ; for in the latter the points of 
connection with the abutments are placed low down, and the 
horizontal thrust acts against the abutments in the direction in 
which they are strongest; whereas in the former, on the 
contrary, the points of attachment are placed high up, and 
the horizontal pull tends to turn the piers over in the direction 
in which they are weakest; consequently, the quantity of 
material in the piers will be much greater in one case than 
in the other. Whereas, therefore, with a braced arch a com- 
paratively small expenditure of material is required for the 
abutments, especially if natural ones of rock can be obtained, 
the quantity would be enormous with a suspension bridge, if 
it were wished to attach the chains to the piers, as shown at E 
and F (Fig. 211). 

Fio. 211. 




The comparison would, however, be less unfavourable to the 
suspension bridge if there were several spans, as shown in 
Fig. 211. The horizontal tensions neutralize each other at the 
central piers A and B, at least when the spans are equally 
loaded ; but there would be the same disadvantage at the land- 
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piers E and F.* In such a structure the horizontal and diagonal 
bars would be under no stress when the bridge is uniformly 
loaded, assuming the curves to be parabolas. 

There would be no alteration, as regards this last point, if 
the ends E C and D F were cut off and the chains attached at 
the points C and .D to abutments. This arrangement has the 
advantage of lowering the points of attachment of the chains 
atj the'^shore end, thereby increasing the stability of the abut- 
ments. If, besides this, the points A and B are hung to Ai 
and Bi by means of vertical rods, the central piers will be 
entirely relieved of all horizontal tlirust, even when the load is 
not uniformly distributed, for the reactions at Ai and Bi must 
of necessity be entirely vertical (Fig. 212). The chains in the 

Pio. 212. 







parts C A and B D act as land-ties to' the central opening, and 
at the same time the material in them is employed to bridge 
over the side spans. 

(The connections at the points A, B^ G, and D, shown in 
Fig. 212, are only given by way of illustration, other and 
better means of arriving at the same result will be discussed 
farther on.) 

Such a bridge can, on the whole, be represented by the com- 
bination of four rods shown in Fig. 213. These rods are con- 
nected together by smooth hinges ; they are supported directly 
by the fixed points C and D, and by means of vertical rods at 
A and B. It is also supposed that the rods are weightless. 

Now it is evident that the direction of a force acting at each 
end of an unloaded rod must be that of the rod itself; for 
otberwise rotation would ensue. Therefore a load Q placed 
at P can only produce a reaction B at G acting in the direc- 
tion A G ; and, similarly, a load Qi at Pj can only give rise to 

* It will be obeeryed that it w usual to place land-ties at E and F. This 
would greatly diminish the quantity of material in the end piers. — Trans. 
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a reaction in the same direction. Bat if a load Q be placed 
anywhere on the rod A C (Fig. 214), the reaction at C will be 
vertical. For if in this case there were a horizontal thrust at 
C9 an equal horizontal thrust would be required at A and S. 
But there can be no force acting at S ; for since both rods A S 
and B S are unloaded, this force would be required to have 

Fig. 213. 




simultaneously the directions A S and B S. Thus, a load 
.placed on the rod C A has no effect on the remaining three 
rodsASBD. 

When the rod G A, therefore, is alone loaded, it behaves like 
an ordinary beam supported at both ends, and when the rods 
A S, S B are loaded they are in the same condition as if their 
points of suspension A and B were fixed points. 

The stresses in the bridge shown in Fig. 212 can now be 
found. 



a. Calcvlation of the Stresses in the Central Span A B, 

The stresses in the bars of each half of the central span A B 
can, in accordance with the above; since A and B may be 
regarded as fixed points, be found by the method employed to 
calculate those given in Fig. 197. The span is 120 metres, and, 
assuming that the form is geometrically similar and the loads 
the same, the stresses found for the suspension bridge in § 25 c, 
will be those required. 
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b. Calculatian of the Stresses in the Side Span A 0, Fig. 215. 

It will be assamed that the parts A C and B D of the bridge 
are, as regards their form and construction, geometrically 
similar to each half of the suspension bridge of § 22, and 
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the same letters have been iised to denote the corresponding 
parts. The loads will also be taken the same as those given 
in § 25 c, namely, 20 tons permanent,* and 12 tons moving 
load on each joint. The method adopted for the calculations 
of the braced arch of § 22 will be followed, and for each bar it 
will be found which loads produce tension and compression 
respectively. To do this, recourse must be had to the two 
laws given above, which are : 

1. A load on the central span requires a reaction B at the 
points A and C, whose direction is A G. 

2. A load on the side span A C produces vertical reactions 
at the points A and B. 



CalciUation of the Stresses X in the Horizontal Bars. 

The stress in Xg is to be found by taking a section a/3, and 
then forming the equation of moments, either for the part in 
Fig. 216 or the part in Fig. 217, with reference to the point J. 
Any load on Fig. 216 produces a vertical reaction W at A, 
which tends to turn Fig. 217 from right to left round J. 

* This assames that the weight of the bridge is uniformly distributed, and 
this is not far from the troth, as will appear by examining Figs. 23S and 239, 
p. 181.— Tbahs. 
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Xs acts in the contrary direction, and is therefore positive. 
The loads on the part a y8 belong, therefore, to the tension 
group. 

A load placed on Fig. 217 produces a vertical reaction D at 
Gy making X^ positive, as before ; consequently the loads on 
A a /9 also belong to the tension group. 



Fig. 216. 



Fig. 217. 
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A load on the priucipal span produces a reaction B at C, 
which tends to turn the part in Fig. 216 from right to left, 
thus making Xs negative ; therefore the loads on the principal 
span belong to the compression group. 

A load placed in any position on B D has no effect on A C, 
and the part B D is marked accordingly in Fig. 218. 



TENSION 



Fig. 218. 
COMPRESSION 



NO EFFECT 




Since when the load is uniformly distributed over the 
whole bridge the stress in the horizontal bars is nothing, the 
permanent load can be omitted from the calculations; and, 
further, the maxima and minima values of the stress produced 
in the horizontal bars by the moving load are numerically 
equal ; therefore it is only necessary to find one of them. The 
central span must alone be loaded when Xg (min.) obtains, and 
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the consequent horizontal tension at S (Fig. 219) is given by 
the equation : 

H = 240. 
Fig. 219. 




The horizontal component of B must evidently be equal to 
H, and since the ratio of the vertical to the horizontal com- 
ponent of B is as 15 : 60, or as 1 : 4 ; 



V = 60. 



Hence the equation of moments from Fig. 220 is 

= - X. X 5-25 + 240 X 3-75 - 60 x 30 
X.(min.) = - 171-4 tons. 

Fio. 220. 
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As a check, X5 (max.) can be computed by taking the side 
span A alone loaded, and considering it as a girder, thus : 

= - X, X 5-26 + 12 Kt^j + ... + A) 30 + (A . 30 - 6) 

+ (A . 30 - 12) + (A . 30 - 18) + (A . 30 - 24)] 

Xf (max.) = + 171*4 tons, 

which agrees exactly. 

In a similar manner the foUowing equations are obtained for the remaining 
horizontal bars : 

= - Xi X 13-65 + 240 X 12-15 - 60 x 54 
X, =1:^23-7 tons 
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=s - X, X U-1 + 240 X 9-6 - 60 X 48 
X, = 1^51 -9 tons 

= - X, X 8*85 + 240 X 7*85 - 60 X 42 
X, = ±85-4 tons 

= - X« X 6*9 + 240 X 5*4 - 60 x 36 
X4 = ± 125*2 tons 

= - X« X 3*9 + 240 X 2*4 - 60 X 24 
X« = 1^221 -5 tons 

= - X, X 2-85 + 240 X 1*35 - 60 x 18 

X,=:± 265*3 tons 
= - X, X 2*1 + 240 X 0*6 - 60 X 12 

X,r=:t 274-3 tons 

= - X, X 1-65 + 240 X 015 - 60 X 6 
X, = ± 196*4 tons 

0=-X„X 1*6 
X,. = 0. 



Calculaiion of the Stresses T in the Diagonals. 

As in the preceding case, and for the same reason, it is 
unnecessary to consider the permanent load, and it is only 
requisite to calculate either the maximum or the minimum 



Fig. 221. 



Fig. 222. 







value of the stress. The stress in Yg, for instance, can be found 
by means of the equation of moments formed either for the part 
shown in Fig. 221, or for that shown in Fig. 222, with respect to 

the point L. , 

The reaction B at C, due to a load on the central span. 
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evidently makes Ys positive. A load placed anywhere on the 
part Kafi produces a vertical reaction D at the point G, 
which makes Y5 negative. A load on C a/8 requires a vertical 
reaction W at A, which also makes Y5 negative. Hence 
Fig. 223, showing the manner in which the stress in Y^ is 
affected by the various loads. 



COMPRESSm 
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Thus to find Ys (max.) the central span alone must be 
loaded, and, as before (p. 169), 

H = 240 and y = 60; 

and from Fig. 224 the equation of moments is 

= Y. X 16-63-240 xl '5 - 60 X 1002 
Y, = ±61-4 tons. 

Fig. 224. 




Similarly, for the remaining diagonals : 










Y, X 81'8 - 240 X 1*5 - 60 X 25-20 
Yi = ±59-0 tons 

Y, X 28-26 - 240 X 1-5 - 60 x 21-88 
Y, = ± 59-2 tons 

Y, X 24-48 - 240 X 1-5 - 60 X 1839 
Y, = ± 69-8 tons 

Y4 X 20-6 - 240 X 1-6 - 60 X 14-77 
Y, = ± 60-8 tons 



pse 
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= Y, X 12-72 - 240 X 1-5 - 60 X 6-67 
Y, = ± 59-7 tons 

* 

d = Y, X 9-68- 240 X 1-5- 60 X 1-713 
Yy = ± 48-3 tons. 

In the case of Tg the turning-point is situated to the left of 
C, consequently the sign of the moment of the vertical reaction 
at D is reversed, and tiius the loads producing tension extend 
over the central span and. up to the section line 7S, as shown 
in Fig. 225. In this case it is easier to calculate Tg (min.), 
and from Fig. 226, or else from Fig. 227, the following equation 
of moments is obtained : 

= - Y. X 7-53 - 12 (^iff + A) 64-8 
Y, = ± 31 tons. 



COMPRESSION 
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The turning-point for Y. is situated so far to the left that 
the moment of E, the reaction due to the loads on the central 
span, also changes its sign, and consequently the loads on this 
span produce compression in ¥» (Fig. 228). Here again it is 
easiest to calculate Y9 (min.). Thus from Fig. 229 : 

= Y, X 7-41 - 240 X 1-5 + 60 X 16 + 12 (22 - A X 16) 

Y, = ±93-3tona. 
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Lastly, for Yio all the loads on A C produce tension, and Yio 
can therefore be obtained by considering the central span 
loaded, and as before (p. 171) : 

= Yi, X 15-97 - 240 X 1-5 + 60 X 60 
Y,.=::t 202*9 tons. 
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Cdleulaiion of the Stresses U in the Verticals. 

The stress in each vertical can be divided into two parts ; 
one part due to the permanent load, and the other to the 
moving load. The first is the same for all the verticals, and is 
equal to + 10 tons, if it is assumed that one-half of the total 
permanent load (20 tons) is applied to the upper joints, and 
the other half to the lower joints. Denoting the part of the 
stress due to the moving load by u, it is evident that 

If (max.) + u (min.) = -f 12 tons, 

because when the moving load covers the bridge, it produces a 
tension of 12 tons in each vertical (being applied to the lower 
joints only). Thus, if u (min.) be calculated, u (max.) can be 
found from the equation 



If (max.) = + 12 — tt (min.). 
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And finally, the total stress in the yerticals can be foond by 
means of the equations 

n (max.) = tt (max.) + 10 
U (min.) = u (min.) + 10. 

The turning-points for the verticals are the same as those 
for the diagonals; the loading boundaries will therefore in 
general be the same, but the loads that produce tension in the 
diagonals will produce compression in the yerticals, and vice 
versa. The bars U9 and Ujo, however, possess a second loading 
boundary, which is determined by the section line itself, as 
was also found to be the case with the corresponding diagonals, 
but will be shifted one bay to the left, owing to the oblique 
direction of the section line. 

Fio. 230. 
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The groups of loads for U5 are shown in Fig. 230 ; and from 
Fig. 231 the equation of moments to find v^ (min.) is 

= - W5 X 25-08 - 240 X 1-5 - 60 X 10-92 
114 (min.) = — 40*6; 

and substituting in the above equations 

u. (max.) = + 12 - (— 40-5) = + 52*5 ions 
U4 (max.) = + 52-5 + 10 = + 62-6 tons 
U5 (min.) = - 40-5 + 10 = - 30-5 tons. 
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In the aame manner the streasee in the remaining yertioals can be found, 
thns: 

= - «, X 84-74 - 240 X IS - 60 X 2526 

tti (min.) = — 54 Vj (max.) = + 66 

U, (min.) = - 44 tons U, (max.) = + 76 tons 

== - 14, X 8212 - 240 X 1-5 - 60 X 21*88 

ti, (min.) = - 52-1 ii, (max.) = + 64-1 

n, (min.) = — 42*1 tons U, (max.) = + 74*1 tons 

= - tt, X 29-61 - 240 X 1*5 - 60 X 18-39 

ti, (min.) = — 49*5 «, (max.) = + 61 -5 

U, (min.) = - 39-5 tons U, (max.) = + 71-5 tons 

= - t*4 X 27-23 - 240 x 1*5 ,- 60 x 14*77 

U4 (min.) = — 45-8 u^ (max.) = + 57-8 

U4 (min.) = - 35-8 tons U4 (max.) = + 67-8 tons 

= - tt, X 23-33 - 240 X 1-5 - 60 x 6-67 

t*,(min.)= -32-6 i*,(max.) = + 446 

U, (min.) = - 22-6 tons U, (max.) = + 54-6 tons 

= - tt, X 22-29 - 240 x 15 - 60 x 1713 

Uj (min.) = - 20-8 u, (max.) = + 828 

U, (min.) = - 10-8 tons U, (max.) = + 42-8 tons. 

For the three following yertioals it is best to find the value of u (max.) 
thus: 



= - tt, X 22-8 - 12 (t^ + A + A) 64-8 

ti, (max.) = + 20-5 «, (min.) = — 8-5 

Ug (max.) = + 80-5 tons U, (min.) = + 1-5 tons 

0=:-ti»x28 — 240x1-5 + 60x16 

+ 12 [(22 -A . 16) + (28 - A . 16)] 
u, (max.) = + 31-2 u, (min.) = — 19*2 

U, (max.) = + 41-2 tons U, (min.) = — 9*2 ions 

= - t«i, X 66 - 240 X 1-5 + 60 X 60 + 12 (66 - ^ . 60) 
«„ (max.) = + 61-3 t*,o (min.) = — 39-8 

Ujo (max.) = + 61 -3 tons Uj, (min.) = — 29-3 ton& 



Lastly, the only stress in the 11th vertical is that due to a load hung under- 
neath it The greatest value this load can have is -^ tons moving load added to 

2-S tons permanent load ; hence 

U|i (max.) = + 11 tons. 



176 



BBIDGES AKD BOOFS. 



Ccdculatian of the itressea Z in the chains. 

The sign of Z5 (Figs. 232 and 233) depends on the sign of 

the moments of the three forces, R, D, and W. From Fig. 

' 232 it appears that the moments of B (the reaction due to a 

load on the central span) and Z5 about O have different signs ; 

therefore a load on the central span makes Z5 positive. 

When the part Aa/3 (Fig. 233) is loaded, the reaction 
D is produced at C, the sign of whose moment about O (Fig. 
232) is the same as that of Z^ or Z5 is negative. 



Fio. 232. 



Fig. 233. 



■ 




Again, if C a ^ is loaded^ the reaction W at A has (Fig. 
233) a moment about 0, whose sign is the same as that of Z5 ; 
therefore Z5 is again negative. 

The greatest compression occurs, therefore, when the side 



COMPRESSm 



Fio. 234. 

TENS/OAf 



NO EFFECT 




9^ 




span is fully loaded, and the greatest tension when the central 
span is loaded, as shown in Fig. 234. 

The stress in Z5 can be calculated in two different ways. 
The first is as follows : — ^When Z5 (max.) obtains, the central 
span is fully loaded, and the side span has only the perma- 
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nent load upon it. From Fig. 235 the equation of moments 
is 

= Z. X 6-654 -Hxl-5-Vx36 + Dx86-20(6 + 12 + ... + 30), 

where H and Y are the components of the reaction B, due to 
the load on the central span. The corresponding values of H 
and Y, due to the moving load alone, have already been found 



Fio. 285. 



, V 10^10^ 10/ 



a 




♦V=lflO 



to be 240 and 60 respectively. To find the values now required, 
these must be multiplied by the ratio 

20 + 12 ^ 8 
12 " 3* 

Farther, D is the vertical reaction at C, due to the permanent 
load on the side span. 

Substituting, the equation of moments becomes 

= Z. X 6-654 - 640 X 1*5 -,160 x 86 + 20 (^ + .. . + -ft) 36 

-20(6+ 12 + ... + 80) 

Z, (max.) — + 794 tons. 



Fia. 286. 



I^=32(i+...^) 



n=4oo 




The value of Zs (rain.) can be obtained from Fig. 236. H 
and y are the components of the reaction B, due to the per- 

N 
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manent load alone on the central span, and D is the yertical 
reaction produced by the total load on the side span. Hence 



and 



H = If . 640 = 400 
V = « . 160 = 100 

= Z. X 6-654- 400 X 1-5-100 x 36 + 32 (^ + ... + A) 36 

-32(6 + 12 + ... + 30) 

Zf (min.) = + 285 tons. 



The second method is to split up the stress in Z5 in two 
parts, one p^ due to the permanent load alone, and the other 
z^ due to the moving load alone. The value of p^ has already 
been obtained in § 25 (for when the bridge is covered with a 
uniform load, the side spans are precisely in the same con- 
dition as either of the halves of the main span). It was found 
that 

J7s = + 415 tODB. 

It is only necessary to calculate either z^ (max.) or z^ (min.), 
for both together must be equal to the stress produced by the 
moving load when it covers the whole bridge; and this stress 
can easily be found by comparison with p^ — ^in feu^t, by multi* 
plying jps by the ratio ^ = f ; therefore 



or 



x^ (max.) + g^ (min.) = | x 415 = + 249, 
Zg (min.) = + 249 — z^ (max.). 



It is easiest to obtain z^ (max.), and it can be found from 
the equation of moments for the part of the side span shown 



Fia. 287. 




11.240 



*V«60 



in Pig. 237 (the values of H and V will be those already found 
when the moving load covers the central span). Hence 

= ;7« X 6*654 - 240 X 1'5 - 60 X 36 
z^ (max.) = 379 tons, 
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or 

jr« (min.) = + 249 - 379 = - 130 tons. 

Finally^ adding p^ and z^ together, 

Z5 (doml) = 415 + 379 = + 794 tons 
Zs (min.) = 415 - 130 =+ 285 tons. 

The same result is thus obtained by both methods ; the 
last, however, is the simpler, and will therefore be employed 
for the calculation of the stresses in the remaining bars Z ; 
thus: — 

0= ^, X 14*904-240 X 1*5-60 X 60 
*, (max.) = + 265-5 
*i (min.) = + 265*5 - 265*5 = 
Zi (max.) = 443 + 265*5 = + 708*5 tons 
Zi (min.) =443 + = + 443 tons 

0= *, X 12*56 -240 X 1*5 - 60 X 54 
2,(mAZ.)=: 286*5 
z^ (min.) = 261 - 286*5 = - 25*5 
Z, (max.) = 434*5 + 286*5 = + 721 tons 
Z, (min.) = 434*5— 25*5 = +409 tons. 

= ^, X 10*39 - 240 X 1*5 - 60 X 48 
z^ (max.) = 312 
*, (min.) = 256 - 312 = - 66 
Zg (max.) = 427 + 312 = + 739 tons 
Z, (min.) = 427 - 56 = + 371 tons 

0= «4 X 8*415 -240 X 1*5-60x42 
z^ (max.) = 342 
«4 (min.) = 252 - 342 = - 90 
Z4 (max.) = 421 + 342 = + 763 tons 
' Z4 (min.) = 421 - 90 = + 331 tons 

= «, X 5-121 - 240 X 1*5 - 60 X 30 
z^ (max.) = 422 

z^ (min.) = 246 - 422 = - 176 
Zc (max.) = 410 + 422 = + 832 tons 
Z, (min.) = 410 - 176 = + 234 tons 

0= ZjX 3*84 - 240 X 1-5 - 60 X 24 
Zj (max.) = 469 

zj (min.) = 244 - 469 = - 225 
Z, (max.) = 406 + 469 = + 875 tons 
Zj (min.) = 406 - 225 = + 181 tons 

N 2 
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Ors «, X 2*83* 240 X 1*5-60x18 



X, (max.) = 509 

z^ (min.) = 242 - 509 = - 267 

Z, (max.) = 408 + 509 = + 912 tons 

Z, (min.) =r 408 — 267 = + 186 tons 

= r, X 2094 - 240 X 1-5 - 60 X 12 
«g (max.) = 516 

«, (min.) = 241 - 516 = - 275 
Z, (max.) = 401 + 516 = + 917 tons 
Z, (min.) = 401 - 275 = + 126 tons 

*„ X 1-649 - 240 X 1-5 - 60 X 6 
z^^ (max.) = 437 
«io (min.) = 240 - 437 = — 203 
Z,o (max.) = 400 + 437 = + 837 tons 
Zjo (min.) = 400 - 208 = + 197 tons 



= *, 



The results of the above calculations are collected together 
in Fig. 238. And the stresses in the central span are given in 
Fig. 239, having been deduced from Fig. 197 and § 21. 



§ '27.— Stabilitt of the Cektbal Pibbs. 

It was assumed, in the preceding calculations, that the con- 
nections at the points of support were made as indicated in 
Fig. 212. For these calculations to be true, it is necessary that 
at the points A and B vertical forces only should act on the 
bridge, and it therefore follows that these points should be 
perfectly free to move in a horizontal direction. If such a 
mode of attachment be adopted, the stability of the central 
piers is a question that need not be considered (in so fietr as the 
vertical forces on the bridge are concerned). The manner of 
forming these connections shown in Fig. 212 is not, however, 
the only one by which this advantage may be gained, and it 
was only chosen as an illustration, and there are better ways of 
arriving at the same result. For instance, the points Ai and B^ 
can be placed below A and B, as shown in Fig. 240. 

Nor is it necessary that' the chains of the adjacent spans 
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should be attached to the same pomt A ; in fietct, it is better 
to place them apart the full width of the pier, and attach 
them to the points a,, a», Fig. 241. The span is thus slightly 
diminished. The freedom of these points to move horizontally 
can be obtained in a variety of ways. Thus, in Fig. 241 an 
unbraced parallelogram is formed by the three bars ai (h, ai h. 

Fig. 241. 





and o^ hn the fourth side being the head of the pier &i 63. 
(The stresses in these three bars are fonnd immediately from 
the former calculations, and are inscribed in the figure.) 

Or the chains can be attached to the axis of two friction 
rollers (Fig. 242), and the piers being carried up form the 
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roller path. Or again, the chains may be tastenei to a plate 
placed upon rollers, the pier being carried up as in the former 
case (Fig. 243). 

But if the arrangement shown in Fig. 244 were adopted, the 
stresses obtained in § 26 would no longer be true, and the 
advantage of having no lateral thrust on the central piers would 
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also hare to be given up. It ia true that when the bridge is 
fnlly loaded the reaction at the central piers vonld be Tertical, 
but this would not be the case with a pulial load. 

Fio. 2U. 





This will become apparent by finding the reaction at the 
fixed point 0, due to a single load Q (considering the Btmctnre 
to have no weight). By j^^ ^^^ 

proceeding as in §§22 and 
26, it will be foond that the 
force K,(FigB. 244 and 245) ^-" 
acts in the direction Oi P, 
and the force E, in the 
direction a, C. These two 
forces, together with the " \ 

reaction at O, loaintain the ^ 

bent lever Oi Ooj, in eqnili- 
brimn, and their resultant E 
must therefore pass through 
O. The horizontal compo- 
nent A c^E is the force that 
tends to overturn the pier, 
and will be greatest when 
all the loads prodncing the 
same effect as Q are on 

the bridge. These loads extend from a, to S, for a load situated 
to the right of S has no overturning effect on the pier in 
question, since it acts through its hinge-reaction Oj S, the hori- 
zontal component of which ie equal to H,. 

In the previous example iJie moving load from Oi to S 

was = 120 tons, and when this load is on the bridge it will be 

found that ' 

H. = 120 and V, = 90. 
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Now taking moments about O^ 

Bat it was found, p. ISO, that 
Hence Bolying for Hj, 



but (Fig. 245) 




A = H, — H,, 



.-. A = 2Hi 




Putting for H| its yalne (120 tons), and assuming, for example, 

that - = s > 
a 2 

2A = 28-2 tons, 

* 

or 28*2 tons is the maximum horizontal thrust of the central 
span of the bridge against either of the central piers. 

The horizontal thrust in the contrary direction, produced 
by loading a^ G would be very nearly as great. 

The force h diminishes together with - , and becomes 

nothing when - = ; that is, when both arms of the bent 

lever unite and form a single strut. This is the construction 
of Fig. 241, and it or one of its modifications is to be preferred. 
The vertical pressure on the central piers is, when the bridge 
is fully loaded, equal to the load on the parts A S and A C 
together, and is therefore 

2 (82 X 10 + 32 X 10) = 1280 tons. 

[Note. — It Ib easily seen that this most he the case when it is considered that 
A and A 8, heing equal, wiU balance about A when equally loaded. Or again, 
thus :— In Fig. 285 it is shown that Y, the Tertical component of the puU pro- 
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dnoed at by A8 when fnlly loaddd, is 160 ton& When AC is folly loaded, 
the Tertioal reaction at is also 160 tons. The two Tertioal foroes acting at 
are therefore eqnal and opposite, and hence neutralize each other. Thus the 
whole load on A and A 8 is snpported at A.] 



§ 28. — Stability of the Shobe Abutments. 

The reaction B at 0^ due to a load on the central span 
(Pig. 246), tends to overturn the abutment about its lower 
edge E, and also to make it slip along its bed F E. Every 



NO EFFECT 
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load on the side span A produces but a vertical pressure D 
at 0, which is neutral as regards overtuming, and helps the 
abutment to resist sliding. 

The moment of the overturning force will thus be greatest 
when the central span is fully loaded, in which case the hori- 
zontal component of B is 

H (max.) = + 640 tons. 

The vertical component of B passes through E, and therefore 
(similarly to D) is neutral as regards overturning. Thus the 
condition of stability is that the moment of G (the weight of 
the abutment) about E is not less than the moment of the 
horizontal pull, 2 H, of the whole bridge about the same point. 
This is expressed by 



G^>2x640xA, 



[1] 



from which the least dimensions of the pier to resist over- 
turning can be found. 
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But it most alao be asceitained that the pier will not elide. 

Both the components of B act injniiously in this rrapect, 
H directly, and B indirectly in that it diminishes the pieesate 
on the base, and thereby also the tesielance to aliding. 

The raactiou D, however, increases the resietance to sliding. 
The danger of sliding will therefore be greatest when the 
central span is fully loaded and the aide span nnloaded 
(moving load), in which case D is equal to half the weight of 
the part A (Fig. 247). For these conditiona of loading 

H = 640, T = 16(^ DsIOO; 

and these values must be doubled to represent the effect of 
die bridge. 

Hencse, if / is the coefficient of Motion, 

/(G + 2D-2V)>2H, 

or . 

/(G + 2 X 100 - 2 jc 160)>2 X GW, [2] 

in order that the abntmento may not elide. 

Pio. 247. 



To preTont failure, the value of 6 must be taken at least 
as great as the greater of the values obtained from the two 
conditions expressed in [1] and [2]. 

The oham C A must be seoprely attached to die abutment 
pier, and this can be done by means of a chain built in the 
masonry (Fig. 247) and anchored at F. The direction of this 
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chain mnst not be horiaantal at ; for if such were the case^ C 
wonid rise when the central span was loaded and the side span 
unloaded. In this case, Y = 160 tons and D = 100 tons, and 
the direction of the chedn in the masonry must be such as to 
supply the vertical force necessary for equilibrium. Thus if a 
is the angle the cham makes with the horizontal at 0, this 
angle must at least be as great as the angle made with the 
horizontal by the resultant of K and D (or of the three forces, 
K, Y, and D) when the bridge is loaded as above. The 
tangent of this last angle is 

V - D 160-100 8 ^ ^^^ 

n^ = -6io-=s = ^-^^^'- 

therefore 

tana>009S75, 

or 

o>5<'22'. 

The greatest tension in the chain can be obtained by 
making its horizontal component equal to the maximum 
value of Hy or 640 tons. 
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NINTH CHAPTER. 

§ 29. — On the Calculation of thb Stbesses in Domes. 

In all the preceding examples it could be assumed that 
every joint was equally loaded as well as regards the permanent 
as the moving load. If the weight of the structure itself were 
not quite uniformly distributed over the span, the difference 
in each case was small and did not affect to any appreciable 
extent the values of the stresses found. 

But in the case of domes, the error entailed by such an 
assumption would be too great ; for the ribs or principals riEuliate 
from the centre like the spokes of a wheel, and consequently the 
loads on them increase considerably from the centre towards the 

abutments. 

The surface of a dome can be considered as generated by the 
revolution of a properly shaped- curve round the vertical axis, 
and if the ribs are equally spaced the portion of this surface 
contained between the vertical planes through two adjacent 
principals will represent the load on each principaL Further, 
if the bays formed by the bracing are equal, the loads on each 
joint will vary as the length of the arc of the circle (seen' on 
plan) passing through the joint and contained between two 
adjacent ribs. But the length of these arcs is proportional to 
their distance from the vertical axis of the dome. Thus if 
f is the load on the joint situated at the uzdt of distance from 
the axis, p p will be the load on a joint placed at a distance p 
from the axis. K, therefore, the load on any joint be known, 
tbc load on any other joint can at once be found by simply 
measuring its horizontal distance from the vertical axis. 

Once the loads on the various joints are known, the stresses 
can be found, and conveniently so, by the method of moments, as 
wiU appear in the following example : — 

§ 30. — DOBIE OF 100 METRES SPAN. 

The exterior surface of the dome is a hemisphere of 61 
metres radius, and contains 16,338 square metres. There are 
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eight ribs, each in the fonn of a quadrant of a circle, and each 
rib supports 2042 square metres of the surface of the dome. 

The load per square metre of the surface of the dome is 
assumed to be 235 kilos. (consistiDg of the weight of the covering, 
together with that of the snow and wind pressure). Each rib 
has therefore 2042 x 235 = 480,000 kilos, nearly, or 480 tons 
(1000 kilos, to the ton) to carry. The whole of this load will 
be considered variable, not only on account of the snow and 
wind pressure, but also because it is possible that part of the 
covering might be removed for a time. The only permanent 
load is the weight of the rib itself, which is estimated at 60 tons. 
This load can be considered as equally distributed on the 
exterior joints. Each rib consists of two concentric booms, 
2 metres apart and connected together by triangular bracing, 
dividing the rib into fifteen bays of equal length (Figs. 248, 
249). The perm:anent load is therefore 4 tons on each exterior 
joint 

To find the distribution the variable load on the joints, the 
distance of these joints from the vertical axis must be measured. 
These distances are as follows : — 





s 







DiSTANOB— No. OF 


JODTT. 






5-3 


10-6 


15-8 


20-7 


25-5 


80 


841 


87-9 


1 


2 


3 


4 


6 


6 


» 


8 




44-2 


46-6 


48-5 


49-9 


60-7 


51 






10 


11 


12 


13 


u 


16 





41-3 

9 



These numbers, as already seen, are proportional to the 
variable load on each joint. Therefore if the whole of the 
variable load on the rib, 480 tons, be divided by the sum 
of all these numbers, 512, the quotient multiplied by each 
number in succession will give the variable load acting on the 
corresponding joint, thus : 

Load— No. of Joint. 

41-4 

10 



9*9 


14*8 


19-4 


28*9 


28- 1 


82 


85-5 


88-7 


3 


3 


4 


6 


6 


» 


8 


9 




• 


43-7 


45-5 


46-8 


47-6 










11 


la 


13 


14 
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A ring is attached to the feet of the ribs, so that the walls 
supporting the dome may have no horizontal thrust to bear, 
and the ribs are exactly in the same condition as if their lower 
extremities were attached to fixed points. 




Also, in order that the stresses may be independent of the 
variations of temperature or of alterations in the tension of the 
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ring, it will be assumed that the tops of the ribs are connected 
together by a hinge.* Hinges are also placed at A and B. 

The arrangement adopted is thus similar to that of the 
braced arch of § 22, and the reasoning will consequently also be 
similar. 

The process to find the hinge-reaction at S will, for instance, 
be the same. It will thus be found that when the dome is fully 
loaded, or when it is quite unloaded, the vertical component of 
this hinge-reaction is zero, and the reaction is therefore hori- 
zontal. The magnitude of this horizontal force H can be found 
by equating its moment about A to the moment of all the loads 
about the same point The lever arms of the loads can be 
obtained by subtracting their distances from the centre given 
above from 50, the half radius, thus : 









Lbyxb Arms— No. ot 


JOIITT. 






50 


44-7 


39-4 


34-2 


29*3 


24-5 


20 


15-9 


121 


s 


1 


2 


3 


4 


fi 


6 


» 


8 






5-8 


8-4 


1-5 


0-1 


-0-7 










10 


11 


12 


13 


14 







8-7 



9 



Thus when the ribs are unloaded, H is found from the 
equation 



H X 50 = 4 (ill + 44-7 + 39-4 + . .. + 15 + 01 - 07) = 1056, 



or 



H = 21-12 tons. 



If, however, the full variable load is applied, the equation 
becomes 

H X 60 = 4 (lii + 44-7 + 394 + . . . + 15 + 01 - 0-7) 
+ 5 X 44-7 + 9-9 X 39-4 + . .. + 455 x 1-6 
+ 46-8 xOl - 47-6 X 0-7. 

The last products in the equation are the moments of the 

* To meet the objection that might be nosed, that the nnmber of hinges 
crossing each other at 8 would render the construction impossible, the ribs are 
sapposed to abut against a ball, which wiU act as a hinge for each rib. 
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several variable loads about A, and as they will occur frequently 
in the sequel, they are tabulated here : 



223*5 I 890 

1 j 2 

386-7 



506-2 


568-4 


585-6 


562 


508*8 


3 


* 1 


» 


6 


1 


240-1 


148-6 


68-3 


4-7 


-33-3 


10 


11 


la 


IS 


14 



429*6 

8 



or 



The substitution of these values in the equation gives 

H X 60 = 1056 + 223-5 + ., . + 47 - 33-3 = 5595, 

H = 111 -9 tons. 



Calevlation of the Stresses X in the Outer Boom. 

The part of the outer boom situated between joints 5 and 
6 will be taken to illustrate the calculations (Fig. 250); M 

Fig. 250. 






V 




is the turning pointy and the loading boundary is therefore 
found by producing A M and BS to meet at E ; then the vertical 
through E is the required boundary (compare § 22). This 
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vertical is at a distance of 13 metres from the axis, and falls 
between the second and third joints, the effect of the various 
loads is therefore as shown in Fig. 250. 

The stress in X wUl be a maximam when the joints 3, 4, 
5, . . . 14* are uhloaded and the remainder loaded. 

But the same result is obtained by considering every joint 
loaded, and applying to joints 3, 4, 5, . . . 14 vertical upward 
forces equal to their respective variable loads. 

To find the components of the hinge-reaction under these 
conditions, the equations of moments of each rib about its point 
of support for a full load are to be used, deducting, however, 
from the equation for the left rib the moments of the twelve 
unloading forces, thus : 

For the right rib, 

= Hx50 + Vx50- 5595 

For the left rib, 

0=-Hx50 + Vx50 + 5595 - 506 - 568 - 586 
4'7 + 33'8 

H = 72-7 V = 89-2. 

Then from Fig. 251 the equation of moments to obtain 
X (max.) is : 

=r - X X 2 - 72'7 X 8*9 + 39-2 x 26*7 

+ 4 (^ + 21-4 + 161 + 10-9 + 6 + 12) 

+ 5.x21-4 + 9'9x 16*1 

X (max.) = + 470*9 tons. 



Fig. 251. 




i<^!&l 



F*38ia 



* Since the Tertioal through the 14th joint passes to the left of the taming pdnt 
A the load upon it produces tension in X, and the same remark applies to the 
joint near B, consequently there are in reality four groups of loads, but the error 
eutailed by taking only two groups as above is so smaU ttiat it may be neglected. 

O 
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X (miiL) obtains when the joints 3, 4, 5, ... 14 alone are 
loaded, and in this case the components of the hinge-reaction 
can be found from the following equations of moments : 

= Hx50-Vx50- 1056 ' 
0=-Hx^-yx50 + 1056 + 506 + 568 
+ 586 + ... + 4-7-33-8 

H = 60-3 V = 39-2; 

and from Fig. 252 the equation of moments to find X (min.) is : 

= - X X 2 - 60*8 X 8-9 - 39-2 X 26*7 

+ 4 (^ + 21-4 + 16-1 + 10-9 + 6+12) 

+ 14*8 X 10-9 + 19-4 X 6 + 23-9 X 1-2 
X (min.) = - 500*6 tons. 







Fig. 252. 
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1A,1. 
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CakfdaJlicm of the Stresses Z in the Lower Boom. 

As an example, the stress in the part of the lower boom cut 
through by the section line G a (Fig. 250) will be found. The 
point 6 is the turning point, and the vertical through F, the 
intersection of A 6 and B S (Fig. 253), is therefore the loading 
boundary. This vertical is at a distance of 17 '3 metres from 
the axis, and is situated between the third and fourth joints. 
When, therefore, the stress in Z is a maximum, the joints 
4y 6 ... 14 are alone loaded, and the equations to find the hinge- 
reaction are : 

= Hx50-Vx60- 1056 

= -Hx50-Vx50 + 1056 + 668 + 586 + . . . + 47 - 83-3 

H=55-3 V = 34-2; 
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and the equation to find Z (max.) is from Fig. 254 : 

= Z X 2 - 55-3 X 8-74 - 34*2 x 80 

+ 4 (iS + 24-7 + 19-4 + 14-2 + 9-3 + 4-5) 
+ 19-4 x 9-3 + 23-9 X 4-5 
Z (max.) = + 436-5 tona. 
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\ 



Flo. 25a 



/1\ 

/ I - 



/ :\ ^P^Mpj::, 




Fig. 254. 




t^S ' 



When Z (min.) obtains^ the joints 4, 5, ... 14 must be un- 
loadedy and to detennine the hinge-reaction the moments due 
to the loads on these joints must be deducted from the equation 
of moments of the left rib, considered fully loaded, thus : 

0=3Hx50 + Vx60- 6595 

0=-Hx50 + Vx 50 + 5559- 568 - 586 — ... ^47 + 83-3; 

H = 77-7 V = 34-2; 

2 
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therdbre the equation of moments to find Z (min.) obtained 
from Fig. 255 is : 

= Z X 2 - 77-7 X 8-74 + 34-2 x 30 

+ 4 (?^ + 24-7 + 19-4 + 14-2 + 9-3 + 4-5) 
+ 5 X 24-7 + 9*9 X 19'4 + 14'8 X 14-2 
Z (min.) = - 610*5 tons. 

Fio. 255. 



m77,7 




iV. Si;a 



Calculation of the Stresses Y in the Diagonals. 

Of the two diagonals placed between the joints 9 and 10, 
the one connected to joint 10 will be chosen to illustrate the 
method of calculation. 

It will be seen that the case that occurred in § 9 is repeated 
here, namely, that the point about which moments are taken 
IS infinitely distant. The direction of the straight line con- 
taining this point is that of the tangent to the circle (centre C) 
at the point where the diagonal is cut (Fig. 256). The radius 
at this point makes an angle of 58^^ with the vertical axis, and 
the tangent therefore also makes an angle of 58^° with the hori- 
zontal. The only difference between this case and that of § 9 
is, that in the latter case, the turning point was in the hori- 
zontal, and in the present it is in the direction of the tangent. 

The simplest way is to resolve every force acting on S /9 
into two components, one parallel to the tangent, and the 
other to the normal at the point where the diagonal is cut ; 
evidently the moments of all the former components is zero. 

Let the normal component of T be denoted by N, then all 
the loads that make N positive will also make Y positive. 
Therefore the forces that are acting in the same direction as N 
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make Y negatiye, and those that are acting in the opposite 
direction make T positive. 

The loading boundary will thus be seen to be the Tertioal 
through the intersection of B S, with a line through A drawn 
parallel to the tangent For the direction of the resultant of a 
load placed in the vertical through J and its hinge-reaction, is 
J A, and the resultant has therefore no component parallel to the 

» Fig. 256. 




normal. All the loads to the right of the boundary make N 
negative, and those to the left as far as the section line makeN 
positive. The loads on the other side of the section line, how- 
ever, again make N negative, for they act indirectly on the 
portion Bfihj means of their hinge-reaction& The loads there- 
fore divide themselves into three groups, as shown in Fig. 256. 
By construction, it is found that the distance of the vertical 
through J from the axis is 12 metres, and that the loading 
boundary falls between the second and third joint. Thus the 
force N, and therefore also Y, is a maximum when the joints 
3, 4, 5, 6, 7, 8, 9 are loaded. With this loading the equations 
to find the components of the hinge-reaction are : 

= Hx50-yx50- 1056 

=- H X 50 - y )( 50+ 1056+ 506 + 568+5S6 + 562 + 509 + 430 + 837 

H = 561 V = 85. 
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To find N, the resolved parts parallel to N of all the forces 
acting on the portion of the rib shown in Fig. 257 must be 
eqnated to zero, thus : 

= K + 56-1 008 31}'' + SSsln 81i<' - 4 x 9*5 sin 3U<' 
-(14-8 + 19-4 + 23-9 + 28-1 + 82 + 85-5 + 88-7) rin 81i° 

Solving this equation : 

N (max.) = 54*8 tonB ; 

and since Y makes an angle of 52° 35' with N, 



Y (max.) = 



54-8 



cos 52^85 



, = + 89*3toD8. 



Fig. 257. 




H=:564 



V=35\ 



To determine Y (min.) the joints 3, 4, 5, 6, 7, 8, 9, are to 
be unloaded, and in this case the equations to find the hinge- 
reaction become 

0srHx50 + Vx50- 5595 

0=-Hx50 + Vx 50 + 5595- 506- 568 -586-562 -509-430- 887 

H = 77 V = 85. 



or. 
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Hence, Fig. 258, the equation to find N is : 

= N + 77 COB 31i^ ^ 85 sin 311° - 4 X 9-5 sin 81i« 

-(5 + 9-9)Bin31i°; 



N(min.)= -19-7 tons; 
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and the corresponding value of Y is : 



— 19*7 

Y (min.) = ^^ ^^. = — 32*5 tons. 

^ ^ 008 52° 35' 



Fio. 258. 




These three examples show sufficiently the mode of calcu- 
lating the stress in the various bars, and the calculations for 
the remaining bars will not be given, as they would occupy too 
much space. 



Cdlculalum of the Stress in the Bmg. 

In a case like the present, where the number of ribs is small, 
the ring connecting their lower extremities will be a polygon, 
and from Fig. 259 the following is the equation to find the 
stress S in the sides of this polygon : 

2S8m22i'' = H 
111-9 



S = 



2 X 0-8827 



= 146-1 tons. 
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If^ howeyer, the number of ribs is very large, the horizontal 
thrust acting on the riug can be considered as uniformly dis- 
tributed oyer its total length. Let p be this normal thrust 
against the inside of the ring per unit of length, then, from 
Fig. 260, if ^ is a very small angle : 



or. 



p.2r^ = 28^; 
B=jpr. 




FiQ. 260. 




-T 






> 



I-"" 



In the preceding example : 



and therefore, 



^ = •~;^ = 51 X 0-7854 - ^'^ ' 
r , — 

4 



8 r= 2-794 X 51 r= 142-5 tens. 



The difference in this case is so small that it does not matter 
which method of calculation is adopted. 
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§ 31. — gbnebatina cubve, fob a dome, bequibinq the 

Least Quantity of Matebial. 

In the precediDg example it was required to calculate the 
stresses in a given dome. To simplify the calculations the form 
was taken as that of a hemisphere, or the generating curve was 
the quadrant of a circle. If, howeyer, the form of the generating 
curve necessitating the least quantity of material in the ribs 
were required, the form of the linear arch (or curve of equi- 
librium) to carry the unequally distributed loads would have to 
be found. The principal boom would be made to this curve, 
a hinge connecting each half would be placed at its vertex. To 
meet the effect of partial loading a secondary boom, connected 
to the principal boom by means of diagonals, should be provided. 
Evidently the secondary boom and the diagonals would have 
no stress in them when the whole load was on the structure, 
and also the arithmetical values of the maxima and minima 
stresses in them would be equal (precisely as in the horizontal 
and diagonal bars of the braced arch of § 22). 

There is no di£Sculty in finding the required curve if the 
dome be sufficiently flat, and the number of ribs sufficiently 
great, for the portions of the surface contained between two 
adjacent ribs to be considered, without too gi*eat an error, as 
plane triangles, and if the load can be assumed as uniformly 
distributed over the area of this triangle. In this case the centre 
of gravity of the triangle S P can be taken as the point of appli- 
cation of the resultant load on the part covered by this triangle 
(Figs. 261, 262, 263). 

Let K therefore be the load per unit of horizontal surface 

2'7r 
and n the number of ribs (consequently — the very small 

angle contained by the horizontal projection of two adjacent 

2 'TT X 

ribs), then x . — • o ^ ^^^ *^®* ^^ *'^® triangle S P, and, taking 
•moments about P (Fig. 263), 

H»=-!^.|. [1] 
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This equation is also necessarily true for the triangle S A, 
hence putting 

X = I and y —f 



H/ = 



KWI* I 



[2] 



n 3 

Dividing equation 1 by equation 2, 

y _ «» 
/■"/»' 

This is the equation to the cubical parabola, and if this 
form be given to the ribs, the stress in the secondary boom 
and the diagonals will be zero when the dome is fully loaded. 

Fios. 261, 262, Am) 268. 




In the above investigation it has been assumed that the 
weight of the rib itself is yery small, or at any rate distributed 
in the same manner as the other loads. It would, however, be 
more accurate to consider this load as uniformly distributed 
along the horizontal projection of the rib, and if p is this 
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uniform load per unit of length of the spani the above equations 
become 



^ 3n ^ 2 



t 



8 V^ -« 
2Kir 



ra ^1^ . /• 



[lA] 
[2a] 

[3a] 



/» + 



2kv 



If the height of the dome and the number of ribs were such 
that the above assumption could not be made without sensible 
error, the required curve would have to be found by following 
the principles laid down for the determination of linear arches. 



§ 32.— Dome Fobmed of Abticulated Bibs 

AND Rings.* 

The skeleton of the dome given in Figs. 264 and 265 shows 
half a regular eighteen-sided polygon in elevation, and a 
regular octagon on plan. It is assumed that the various bars 

Fig. 264. 




are connected together by free joints. These joints lie in the 
surfietce of a hemisphere of 10 metres radius, and the surface of 

* See 'Berliner Zeitsohrift fur Bauwesen/ 1866, **The GoDftmotioii of 
Domed Boofs," by W. Schwedler. 
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which is eqnal to 2irf^ = 2 x 3*1416 x lO^ir: 628*32 square 
metres. If therefore the load on the dome be jp = 200 kilos, 
per square metre, the sum of the loads on all the joints 

= G =p . 2»r« = 200 X 628-82 = 125664 IdloB. 

It can be assumed, without any great error, that the sum of 
the loads on all the joints in any one of the horizontal rings 
(Fig. 265) is proportional to the radius of the circle circum- 

Fig. 265. 




scribing the corresponding octagon (with the exception, however, 
of the lowest ring, which has only half the load to bear). The 
radii of these five circles are : 



r, = 



r- = 



r. = 



r^ = 



r. = 



r sin 10*^ 
rsinSO'^ 
rain 50° 
r Bin 70*^ 
r Bin 90° 



10 X 0- 17865 
10 X 0-5 
10 X 0-76604 
10x0-98969 
10x1 



1*7865 metre 
5-0 
7-6604 
9-3969 
10- 



n 



n 






Now, X the load on a ring whose radius is unity, can be 
found from the following equation : 

10 X 
l-7365a; + 5a? + 7-6604» + 9-3969 a? + -^ = 125664; 
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whence : 

a; =: 4864*8 Idlos. 

Thus the loads on the various rings are : 

a?r, = 4364-8 X 1-7365= 75786 kiloB* 
a?r, = 4864-3 X 50 =21821-5 „ 
a?r, = 4364-8x7-6604 = 88432-8 „ 
xr^ = 4864-8 X 9-3969 = 410109 „ 
xr^ 4864-8 X 1 



2 "■ 2 



= 21821-5 



»» 



and as each ring contains eight joints, these loads must be 
divided by 8 to obtain the load on one joint ; t thus : 



n 7578-6 ^- , ., 
Qi = — g — = 947 kilos. 

Q. = ^3 = 4179 „ 



where Q^ Q2 • • • Qs denote the loads on the five joints of a rib. 



CaJculaiian of the Stresses produced by the Full Load. 

Imagine that two sections are taken through the dome by 
means of vertical planes, as shown in Figs. 266 and 267, and that 
equilibrium is maintained by forces applied to the end of, and in 
the direction of, each bar that has been cut through. 

The upper ring exerts a horizontal pull Ei on the rib, 

* It 18 evident that if a lantern or any other load were placed on the top, the 
load on the top ring would have to be increased accordingly. 

t If the nmnber of ribs had been 16 instead of 8, these loads would have to 
be divided by 16, and so on ; otherwise the calcnlations are the same. A small 
nmnber of ribs has been chosen to obtain distinct flgores. 
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which is the resultant of the stresses Xi in the bars of this 
ring. This is expressed by the equation 



in which 



2 X| Bin € = B, or Xj = 



€ = 22-5°. 



= -A_. 



2 8ine ' 




PiO. 267. 




The same occurs at each joint, and the stresses in the ring 
and their resultant are connected by a similar equation. 
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Further, let the part A B of the rib be cut through, and 
equilibrium maintained by an applied force X>i (Fig. 268), and 
let this force be replaced by its horizontal and vertical com- 
ponents ; then, by equating the algebraic sum of the horizontal 
forces, and also that of the vertical forces, to zero, 

Vj = 947 kilos, and R, = - Hj ; 



now, from the figure. 



ton«i = ^, 



8iii«, = jL; 



and since ai = 20^, the following values are obtained 



H,= 



D,= 



947 
tan a 



= + 2602 kUoa. 



947 



8in20<> 
Ri = - 2602 kUos. 
Y _ 2602 



=? + 2770 kUoB. 



2 sin 22-5° 



= - 8400 kUos. 



Fio. 269. 



Fio. 26S. 
047 





y 



The same process applied to the part of the structure 
shown in Fig. 269, gives : 

V, = 947 + 272S = + 3676 kilos. 

„ V, 3675 ^„«^^M 

H, = 7—^ = - — —5 = + 4880 kilos, 
tan a, tan 40° 

2 = -T-^ = . .^o = + 5717 kilos. 
Bin a. Bin 40° 

R, = 2602 - H, = - 1778 kilos. 

1778 



X,= - 



2Bin22-50 



= - 2328 kilos. 
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And simflarly for Fig. 270 

Fig. 270. 




/^- 



/ 



V, = 947 + 2728 + 4179 
= + 7854 kUos. 

V, _ 7854 
tan o, "" tan 60® 
+ 4535 kUos. 

V, _ 7854 
sin 0, ~~ sin a, 
+ 9069 kilos. 
2602 + 1778 - H, 
— 155 kilos. 

-155 



H,= 



D.= 



B.= 



X.= 



eai — >jr 



2 sin 22-5'' 
= - 203 kilos. 



And, lastly, from Fig. 
271: 



V4 = 947 + 2728 + 4179 + 5126 = + 12980 kilos. 
„ v. 12980 . ««^^, 

^* = isii;; = soo^ = + 2289 kilos. 

_, V4 12980 . ,«,,^^, 

I>4 = -^-^ = . ono = + 13180 kUos. 
sin a^ sin 80® 

B4 = 2602 + 1778 + 155 - H4 = + 2246 kilos. 

2246 
X4 = o -._ Z r^ = + 2935 kilos. 



2 sin 22-5® 



Fig. 271. 
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V4, the resolved part vertically of the stress in the bar E F, 
is produced by the vertical reaction of the point of support; 
and H4, the resolyed part horizontally, is due to the tension in 
the bottom ring. Hence 



R. = H, = + 2289 kUos. 
2289 



Xs = 



2 Bin 22-5° 



= + 2991 kilos. 



Minima Stresses in the Rings. 

The whole load on the dome wiU be considered vairiable ; 
at the same time^ however, the loads must always be sym- 
metrical with the vertical axis, or the structure would collapse. 
If the load on the top ring be removed, it is easy to see 
that the stress in that ring becomes zero; and likewise that 
when the load on the second 

J ,, , . Fig. 272. 

nng IS removed, the stress in 

that ring also becomes zero; 

and so on for the remaining 

rings. From this it is evident 

that the load on any one ring 

has no influence whatever on 

the stresses in the rings above 

it, or, in other words, produces 

no stress in them ; but the load 

on any ring produces tension 

in all the rings below it. Con- 

sequently, the minimum stress 

or greatest compression will 

occur in any ring when it alone 

is loaded. In Fig. 272 the 

third ring is represented as loaded, and B3 is the resultant of 

the stresses in that ling. For equilibrium, the resultant of B3 

and Q3 must lie in the direction of the part of rib just below 

the joint C. Hence 




Rj (min.) = — 



Q. 



tan a. 



4179 
taneO"" 



= - 2413 kilofl. 
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and similarly for the second and fourth rings : 

Q. 2728 

B, (min.) = -r^=^ = _ r-^^ = - 3251 kUofl. 
'^ ^ tana, tan 40® 

R4 (min.) = - -^i- = - -5^ = - 904 kUos. 
•^ ' tana4 tan 80° 

J 

The minima stresses in the rings are therefore 

2251 

0410 

X4 (min.) = — = - 1181 kilos. 

*^ ^ 2 8in22*6° "oa «.ixud. 

The first and fifth rings are not considered, for in the fifth 
compression can never occur, and the top ring is always in 
compression ; the value already obtained (Xi = — 3400 kilos.) 
is therefore the minimum stress required. 



Maaima Stresses in {he Rings. 

From what has been already said, it is evident that the 
maximum stress or greatest tension occurs in any ring when 
all the rings above it are loaded, itself unloaded, and the 
rings below it either loaded or unloaded. Thus in Fig. 273 the 
resultant B3 of the tensions in the ring at C reaches its maxi- 
mum value when the t\^o upper rings are loaded, and can be 
found from the equation (Fig. 274) 



R, = H,-H,= "^^ ^» 



but 



hence 



and therefore 



tan Og tan 0, * 



V, = V, = 947 + 2728 = 3675, 



^ 3675 3675 

^' = te^lO^-tS?60-o = +22^«^^«^' 



2258 
X, (max.) = + 2-sj22T° = + =^»« '^'"^ 
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To find the maximum stress in the second ring^ the top 
ring alone must be loaded^ and consequently, 



V, = V, = 947. 



/. B,= 



947 



X, (max.) = - 



947 
tan 20° " tan 40° 

1473 



= + 1473. 



2 Bin 22-5° 



= + 1925 kUoB. 
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Lastly, to determine X4 (max.) the three upper rings should 
alone h^ loaded, and the equations are — 

V4 = V, = 947 + 2728 + 4179 = 7854, 



R,= 



7854 



7854 



X4 (max.) = + 



tan 60° tan 80° 
3150 



= + 8150, 



2 gin 22*5° 



= + 4116 kilo0. 



In the above calculations it has always been considered 
that the load on any ring was equally distributed amongst the 
joints, or, in other words, that the loading was symmetrical 

p 2 
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with the axis of the dome. The joints being free, any depar- 
ture from this symmetrical loading would immediately bring 
the structure down. To enable the dome to resist unequal 
loading, either the covering must possess sufficient. stiffness to 
prevent any deformation, or else the free joints must be replaced 
by fixed joints, and both the ribs and rings strengthened, so that 
they may prevent deformation by their resistance to bending. 
The determination of the bending stresses thus called into play 
cannot, however, be accomplished by elementary means. 
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TENTH CHAPTER 

§ 83. — GONTINUOUB GiRDEB BsiDGEa 

It was seen, in treating of braced arches, that by intro- 
ducing hinges the stresses in the various bars could be kept 
between easily controUable limits, and also that the dangers 
arising from a slight giving way of the abutments, or by 
changes of temperature, could be totally avoided. But hinges 
can also be employed with advantage in girder bridges (those 
that require only vertical reactions at the abutments or piers) 
when the span is great, and there are two or more openings in 
succession to be bridged over. 

It is found that in such cases a great saving of material is 
effected by using a continuous girder, instead of several span- 
ning each opening separately. But in these structures, as in 
braced arches without hinges, there is the danger of a very 
slight alteration in the position of the supports producing very 
great differences in the stresses ; in braced arches the danger 
lies in the horizontal displacement of the abutments, but in the 
present case a vertical displacement becomes critical. There- 
fore the same reasons that were given with reference to braced 
arches in § 24 would point to the advisability of breaking 
the continuity of the girder by means of hinges, and thus 
making the stresses in the structure independent of small 
vertical displacements of the points of support. In the case of 
braced arches, the crown and the abutments were found to be 
the best places for the hinges; but with girder bridges the 
best positions are on each side of the central piers, so that the 
portions of the girder over the piers may act as supports to 
the other parts (Fig. 275). 

The part of the girder resting on either of the piers is to be 
regarded as supported at two points; and in order that there 
may be &o chance of overturning with a partial load, the dis- 



214 BBIOaEB AND BOOTS. 

tance of these two points, or the breadth of the pier, must not 
be less than a certain dimension which will now be found. The 
worst distribution of the load, as regards the left pier portion, 
is that shown in Fig. 276, in which only the parts B C and 
C E are loaded, and the remainder of the bridge unloaded 
(moving load). 

Fia 275. 

i ! ! 1 ! L ■ 



j 1 '■ > > i I i I .' 

^ ' h amb h — Em 
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P 



^pM 



The equation of moments about the point B is then 

where p is the permanent, and q the moving, load per unit 
of length. Solving this equation, and putting n for the 

ratio - > 



6> - (X + z) + /{x + ^)« + 2nz (* + |). 

Now, since the ratio n generally increases as the span 
diminishes, it follows that very small spans would require pro- 
portionately very wide piers. To obviate this, the part of the 
girder over the pier can be anchored down to the masonry 
by tension rods. With a partial load, a tension, K, is pro- 
duced in these rods, the moment of which about B ( == K 6) 
helps to maintain equilibrium. The equation of moments 
then becomes 

= (p + (?) x« 4- (;> + 9) ^ - piT (* + 6) - p^l±i>! _ K6. 

If this arrangement be adopted, however, the weight Q of the 
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pier must be such as to prevent overturning. This condition is 
expressed by (Fig. 277) 



^l+p^i^ + ^y-^p^^-^ 



(p + ?)«(* + . 



Fig. 277. 



t 



H 



If, however, Q becomes greater than is thought advisable, 
the distance 6 of the two points A B can be increased by 
using double piers. 

The central and abutment portions being simply supported 
at the ends can be constructed either as para- 
bolic girders (described in the second chaptei:), 
or as braced girders with parallel booms (de- 
scribed in the third chapter). The portions 
over the piers could also be given this latter 
form ; but a variety of the parabolic form may 
also be adopted. This variety can be deduced as 
follows : — "^ 

When two or more equal and symmetrical chains (either 
hanging or arch-shaped), having the same load per unit of 
length of the span, are so placed next each other that the 
second abutment of the first chain is the first abutment of the 
second chain, and the second abutment of the second chain is 

Fig. 278. 



i 




the first abutment of the third chain, and so on, the horizontal 
tensions or thrusts balance each other at the common abutments, 
and the reactions are entirely vertical, so that these abutments 
might be replaced by tension rods. Instead of a single rod, 
two- separated by a horizontal bar, A B, might be used, as 
already seen in § 27 (Figs. 278 and 279). 
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If the part L A B M be separated from the two parts E L 
and M N, the horizontal forces required for equilibrium can 
be obtained by joining K L, M N, and L M by means of horizontal 
tie-rods. The vertical forces required for the part L A B M are 
equal, and opposite to those required for the parts E L and 
M N, and equilibrium will therefore be maintained if the latter 
parts be placed on the former in their original position. 

The stresses in the chain have not been altered by the 
introduction of the horizontal tie-rods, and consequently a bridge 
constructed as shown in Fig. 280 will, when the load is uni- 

Fio. 280. 




formly distributed, require no diagonals. Further, since the 
reasoning for an arch chain applies also to a hanging chain, 
what has been said above will apply to the structure shown in 
Fig. 281, the tie-rod becoming a compression bar. 



Pio. 281. 




The stresses in the chains can be found from the formula 
given in § 8. The laws given at page 33 are also applicable 
namely, that the resolved part vertically of the stress at any 
point is equal to the load on the bridge between that point 
and the centre, and that the resolved part horizontally of the 
stress is constant. It is only an alteration in the height of the 
arc that changesi this horizontal stress. 

Evidently the height of arc of the three ordinary parabolic 
girders in Figs. 280 and 281 can be altered without affecting 
the portions of the bridge over the piers, for only the vertical 
reactions are transmitted to these latter ; the horizontal stress 
in the parabolic girders will, however, be altered. The hori- 
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zontal stress in the pier portions depends solely on the height 
of arc of the parabolas of which they are formed. 

The parabolic girders of Figs. 280 and 281 can be trans- 
posed without making any difference in the other parts. Thus 

Fio. 282. 




a structure of the form shown in Fig. 282 is obtained, which 
can be adopted with advantage if head room under the bridge 
is of importance. It is hardly necessary to remark] that the 



Fig. 288. 




i-^H^ 



m 



parabolic girders can also be replaced by braced girders with 
parallel booms, and that this will not affect the pier portions 
(Fig. 283). 



§ 34. — Continuous Girder Bridge in Three Spans. Cen- 
tral Opening, 160 Metres; Side Openings, 130 Metres. 

The weight of the bridge (Fig. 284) is estimated at 8000 
kilos, per metre run, and eaoh girder has half of this to 
carry. The length of each bay being 10 metres, each joint has 
4O,0iO0 kilos., or, reckoning 1000 kilos, to the ton, 40 tons dead 
load to bear. The moving load is taken at 4000 kilos, per metre 
run, which is equivalent to 20 tons moving load per joint. 

The tliree parabolic girders placed between the piers 
(Fig. 284) have each a span of 100 metres and a height of 
12* 5 metres, and the stresses in them can be found as explained 
in the second chapter (Fig. 39). • It will therefore onlv be 
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necessary to show how to find the stresses in the parts resting 
on the piers. 

The pressure D produced at C by the girder CE will be 
greatest when the girder is fully loaded, and least when it is 
unloaded. In the first case : 

_. (40 4- 20) 10 ,^ , 
J)=^ — -1— i — = 300 tons; 

and, in the second case : 

D = — - — = 200 tons. 



Fig. 284. 



^..JQ__,^„50 



,^3.0^ir^0_^^J0,...^ 





!/J 



Either one or the other of these values will have to be 
substituted for D, according as it tends to increase or decrease 
the stress in any bar, and according as the maximum or the 
minimum stress in that bar is to be determined. 

Thus, to find Xi draw a section line afi (Figs. 285 and 286) 
and form the equation of moments with reference to the point 
B, thus : 

=-X, X 11-266 + D X 30 + 40(10 + 20 + v) + 20(10 + 20 + »f ). 



From this equation it appears that D, as well as the loads on 
the points F, G, C, make Xi positive. To find Xi (max.), there- 
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fore, the girder C E and the joints F, G, C must be loaded, and 
by substituting the greatest value of D the equation becomes : 

= - X, X 11-266 + 300 X 30 + 60(10 + 20 + 2^) 
X| (max.) = + 1038*5 tons. 

To determine Tj moments must be taken about P (Pig. 286). 
It is not necessary to consider the permanent load, for, as 
already remarked in § 83, a 
uniformly distributed load ^'®- 2^^- 

produces no stress in the 
diagonals. Further, it is 
only necessary to calcu- 
late either Tj (max.) or Tj 
(min.), as both values are 
numerically equal but of 
contrary sign, since the 
moving load when covering 
the bridge is uniformly distributed. But to show that the 
method is quite independent of such previous knowledge, the 
calculations both for Yi (max.) and Y^ (min.) will be made, taking 
the permanent load in each case into consideration. 

The equation of moments is : 

= - Y, X 15-862 + D X 4 + 40(| - 6 - 16) + 10 x 4-20(6 + 16). 

To obtain Yi (max.) the greatest value of D must be sub- 
stituted, and the negative term? due to the moving load 
omitted, thus : 

0= - Y, X 15-852 + 300 X 4 + 40(1-6- 16) + 10x 4; 

or, 

Yi (max.) = + 27-76 tone. 

And to find Yi (min.), D must be given its least value and the 
positive terms due to the moving load must be left out, thus: 

= - Y, X 15-852 + 200 X 4 + 40 (4 - 6 - 16) - 20(6 + 16) 

Yi(mm.)= -27-76 tons. 

The stress in the bar Zj can be found irom the following 
equation of moments, formed with reference to the point F : 

= Z, X 7-692 + D X 20 + 40(^ + 10) + 20(^ + 10); 
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from this equation it appears that all the loads produce com- 
pression, therefore putting D = 300 



or, 



= Z, X 7-692 + 300 X 20 + 40(^ + 10) + 20 (^ + 10) ; 

Z, (min.) = - 936 tons. 



Vi is found by taking moments about (Fig. 287). Half the 
dead load will be considered as applied to the lower joints, and 
the other half to the upper joints ; the equation of moments is : 

= V, X 18-4615 + D X 1-5385 + 40 Q^ - 8-4615 - ^') 



I'dSSS 



+ 20 X ^ - 20(8-4616 + 184615); 




'20 



ilO 



Vi is therefore greatest when 
D is least, and the joint C un- 
loaded. Consequently : 

= V, X 18-4615 + 200 x 1-5385 

+ 40(1-^-8-4615-*-^') 

-20(8-4615+ 18-4615) 
V, (max.) = + 49-2 tons; 

and Yi is least when D is 
greatest and the joint C alone 
is loaded, hence : 



= Vi X 18-4615 + 300 X 1*5385 + 40 Q:^ - 8-4615 - 

+ 20xl:|5?. 

V,(min.) = + 10-8 tons. 



ia-4«i5 



) 



(The stresses produced by the moving load alone are : 

+ 29-2 and— 9-2, 

which, added to the stress due to the dead load alone, or + 20, 
gives the values found above). 

For the remaining bars the following equations and results are obtained : 

= - X, X 7 • 1 + 300 X 20 + (40 + 20) (I + 10) 

X, (max.) = + 1014 tons 
= - Y, X 6138 + (200 +100) 1-5385 + 40 Q:^ - 8-4615) 

+ 20x^-^-20x8-4615 



Y fmax.|_. j^ 27-57 tons 
*\min.j 
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Z, X 3-526 + 300 X 10 + 30 X 10 
Z, (min.) = - 936 tons 

V, X 10 - 20 X 10 - 20 X 10 

Vg (max.) = + 40 tons V, (min.) 

- X, X 3-325 + 300 X 10 + 30 X 10 
Xg (max.) =+ 992-5 tons 

Z, X 3-526 4- 300 X 10 + 30 x 10 
Zj (min.) = - 936 tons. 



= + 20 tons 



The calculatioDS to find the stresses in the diagonal, and in 
the two verticals immediately above the pier, vary slightly 
from the above, on account of the reaction of the pier. This 
reaction W (Fig. 288) is the pressure the fixed point B exerts 
against the structure. 

To determine W, C D can be considered as a lever having 
its fulcrum at the other point of support A. It is evident that 




when W is to be as great as possible, all the joints to the right 
of A must be loaded, and those to the left unloaded, but since 
the load on the joint B is taken up directly by the pier, it has 
no influence on the magnitude of W. flence from Fig. 288 the 
equation of moments is : 

0= - Wxl2-5 + 20x 12-5 + 60 (22-5 + 32-5 + ^) 
+ 300 X 42-5 - 40 (10 + 20 + ?^) - 200 x 30 
W (max.) = 782 tons. 

A glance at Fig. 289 will show that this value of W makes 
Yo a minimum, for the increment added to W by a load on the 
part of the structure shown in the figure is greater than the 
load that produces it, and it has also a greater lever-arm with 
reference to the turning-point. 
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The equation of moments for Yq (min.) is therefore : 

= Vo X 26 + 782 X 26 + 300 X 4 + 30 X 4 - 60(6 + 16) 

Vo (min.) = — 782 toiiB. 

The same loading makes Yq a maximum. For since Xo 
and Zq are parallel, the equation of moments reduces to the 

FiQ. 289. 




condition that the sum of the vertical forces should vanisli. 
Hence v, the resolved part vertically of Yo (max.), is equal to the 
difference between W and the loads on the part of the structure 



Fig. 290. 




shown in Fig. 290, and this difference is greatest when this 
part is fully loaded; for the reaction produced at B by any 
such load is greater than the load itself. Consequently 

= c - 782 + 20 + 60 + 60 + 30 + 800 
V = 312 tons ; 

and since the diagonal makes an angle of 45° with the 
vertical: 



Yo (max.) = 



008 46° 



= 312^2= +441i2ton8. 
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As already observed, Yo = when the bridge is fally loaded, 
hence the numerical value of Yo (min.) must be equid to that 
of Yo (max.). Therefore : 



V /max.\ __ 



±441-2toD8. 



As to the stress in the vertical Uoy it is evident that the 
only vertical force acting upon it at the top, besides the per- 
manent load of 20 tons, is the vertical component of the stress 
'in the top boom, and this component is evidently greatest with 
a full load. Consequently : 

- Uo = 20 + (60 + 60 + 30 + 800) 
Uo (miD.) = — 470 tons. 

(The maximum stresses in both the verticals over the pier 
are negative, and it is therefore not necessary to consider them. 
By reversing, however, the loading in Pig. 288, it is easily 
found that Uo (max.) = - 320 tons.) 

The stresses in Xq and Zq are, as in the case of the other 
horizontal bars, equal to the horizontal stress in the fundamental 
parabolic chain. Consequently : 

X« (max.) = + 936 tons 
Z« (min.) = - 936 tons. 

The value of this horizontal stress depends, as already 
remarked, on the height of the arc of the parabola E E L F, 
Fig. 281, to which the part CD belongs. In the present 
case the vertex of the parabola is 8*0128 metres below the 
horizontal K L (Fig. 281), and the height of arc is there- 
fore: 

/ = 12-5 + 8*0128 = 20-5128 metres. 

The corresponding span is : 

2 1 = 160 metres. 

The stress in the horizontal bars can therefore be obtained 
from the formula (see p. 32) : 

„ (j> + q)P ^ (4 + 2)80^ 

^ = -27" - 2x20-5128 = ^^^^'''' 



224 



BBIOaES AND ROOFS* 



(The stress in the horizontal bars of the' central parabolic 
girder is only : 

(4 + 2) X 50« 



2 X 12-5 



= 600 tons.) 



The resnlts obtained by the above calculations are collected 
together in Fig. 291. By changing the signs of the stresses 
given in this figure, those for a similar girder turned upside 
down are obtained. The points A and B will, however, still be 



Fig. 291. 
A»-f936 B, 




^^53B ^^iB36" 



the points of support. But in this case A^, Bi will generally 
be chosen as points of support, and the stresses in the two 
verticals over the pier will consequently be altered. These new 
stresses can either be determined directly, or else by em- 
ploying secondary verticals, a method which has been used 



D 



Fig. 292. 
-^936 +986^-fOft6 A 4^936 B4936 +Q36 -fQafi ^ ^ 




before (see § 12). The stresses thus obtained are given in 
Fig. 292. 

From Figs. 291 and 292 several derived forms can be 
obtained, as was done in previous cases (see §§7, 11, and 16), 
but only the alterations that can be made in the construction 
of the central bay over the pier will be considered. 

If, for instance, there are two diagonals in the central bay, 
both of which are capable of resisting either tension or com- 
pression (Fig. 298), the stresses in each diagonal will be exactly 
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one-half of the stress found above for the diagonal, and the 
stresses in the two verticals will each be the arithmetical mean 
of those already obtained (it is easy to satisfy oneself of this by 
imagining two sach girders, with halved stresses, placed one 
behind the other, one with the central diagonal inclined to 
the right, and the other with this diagonal inclined to the left). 



Fio. 293. 
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Fio. 297. 
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Fig. 295. 
+936 




♦036 



i^ -936 

Fio. 298. 
+036 



+936 




^5^^36 



If, however, both diagonals can only take up tension or can 
only resist compression, the stresses given in Figs. 294 and 295 
respectively will be those required. The inability of the dia- 
gonals to resist tension is expressed in Fig. 295 by double 
lines. 

In a similar manner the structures shown in Figa 296, 297, 
and 298 can be derived from Fig. 292. 

In all the preceding calculations the load on the joints 
over the piers has, for simplicity, been taken the same as on 
the other joints, though accurately speaking the load on these 
joints is slightly greater on account of the pier being a little 
wider than a bay. 

Q 
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This width is necessary to prevent the pier girders over- 
turning when sabject to the action of a partial load. By sub- 
stituting in the formula of § S3, viz. 



6> -{« + ») + \/(a? + zy + 2ii«(a» +0, 



the values 



ar = 50, * = 30, » = fg, 



it is found that. 



6> 11*88 metres. 



The width of the pier assumed above, namely 12*5 metres, is 
therefore a little in excess (all the more so as the permanent 
load of the central girders is a little less than that of the 
pier girders, although in the calculations it has been taken as 
equal). 

Continuous Oirder with Parallel Booms. 

The whole of the continuous girder may be constructed 
with parallel booms as shown in Fig. 299, or else only 
parts resting on the piers may be so designed. The stresses in 

1*10 299 
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these latter can be obtained by an exactly similar process 
to that followed above, and these stresses are given in Pigs. 
300, 301, 302, 303, and 304. To form some idea of the rela- 
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tive quantities of material required by the two designs, the 
span and height of the girders are the same as in the former 
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example. It mnst also be observed that all the figures refer to 
girders carrying the line of railway on their lower booms, and 
also^ that the hinges connect the lower booms. Further, in 

Fig. 801. 
V +264 +576' +g^g A ^VBG B +036 ^570 -^264 C 
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Fig. 302 both the diagonals of the central bay are capable of 
resisting either tension or compression ; in Fig. 303 they can 
only resist tension, and in Fig. 304, compression. 



§ 35. — To DBTBBMINE THE SUBDIVISION OF THE WhOLB 

Span bequibing the Least Quantity of Matebial. 

By comparing the stresses given in Fig. 291 it appears, first, 
that the stresses in the diagonals and verticals are small compared 
with those in the booms ; and secondly, that the stresses in the 
curved part of the bow do not differ materially from each other or 
from the stress in the horizontal boom. Now, as the quantity of 

Q 2 
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material can be taken as nearly proportional to the stress, it 
follows that by £Eur the largest quantity is contained in the 
booms, and that it is nearly equally distributed between them. 
These remarks also apply to the parabolic central girder, as will 
at once appear by reference to § 6. 

Therefore it cannot be far from the truth to assert that the 
quantity of material in the bridge is proportional to that con- 
tained in the horizontal boom. 

The above problem resolves itself therefore into the follow- 
ing : To find what subdivision of the span gives the least 
quantity of material in the horizontal boom. 

To solve this problem it is first necessary to find the most 
advantageous position of the hinges in the central span, and 
also the most advantageous position of the hinges in both the 
side spans. 

a. Subdivision of the Central Span. 

Let the parts C B (Fig. 306) and C A (Fig. 307) be cut out 
of Fig. 305 and equilibrium maintained by applying the forces 
H and Hj respectively, which are the stresses in the booms. 
Taking moments about S for G E and about Ai for C A. 

SB 

U.hz^px.X'-px ,- [1] 

H, . A =px(/ - a?) +pil - X) ('-^j [2] 

Now the sectional area of the booms can be found by divid- 
ing the stress in them by S, the safe stress of the material per 
unit of area. Therefore if F is the sectional area of the boom 
C E, and Fi that of C A, 

and by substituting the values of H and Hi from equations 1 
and 2, 

^'- 2A8 • W 
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By multiplying these sectional areas by the length of the oor- 
responding boom the quantity of material in CE and CA 
respectively is obtaiued,,,thus, 



-4?-.- Pf! 



M=iP« = 



2AS 



M -V ri *^ - i>(/'-x»)(/-x) . 



[5] 

[6] 



and the amount of material in A E is 



^ ■*" ^'^ = 2lS^'' " ^' " '^ +2«»), 



and (M + Mi) is to be a minimum. 



[7] 



Fig. 305. 




Fig. 307. 



Fio. 806. 



If in this equation x really represents the value that makes 
(M + Ml) a minimum, it is evident that the addition of a very 
small quantity ± A to oj (or, in other words, replacing x by 
[aj ± A] ) must have the eflTect of increasing (M + Mi). But 
this can only be the case if the first of the three terms added 
to the expression in bracket by changing a; to a; ± A, namely, 

± A ( _ /3 » 2 / a? + 6 X*) + A« (6 a? - ± 2 A», 

is equal to zero. For otherwise, by judiciously choosing A 
the first term (which would then be large in comparison to the 
other two) could be made negative ; and consequently (M + Mi) 
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would be diminished. Therefore the condition for a minimnm 
is that 

-P-2/a? + 6a^ = 0;* [8] 

whence the following values for j and — = — are obtained: 

7 = i^!^ = 0-6076 [9] 

'-^ = 0*3924; [10] 

or the lengths A C and C E must be approximately in the 
ratio 0-4 : 0*6, or 2 : 3. 

By substituting the value of x from equation 8 in equation 
7, the quantity of material in the horizontal boom from A to 
E is obtained : 

M + M. = 0-47184 ^. pi] 

h. Subdivman of the Side Spans. 

The quantity of material J in the horizontal boom DF 
(Fig. 305) can be found by substituting « for a; in equation 5, 
thus: 

And Jx, the amount of material in B D^ can be obtained from 
equation 6 by writing li for I and z for x. 

''"" 2A8 • 



or replacing hhja^z 

2AS 



j^^poCo-^^ P8] 



The quantity of material in the horizontal boom from B to 
G is therefore 



* Or, in other words, the first differential 4X)efflcient of the expression in 
brackets of equation 7 must be equated to zero. 
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If 2; ± A is written for z, the terms in brackets are increased 

by the expression 

« 

± A ( — 4a« + 8 a « + 6«») + A* (4 o + 6 «) ± 2 A» ; 

and as before the value of z that makes 2 J 4- Ji a minimum 
can be found from the equation 

— 4a* + 8a« + 6«« = 0; [15] 

« 

whence the following values for z and a — 2z are obtained : 



* = i a(-l + V2-5) = 0-3874a [16] 

a -24? = 0*2252 a; [17] 

from which 

"" =f =0-6324 * [18] 



a — z l^ 

is obtained. 

By substituting in equation 14 the value found for z in 
equation 16, the least quantity of material in the boom from 
B to G is found to be 

2 J + J, = 0-16706 -|^ . [19] 



c. Proportion of the Central Span to the Side Spans. 

The preceding numerical values for y and z- are quite in- 

dependent of the span of their respective openings, and there- 
fore also of the ratio 

a 

2-r'*' 

according to which the whole span is divided into three spans, 

a, 2 /, a» 

The converse, however, is not true, and in fact the most 
advantageous division of the whole span depends on the sub- 
division of the single spans. 

It will be considered that the single spans have been sub- 
divided in the most economical manner in accordance with 
equations 9 and 18. 
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In this case the quantity of material required for half the 
whole span L is found by adding equations 11 and 19 together, 
thus: 



2AS 



(0-47184i» + 0-16706 a»); 



M + Mi + 2J + Jj = 

or writing L - a for Z, 

M + M 1+ 2 J + Jj = -la- (0-47184 (L - a») + 016706o»). 

« A o 



[20] 



As before by changing a into a ± A it will be found that if 
the quantity of material is to be a minimum the condition 



- 3 X 0-47184 (L - o)« + 3 x 0-16706 a« = 



[21] 



must obtain. Whence 



a / M 471«4 , ^^^ 

= /V/ = 1*6806; 

L-a A/ 0* 16706 ' 

or writing I instead of (L — a) and n instead of ^ 

n = 0-8403. 



a 



[22] 



Applying the results obtained in equations 9, 18, and 22 
to the previous numerical example, it wDl be found that the 
whole span, 420 metres, is subdivided as shown in Fig. 308. 



FiQ. 308. 



iP2A2, 29M ia74 05,2 JQ74 S9M 102,02 




It will be observed that the span of the central parabolic 
girder is rather smaller- than that of the two side ones. This 
would slightly increase the expense of execution, and owing 
also to the unsymmetrical arrangement and to the unequal 
loading of the hinges, the diagonals in the bays immediately 
above the central piers would be in a state of stress even with a 
distributed load, thereby slightly adding to ttie quantity of 
material. 



( L: 
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When it is considered also that the calculations in the above 
investigation are only approximate, it seems better to choose the 
simpler ratios 

_130 *_50 i_50 

""160' /"so* /, "80' 

making the girders symmetrical with respect to the central 
piers. 

Equations 1 and 2 also give the greatest stress in the 
booms of a girder with parallel booms. It is true that in such 
girders the stress in the booms decreases from the centre to the 
points of support, but this is more or less compensated by the 
dimensions of the diagonals and verticals increasing towards 
the abutments. 

It can therefore be assumed that the quantity of metal in 
such girders is nearly the same as that in parabolic girders — 
an assumption which will be found justified by comparing 
Fig. 27 with Fig. 57, and Fig. 291 with Fig. 300. The premises 
are therefore approximately the same as in the case of parabolic 
girders, and consequently equations 9, 18, and 22 may be con- 
sidered as approximately true for girders with parallel booma 
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ELEVENTH CHAPTEE. 

§ 36. — Detebmihation of the Turning Points and Leyeb 

Arms bt Caloulation. 

Although a drawing to scale of the structure under considera* 
tion can generally be made, upon which the turning points can 
be found by construction, and the lever arms, with ample ac- 
curacy, by measurement, yet cases may occur where it is necessary 
to obtain these data by calculation and without the help of a 
drawing. In the following it will be shown that this is by no 
means difiScult, and that when the structure is composed of 
straight bars the required results can be obtained simply by the 
comparison of two similar triangles. The examples have been 
chosen from the various structures already considered, and will 
therefore render the former calculations more complete. 

Boofof^S. 

To find the lever arm x of the stress X in Fig, 10, the simi- 
larity of the two triangles D M C and ADC can be employed 
thus (Fig. 309) : 




X 

DC 



AD 
AC 



and putting 

CD = 20, AD = 50, 

AC = a/W+Wj 

as given in Fig. 8. 

20x50 



X = 



V50«+20« 



= 18-6. 



The lever arm y of the stress Y can be ascertained by 
comparing the two similar right-angled triangles ALD and 
E F D, obtaining the equation 

AD^ED' 
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or sabstituting 



AD = 



50, E P = 15, E D = V 12- 5« + 15% 
- • . 50 X 15 



Vl2-5« + 15' 



= = 88'4. 



Parabolie Qirder (§ 6). 

To ascertain the stresseB Va and] T3 the position of the 
tnming point S (Fig. 26) had to be determined. This can be 
done firom the equation 



u 



« + 2X s + 8X 



s tana, 



obtained from Fig. 310 by comparing the similar right-angled 
triangles SDEand SFG. : 



Fio. 810. 







WD X F 




Now, according to Fig. 21, 

x = 2metreB, tt = 1*5 metre, t? = 1*875 metre. 

Therefore 



4 metres. 



Again, from the similarity of the two right-angled triangles 
SDH and G D F, the following equation is obtained : 



SD^GD 
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from which, by substituting 

8D = a7 + 2A. = 8 metres, 

and 

GD = Vt^ + x« = Vl-875« + 2«. 

8x1-875 ._ ^ 
y = = 5'47 metres. 

Vl-875« + 22 

Lastly, to find the lever arm D J = » (for the moment of 
the stress Z3 about D), the following equation is deduced from 
Fig. 310, 

SD 8 

z = ucoBa = tt^-tj- = I'S = 1-474 metre. 

^^ V8«+l-6* 

Sickle-shaped Truss (§ 15). 
The equation for x found above can also be put in the form 



^-1 



This equation can be adapted to another parabola whose 
ordinates are n times those of the former, by writing nv for v 

and nt^ for w. The ratio - in the denominator of the above 

u 

equation becomes — , or remains unchanged. Consequently 
* nu 

the intersection of the chord E G, with the horizontal through the 
points of support is independent of the height of the arc of the 
parabola. 

From this it follows that in the sickle-shaped truss of 
Fig. 311 the intersection of the chords H N and M J lies in the 
horizontal through the points of support. The position of O 
can therefore be found, as in the preceding case, from the 
equation 



a? 4-3A a? + 4x 

Or substituting from Fig. 114 the values 

X = 1. tt = 0-710, tj = 0-852. 

^_ 0-710 o^g 

" 0-852 -0-710 
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The position of the point L can be det<ermined by means 
of the similar triangles N B L and M Q L, thus : 



10 tff + A to X 

— =— - — ,or- = — ; 



but from Fig. 114, » = 1 • 065, therefore 

0-852 



to = 



1-775 -0-852 



= 0-9231. 




Q i^v.--:::r: 



To obtain the lever arm y (for the stress T4 in Fig. 116) the 
similarity of the two right-angled triangles OPL and MQL 

gives the equation 

y « 



in which 
and 



OL""ML 
OL = 2 + 4 + 0-9231 = 6-9231, 

M L = V 0-852« + 0-9231* = 1-256. 

The value of y thus found is 

6-9231 X 0-852 ^ „ 

^ = — r256 — -'"^• 

The position of O being known^ the lever arm t (for the 
stress Z4) can be found by comparing the similar right-angled 
triangles J G N and J B 0, thus : 

t OR 
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and flince OR = 5, and O J = x/SMnSTTP, 

V fi« + 0-71« 

If, however, the position of O were not known it would be 
better to find t from the equation 

I" jm' 

The lever arm a (for thie stress X4) can be obtained from 

the equation 

a OQ 

in which 

r= 1-278, 0Q = 6, and 0H= V6«+2-iy, 

whence 

6x1-278 
a = - = 1'205. 

V6« + 2-lS« 

But if the position of were not known this lever arm 
could be more easily obtained from the equation 



r NH 

To calculate the stress Ya, it is necessary to know the 
point of intersection of the two parabolic chords N F and M J. 
From Fig. 812, 

N T = p tan a = ar + p tan c, 

or 



p = 



tana — tan c 



Here 



MQ-JB 
«= 1*066 and tanc = — —^5 f 



or, according to Fig. 114, 



tanc = = = 0-142, 

also 

tan o = s= 0*4725; 
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therefore 



p = 



1065 



0-4725 -0-142 



= 3-22. 



The horizontal distance of U from A is therefore 

«r = 8-22 -8 = 0-22. 



289 



Fig. 812. 




f/k^i: 



Braced Areh (§ 22). 

The position of the loading boundary at (Fig. 174) can be 
determined from Fig. 818 by the equations 

tan a — tan c^ 



or 



-'( 



tan a 4- tan 



9- 



,Fio. 813. 




Putting (from Fig. 174), 



and 



/ = 20, tan* = * = A = o-25, 



LK 8-75 
/O^STS-OJSX 
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The loading boundary through F (Fig. 192) can be found 
from the same equation by substituting for tan a = y = 
• 6875, thus : 



The intersection of the chords of the parabola with the hori- 
zontal upper loom can be determined by the method adopted for 
parabolic trusses (page 286). Thus the position of the point M 
in Figs. 180 and 182 can be found from the equation (Fig. 314), 



w w + X 



Alt 

, or to = , 

t? — tt 



Fia. 814. 




but from Fig. 173, 



therefore, 



and 



A = 2, tt=l-75, c = 2-3, 



, ^ 2 X 1-75 ^ 

2-8— 1-75 ^ 



AR = t(; + 5X = 16*86. 



The position of the loading boundary through E can now 
be obtained by putting tan a = -pj5 = jj— = 0-336 in the 
previous equation, thus : 

X =201 1 = 2*9. 

V0-836 + 0-257 
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§ 87. — ^Application of the Method of Moments to find 

THE FOBM A StBUCTUBE SHOULD HAVE IN OBDEB THAT IT 
MAT FULFIL GIVEN CONDITIONS. 

In all the preceding examples the form of the stracture was 
given, and the method of moments was employed to find the 
stresses produced in the various bars by the application of 
known loads. It will now be shown how the same method may 
be employed to determine the form a structure should have in 
order that it may fulfil certain given conditions. 

The form and dimensions of the parabolic girder cal- 
culated in § 6 were given, and in determining the stresses it 
was found that when the bridge was fully loaded the stress 
in all the diagonals vanished, a property which was explained 
and found to belong to all parabolic girders in the subse- 
quent ** theory of parabolic girders," § 8. The operation could, 
however, be reversed, and it might be required to ascertain 
what form must be given to a girder in order that it may possess 
the above property. If for instance the span, the number of 
bays, and the depth of the girder are given^ from which (Fig. 
315) the points A, E, B, and likewise the positions of the loads 



♦/> 



Fia. 315. 




on the upper boom are determined, the only unknowns, if the 
girder be symmetrical, are the heights Ai, Aa> ^a- 

hi can be found by forming the equation of moments for the 
part of the girder shown in Fig. 316, the turning-point being Oi, 
the intersection of the directions of the stresses X and Z. Now 
by the conditions this point must have such a position that 
Y = 0. Hence the equation 

= - Da?! + Q { (x, + X) + (ar. + 2 A) + (x, + 8a) } . 

B 
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But 



7ft 
» = ¥• 



substituting and solving for Xi 

The height hi oan now be caleolated from the equation 

A "'»i + 4a'* 16* 

In a similar manner the following equation is obtained from 
Fig. 317 : 



Fio. 316. 



P Q Q Q 



o. 



J-l 



I 



A 4 A i A •' 



O, 



3^9 




7Q 

And agam putting D = -^ and solving for oja, 

whence A^ can be found from the equation, 

A, X, + 2x 4 

_i ^ •— • ^ • 

A, o^ + Sx 5' 

or replacing hi by its value in terms of A, 



*. = ♦.«* = **• 
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Lastly, to determine h^ (Fig. 818), 

0= -Dx,+ Q(j?, + X), or |Qar, = Q(ar, + X) 

a?, = |X 

*» — ^» + ^ _ 2. 
A, ""a?, + 2x'" 12 

*» = A *« = A *• 

As an example put A = 2 metres, as in 
Fig. 21, then h^ = 1-875 metre, ^, = 1*5 
metre and A, = 0'875 metre, or the dimen- 
sions given in Fig. 21. If fnrther, X = 2 
metres ; x^ = 24 metres, a?, = 4 metres, and 

^, = 0*8 metre; thus assigning to 0|, O,, and O, the some positions that were 
obtained graphically in § 6, and by calcnlation in § 37. 



§ .38— GlEDBB IN WHICH THE MINIMUM StBESS IN THE 

Diagonals is Zero. (Schwedler's Girder.) 

If the symmetrical paraboUc girder of Fig. 35 be compared 
with the symmetrical girder with parallel booms of Fig. 69, it 
will be observed that in the first the maximum and the minimum 
stress in each diagonal are numerically equal but of opposite 
signs, whereas in the second, if the diagonals are inclined up* 
wards from the centre towards the ends, the maximum stress has 
the largest numerical value, and the minimum stress is positive in 
all the bays except in those near the centre (and in fact the mini- 
mum stress in these latter diagonals would also become positive 
if the permanent load were sufficiently large in comparison to 
the moving load). It might therefore be expected that there 
exists an intermediate form of girder in which the minimum 
stress in all the diagonals is nothing. 

This form of gu*der will now be found ; it will be assumed 
that the number of bays is eight (as in § 37), the depth of 
the girder at the centre = h, the length of a bay = X, and the 
span = 8 X. If the girder be symmetrical Ai, A29 A3 are the 
only dimensions required to determine its form (Fig. 819). 

To find hi the girder must be so loaded that the stress Y is 
a minimum. This condition of loading is given in Fig. 319. 
Taking moments for the part of the girder shown in Fig. 320 

B 2 
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about the point Oi, the intersection of the diiection of the stresses 
X and Z, and pnttiiig Y = o, 



but 



= - D*, + + m) {(a?, + ^)+ (*i + 2 A) + (a?r+ 3 A) } ; 



substituting and solving for Xx 



-_24Xp + m)X 



re, = 



2p-3m 

Now &i can be found from the equation 



Ai _ a?| 4-8A . 



or replacing Xx by its value 



A, _80p+_15m 
A "32j> + 12m' 

Fia. 819. 



Fia. 820. 



Or 



X, 



% ■—.■■W» ,l,..n|. 



—• ~-.A. 



[1] 



Pa] 





In the second bay (counted from the centre) the stress in the 
diagonal will be a minimum vhen the giider is loaded, as shown 
in Fig. 321, and 
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Taking moments about O2 for the part of the girder shown 
in Fig. 322, and remembering that the stress in the diagonal 
is zero, 

whence 

8(p + m)A 



ar, = 



4|? — « 



m 



i 


2> m 

4> 


f 




Fig. 321. 
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Fig. 822. 




but &2 cai^ l>6 found from the equation 

A, _ ar, -t- 2 X 
A, " ar, + 3 X * 



or substituting for 0^29 



A, ""20^ + 5m" 



[2aj 



Similarly (Ba and h^ can be obtained as follows (Figs. 323 and 
324) : 

= - Dar, + (p + m)(r, + X) 
D = 4|) + Jm 

_ 8(p + w) X 
20p-m 
A, _ J?3 + X _ 28p + 7m 
A, "" a, + 2 X " 48p + 6 w * 



^i = 



[3] 



[3A] 



By means of t)ie foregoing equations the effect of altering the proportion 
between the |x;rmauent and moving loads can be studied. 
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Thus if m = the girder is parabolic, aa ia ahown t>7 the foBowiBg reanlts : 

Xi = 12 A, af, = 2 A, X, = 0-4 X 

A,_15 A,_4 A,_2 
A "16' Ai""fi' A, "12' 
which are ihe yalues obtained in the last example, § 37. 

^P ,,^ . Pig. 828. 




Fio. 824. 







Sappaae 
then 


m 1 
p=2' 






r = ^' 


X, 24 
X " 7' 


X 


24 
"39 


and 








A, 75 
A "76' 


A, 88 
A, "45' 


A. 
A. 


21 
"34 



Thna, if, for example, A = 1, 

These heights can be plotted above the horizontal A B, as in Fig. 325, or one- 
half can be plotted above and the other half beneath, as shown in Fig. 826. In 

Fig. 325. 




Fia. 826. 




both oases tension alone will ocenr in the diagonals. (If, howeyer, the dia- 
gonals were inclined the other way, as in Fig. 827, they wonld always be in com- 
pression, and the maximnm stress would be nothing.) 



Again, if - = r it will be found that x, = oo, and r-' = 1, and when ->^^ « 



8 
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JPi becomes negatiye, and Ai > ^ In this last case the depth of the giider in 
the centre wonld be leas tluui it is in the adjoining bays. For other obvions 
reasons it ^ronld not be advisable to oonstmot the girder thus; the conditions 
cannot therefore be complied with in this case. 

Fio. 827. 




Farther, let - == :: , then from eqnation 1a, -r^ = 771 bnt, instead of this, 

p A 47 

-2=1 m>uld be taken. The equations for A, and A, are still applicable. For 
h 

from eqnation 2a, -*=--, or ^ = 0-9A; and ftom eqnation Sa, r = 5 •' whence 

Aj 10 Aj o 

A, = |xO-9A,orA, = 0-6A. 
o 

Thns if the girder be 8 metres deep and the span 64 metres, the permanent 
load p = 12,000 kUos., and the moving load m = 16,000 Jdlos., the dimensions 

Fig. 828. 




FiQ. 829. 

-211090 



-22'IOOU 



-224000 




' -162222 



-186670 



-1-186670 

Fia. 880. 
-210000 



-224000 



+Z10060 



224000 




MSIfiOO 



+210000 



+210000 



obtained would be those given in Fig. 32a The stresses can be found in the 
manner described in the Second Chapter, and are given in Fig. 829. If the 
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level of the rails is aboTe instead of below, the girder would be of tlie form shown 
in Fig. 330. 

The stresses in the verticals given for both girders are compated on the asBomp- 
tion that the whole of the permanent load ia concentrated at the joints carrying 
the track. K, however, it is supposed that half the permanent load is applied to 
the upper joints, and the other half to the lower ones (in accordance with § 12X 
— 6000 kilos, most be added to the stress in all the verticals of Fig. 329, and the 
stresses in these verticals, firom the centre outwards, will become : 

lOAAft / - 17000 ( — 10000 , oonnA 
- 12000, I ^ 9000' t + 18000* + ^<'^- 

In Fig. 330, however, + 6000 kilos, must be added to the stresses in the 
verticals, thus : 

-22000, -42000, -48670, -43000. 



When — = 4, it appears that x, = oo (equation 2), and when - >^ 4, 
y p 



IS 



negative, and A, >- A, . In this case, therefore, it will be necessary to make A, 
as well as h^ equal to A, and the four central bays will be rectangular. If, for 
instance, p = 1000 kilos., m = 5000 kilos., and x = A = 2 metres (as in the girder 
calculated in§ 6X it will be found that or, = 6-4 metres, and A, = 1*615 metre. 
Fig. 331 therefore represents the form of the girder and Fig. 332 gives the stresses 
in it, those in the four central bays coinciding with those given in Fig. 61. 



Fio. 331. 




~-4«000 




+ 36000 



Lastly, if m >- 20/7, x, is negative (equation 3), and A, >- n^' -^^ it cannot 
be considered adviisablo to make tho depth cf the girder diminish towards the 
centre, in this case the above conditions cannot be fulfilled in any bay. 
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§ 39. — gibdbb having the maximum stress in its 

Diagonals equal. 

The problem discussed in § 88, namely, that the minimum 
stress in all the diagonals should be zero, is only a special case 
of the following : To determine the form of a girder in which 
the maximum stress in the diagonals is equal to some given 
quantity. 

Since by turning the girder upside down all the stresses 
change their sign — and consequently the maximum stress 
becomes the minimum, and vice versa — it is of no consequence 
whether the maximum or the minimum stresses be assumed 
equal to a given quantity. But as the minima stresses are 
usually negative, it is perhaps as well to make the assumption 
with regard to the maxima stresses. This will now be done, 
and it will be supposed that the girder is symmetrical, that 
there are eight bays, and that the maximum stress in the 
diagonals is equal to Y. 

Fig. SSa 
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The stress in the diagonal 
of the second bay will be a 
maximum when the girder is 
loaded, as shown in Fig. 333, 
and the equation of moments 
(Fig. 334) is 

Or by substituting for t/ its value : 



Fig. 334. 




y = (x + 2 \) sin a, 
= Y (a? + 2 A) sin o — D a? +/> (j; + A). 
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(This equation coold also have been arrived at by resolving 
Y into its horizontal and vertical components^ when the moment 
of the horizontal component wonld have vanished.) 

Now, 

I> = iP + (i + | + | + * + | + «)m = 8-5p + 2-625fii; 

therefore substituting and solving for o^, 



j> + 2T8m a 



X 2'5p + 2'625in — Tsma 



[1] 



Xi can be determined in the same manner from Fig. S35 (the 
five joints to the right of the section line being loaded) thus : 



= T («| + 3 A) sin cii — D| oTi + p { (a;, + A) + («, + 2 A) } 

Di = 3-5p+ 1-875 m. 

»i _ 8p4- SYsmoi 

A ~ l*5p + l-875m — Yflina, ' 

Fia. 835. 



0. 



[2] 




Fio. 836. 



^% 




And lastly, to find (k. (Fig. 336) (the four joints to the right of 
the section line being loaded) : 



= Y(Jr, + 4A)Bina,- 



D,a?, +p { («, + A) + (*, + 2 A) + (a?, + 8 A) } 
D, = 8*5p + l*25m. 

6p + 4YBma, - 

0-5p + l-25m-Y8ma,' ^^ 
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The form of the girder can be obtained from these three 
equations in the following manner. Some value being assumed 
for Zy sin a can be found from the equation 

z 

BOL a ^ 



[5] 



and then x is known from equation 1, whence Zi (Fig. 334) can 
be determined from the equation 

Z X + \ . I. J 

Xi can now be found from equation 2 by substituting 

Zi 

and therefore Z2 can be obtained from (Fig. 335) 

^t ^1 -|- 3 X 
«^""a?i + 2X* 

Likewise x^ can be obtained from equation 3 by substi- 
tuting 

V «r,« + X* 

and h can then be found from the following equation (Fig. 
336): 

A = fl±i^. [6] 

Ajs an example, snppoBe that in the girder of § 6 it was wished to dimmi>h 
the greatest compression in the diagonals^ thereby inoreasing the greatest tendon. 
For instance, let it be assumed that the mayimnm stress in every diagonal shoold 
be 8000 kilos., then in the above equations, m = 5000, p = 1000, and Y = 4- 8000. 
ABsnming that « = i (taking the length of a bay as unity), the following values 
are obtained by foUowing the steps indicated above ; sin a = 0*447, x = 0*677, 
«, = 0*798, sin «i = 0*625, x^ = 3*06, *, = 0*958, sin a, = 0*693, ar, = 23*28, 
h =z 0*996. The form of the girder obtained is shown in Fig. 837, and the stresses 
in the various bars are given in Fig. 338. 

As another example, let Y = 0, the above equations then give the form of a 
girder the diagonals of which are always in compression, and if at the same time 



ml 


it wiU be found that 






P 2 










X 16 


X, 16 


«, 16 




x"61' 


X ""13' 


X=¥' 


and 










«, 138 


z^ 55 


h 28 




« " 77 ' 


jf, ""42' 


IT, "25 
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By multiplying those three last equations together, 

A_28 55 13892 
i"25"42* 77 ""35' 

From this equation x; can be found as soon as some value is given to A. If, for 
instance, A = 1 : 

85 138 35 15 _ 25 

* = ^' ''=77"*92 = 22^ '''28 <^- 339.) 

Fig. 337. 




%^-^ 



+46970 



Fig. 339. 



+48870 




In the girders shown in Fig. 327 and Fig. 339 the diagonals are always in 
compression. If these girders were reversed the diagonals would always be in 
tension. It appears, therefore, that there are two solutions to the problem of 
§ 38, and that the form of the girder obtained (depends on the direction in 
which the diagonals are inclined. If the direction be that shown in Fig. 327, 
the conditions can only be complied with, it was seen, to a certain extent when 

the ratio - lies between - and 20, and not at all when -> 20. But with the diroo- 
1> 3 p 

tion of the diagonals chosen in this § a girder can always be designed meeting 
the imposed conditions. Even in the extreme case, when — = co or p = 0, the 
abovo equations givo 'resulta that can bo practically applied. Thou x, , Xj , x,, 
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all become zero, and the tnus takes the triangular fonn shown in Fig. 340. 
If^ on the contrazy, ^ = oo or m = 0» the limiting form is the parabolic girder. 



m 



It is obvious that it makes no difference whether the ordinates be plotted above 
or below the horizontal throagh the abutments, or whether a part be placed 

Fig. 840. 




—78710 



Fig. 841. 




. Fig. 342. 




Fig. 843. 



i-565T0 



-71710 



Fig. 344.. 



-85140 



-S«.')70 



::iwoo 




+U5I0 



-56570 




xs^^ 



above and the remainder below. The diagonals in the girder thus obtained will 
always be in compression, and if it be reversed the diagonals will always be in 
tension. 
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Again, let T = O.p = 1000 IdloB^ m = 5(K>0 kiloBn and A =r x = 1^ then by 
solving equations 1 to 6 the girder given in Fig. 341 is obtained, and of which 
Fig. 342 IB a variation. By comparing this girder with that of Fig. 388, in which 
the maxima stresses in the diagonals are equal, with the Sohwedler's girder of 
Fig. 332, and with the parabolic girder of Fig. 39, the influence the form of the 
girder has on the stresses wiU become apparent. 

The stresses in the girder of Fig. 341 are given in Fig. 343, and by multiplying 
these stresses by » 1, those for the girder of Fig. 344 are obtained, in which the 
diagonals are always in tension. In either case it is assumed that both the 
moving and pennanent loads are applied to the joints situated in the horizontal 
boom. If half the permanent load is concentrated on the upper joints and the 
remainder on the lower joints, » 500 must be added to the stresses in the verticals 
of Fig. 343 and + 500 to those of Fig. 344. 



If in Fig. 333 the loads were applied to the upper extremity of the verticals 
instead of to the lower, the values of Y sin a and T sin a| , which appear in equa- 
tions 1 and 2, taken negatively, would each be the stress in the vertical to the right 
of the corresponding diagonal. The above equations can therefore be employed 
to determine the form of a girder in which the greatest compression in the ver- 
ticals is equal to some given quantity, by making the vertically resolved part of 
T equal to this quantity. 



§ 40. — Girder in which the Stresses in the Bow 
ARE the same throughout. (Pauli's Girder.) 

In the symmetrical parabolic girder of Fig. 34 the stresses 
in the bow increase from the centre towards the ends ; but in 
the girder of Fig. 70, with parallel booms, the stresses in the 
booms, on the contrary, diminished from the centre towards 
the ends. It is evident, therefore, that some intermediate form 
must exist, in which the stresses in the bow are equal through- 
out. It has been seen that the stresses in the booms are 
greatest when the girder is fully loaded; the moving load 
need not, therefore, be separated from the permanent load. 
Let Q be the total load on each loaded joint (Fig. 345), then 
the girder having eight bays, the reaction at each abutment 

will be = "^ = 3-5 Q. 

The stress in the bow in any one of thq bays situated to the 
left of the centre can be found from the equation of moments, 
formed with reference to the part of the girder to the left of a 
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vertical section cutting through the bay in question^ the inter- 
section of the diagonal and the top boom being the turning- 
point 

Thus, from Fig. 845, are obtained the following equations 
to find the stresses Zi, Za, Z39 and Z4 : 



Zaf>. 

Z4f>4 



Dx 
D2x 
D8x 
D4X 



Qx 

Q(2x + x) 
Q(dx + 2x + x). 




Let Ml ... M4 be the sum of the moments on the right-hand side 
of these equations, then, after substituting for D, 

M,=8*5QX, M, = 6QX, M, = 7'5QX, M4 = 8Qx. 

Now, according to the conditions, the stresses Zi . . . Z4 must be 
equal, say, to Z : hence 

Zpi = Mi, Zp, = M„ Zp, = M„ Zp, = M,. 

Suppose, for instance, that X = 1 and Q = GOOO kilos., then M, = 21000, 
M, = 36000, M, = 45000, M4 = 48000. If, therefore, the stress Z is to be equal 
to 86000 kilos, throughout the bow. 



f>i = 



21000 



86000 12 



= TK» P9 = 



36000 
86000 



= 1, p, = 



45000 
36000 



5 
4' 



P« = 



48000 
36000 



4 
3 



To find the form of the girder by construction, describe 
circles with radii pi ... ^4 from the corresponding turning-points 
as centres, and draw the lower boom in each bay a tangent to its 
circle. Starting from the abutment A, Fig. 346 is thus obtained, 
and the depths Ai . . . A4 can be then found by measurement. 
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The form of the girder can also be obtained by calcniation, 
instead of by constraction, in the following manner: — ^From 
Fig. 345 two expressions can be obtained for cos oi, cos o^, 
cososy and cos a^, and ^i . . • A4 can be found by equating these 
expressions. Thus, in the first bay. 



or, 




[1] 



PO 



M 

and hi can be obtained from this equation, for pi = y^ is 

known* 

* 

For the second bay, 



P«- 



*« V x« + (A, - h,y 



= 006 0,; 



[2] 



solving this quadratic equation : 



Fio. 846. 




In a similar manner the following equations are obtained 
for the third and fourth bays : 



^»- 



*» VX« + (A,-A,)» 



= 006 0,. 



[8] 



^i;=^-{-^V(s)■*s)'-■^ '^■^ 






= 008 Of. 



w 



|-x4>,{-|V(r>©'-*)- '"■' 
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If the valne chosen for Z were such that the lever-arm 
pi = -~ = -=- became equal to X, then, from equation L, it 

appears that -^ = ^- Therefore the conditions can no longer 

M 
be complied with when ^ > X, or Z ^ D. 

In the preyionB numerioal example — ^ = D = 21000, if then Q remams equal 

to 6000 kiloB., it would be impoesible so to conBtnict the girder that stress in the 
bow should everywhere be equal or less than 21000 kilos. 

M 

If Z has such a value that the lever-arm p, = ^ becomes 

equal to \, equation II. takes the indeterminate form -^ = oo x 0. 

In such a case, h^ must be found from equation % which, 
when \ is substituted for pa, takes the form, 



*• V x« + (A, - A,)« 
and solving for Aa 



or, 









This case oocnrred in the preoeding nnmerical example (Fig. 346), for Z was 

M ML 

takenat 36000 kilos., and it was found that-' = 36000, therefore p, = ^ = a = 1. 

Hence, finding the value of A, from equation I., viz. Aj = 0*7182, and snhsti- 
tnting in equation TTa., 

then, from equation III., A, = 1*2811; and finaUy A^ = 1*3364 &om equation IV. 

The same course would have to be pursued if, in any other 
bay, the lever-arm of Z became equal to \. 

For instance, if Z = 48000 kilos., and the other data remain the same as in the 
previous example, namely, x = 1 and Q = 6000 kilos, (so that the moments are the 

S 
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same, tIz. Hj = 21000, M, = 86000, M, = 45000, H^ = 48000), the Talaes ob- 
tained for the lever-Anns are: (see Fig. 347) 



21 7 
^» ==48 = 16* 



36 3 



45 15 48 , 

^• = 48 = 16' ^* = 48 = ^- 



Then, from equations I., n., III., 



Aj = 0«4866, *, = 0-7823, A, = 0-951. 



A* 



Bat equation lY. takes the indeterminate fonn, -^ = oo x 0; h^ must therefore be 
calonlated from the equation : 



Fro. 847. 




If the leyer-arms pi.../>4 are halved, the stress Z is 
doubled; but if at the same time Q is halved^ Z does not 
alter. For instance, the dimensions of the girder given in Fig. 
348 would apply when Q = 6000 kilos, and Z = 96000 kilos., or 
when Q = 3000 kilos, and Z = 48000 kilos., and generally 
in all cases when Z = 16 Q. 



Fig. 848. 




If the girder be reversed, the new stresses can be found by 
multiplying the old ones by - 1. By reversing, therefore, 
Fig. 348, the girder shown in Fig. 349 is obtained, in which the 
tension in the bow is everywhere the same, and is = + 48000 
kilos, if Q = 3000 kilos. 

The stresses given in Figs. 349 and 350 have been cal- 
culated on the supposition that the total load on each 
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loaded joint is 3000 kilos, (composed of a permanent load 

m 

. = X1108.. ana oi a movm? inaa. 



p _10^ kilos., and of a mo^g load, ^ =^ kilos.). By 



imagining these two girders united to form Fig. 351, a girder 
is obtained in which the stress in the lower as well as in the 
upper bow is everywhere equal to 48,000 kilos. The ratio 
of the depth to span (1 : 8) and the loads (permanent load 
p = 1000 kilos., and moving load m = 5000 kilos.) are the same 
as those of the parabolic girder of § 6. The stresses in the 
horizontal booms in Fig. 351 destroy each other mutually; 
this boom is therefore omitted as being unnecessary. The 



FiQ. 849. 



-4M00 



—48000 



ii 



+46820 




-t468S0 



-40890 



—40880 



+47430 

FiQ. 350. 

-47480 



+47800 



-47800 




+48000 



Fig. 351. 

^48000 



-48000 



— 4B000 




+48000 



stresses in the verticals correspond to the assumption that the 
points of application of the permanent as well as of the moving 
load lie in the horizontal through the abutments. 

If the girder is to have crossed diagonals, and not two 
half-diagonals meeting each other at the centre of the verticals, 
the depths Ai, h^.^.h^ will have to be slightly altered; but as 

s 2 
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may be expected these alterations will be small, and, in fact. 
Fig. 351 is an approximate form. ' 

To find the accurate form, the first step is to obtain the 
dimensions of the girder shown in Fig. 352 (which will become 
the lower half of the required girder), when the stress in the 
bow is throughout equal to the given stress. 

The equations of moments are : 



fD 



ZP4 



Dx 

D(2X + u,) - Q {(X+ uj + «,} 

D(3X + ttO - Q {(2X + «4) + (X + t*4) + «4 } . 



[5] 
[6] 
P] 
[8] 



Fio. 852. 



r 



X-v» i Ui 



w Ui 




As there is no difference in Figs. 345 and 352 in the first 
bay, hi can be found from equation L, and by substituting for 
pi its value from equation 6. 



D 



X VZ«-D« 



ITO 



To determine t^ and /Da, the following equations are obtained 
from Fig. 853 : 

-^= -5l- = ton «., 
fiJili! = VH^ = tan *.. 

tt, X 



Solving the first equation for i«a, 



«i = 



xA^. 



[9] 
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and finding g^ from the second by substituting for u^, 



*t = 



2 A, A, 
Ai + A, 



Consequently^ 



p, = «,ooe«, = 



2 A, A, 000 c, 

"TTaT" 



[10] 



Fig. 353. 



A-Mi 




Substituting these values of U2 and p^ in equation 6, and 
solving for — , 



A, (2D-Q)At 

X "'2ZAi008«, - DX 



[VI.] 



From this equation Aa can be found when hi has been calcu- 
lated from equation Y., and the angle e^ is known. But 



006 e, = 



V xs + (yi, - h,f 



[11] 



so that cos €2 depends on Aj. Now cos €2 is less than unity 
and greater than cos €1, therefore an approximation to Aj can 
be found by assuming for cos €2 some value between these 
limits (or one of the limits may be first assumed, say the limit 1). 
The value thus found for &a, substituted in equation 11, will 
give a nearer approximation to cos €2, from which a more 
accurate value of A2 can be obtained, and so on until the 
required degree of accuracy has been arrived at. 



262 



BBIDGES AND BOOFS. 



For the third bay, equations similar to 9, 10, 11 are obtained 
— ^namely, 

[12] 






_ 2 A, A, coe e. 



COS€g = 



Vx« + (A,-^)« 



[13] 
[14] 



By substituting these values of % and pa in equation 7, and 
solving for 






3(D-Q)A, 



X 2ZA,ooB€, -(2D-Q)X 



[vn.] 



Similarly, for the fourth bay, 



«4 = 



XA, 



P4 = 



C0flC4 = 



A, + A, 

2 A, A^ coe €4 

A, + A4 

X 

Vx« + (A4-aJ 



[15] 
[16] 
[17] 



and combining equations 15 and 16 with equation 8 : 



(4D-6Q)A, 



X 2ZA,oo8 64 -3(D-Q)X 



[vm.] 



Again, assuming that X = 1 and Z = 16 Q, as in the former numerical ex- 
ample (Fig. 848), the Talne of A|, obtained from equation V., is 0*2242, as 
before. Putting this value of Aj in equation YI., and assuming cob c, = ^1 ^ i^ 
found to be 0*3661 as a first approximation. Equation 11 then gives 0*99 as a 

Fia. 354. 




nearer value for cos c,, which, substituted in equation YI., gives A, = 0*3784.^ 
A repetition of the same operation gives cos e, = 0*9889, and A, = 0*3742 as 
a third approximation. In a similar manner, from equations Til. and 14, 
A, = 0*4745, and from equations VIII. and 17, A^ = 0*4942. (See Fig. 354.) 
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The stresses given in Figs. 355 and 356 have been cal- 
culated on the supposition that the total load on a loaded 

joint 'is 3000 kilos, consisting of a permanent load, -^ = ^ 

kilos., and of a moving load, — = —75— kilos. (A comparison is 
thus obtained with the girders of Figs. 349 and 350.) 



-48000 



Fig. 355. 

-48000 



-48000 




—46850 



Fia. 356. 



—48100 



-47420 



—48560 




+48000 



4:48000 



The combination of these two girders gives the girder shown 
in Fig. 357, in which the loading (permanent load ^= 1000 kilos., 
and moving load m = 5000 kilos.) and the ratio of depth to span 
(0 ' 9884 : 8) are the same as those of the parabolic girder of § 6. 



( 264 ) 



TWELFTH CHAPTER. 
§ 41. — ^Determination op the Cboss-Seotionaii Abbas 

OF THE BaBS in A StBUCTUBE. 

Each bar of a stmcture can be regarded as a bundle of 
rods firmly bonnd together, each rod having a cross-section equal 
to the unit of area. To obtain^ (hereforey {he number of umis 
of area which the eross-ieetion of any bar of a dructv/re must 
contain^ it is only necessary to divide the stress in the bar by what 
is considered to be the safe stress on a vm>it of area. 

So long as the stress is within the limits of elasticity, it can 
be considered safe. For instance, a wrought-iron rod whose 
cross-section has an area of 1 square millimetre can, on an 
ayerage, have a stress of 15 kilos, applied to it without the 
limit of elasticity being exceeded ; but any increase in the stress 
would produce a set. Fifteen kilos, per square millimetre can 
be, therefore, considered as the limit of safety ; but in practice 
it is usual to allow only 6 or 8 kilos.* per square millimetre for 
wrought iron, and it & only in special cases, where the risk 
-may be run, that the limit should be approached nearer. 

Thus, to obtain the area of the cross-sections in square 
millimetres of the various parts of the structures considered 
in the preceding chapters (supposing them to be made of 
wrought iron), the calculated stresses in kilos, should be divided 
by 6. 

For instance, the cross-sectional areas in square millimetres 
required for the braced girder of Fig. 61 are as follows : — 

1. For the top boom : 

8500, 6000, 7500, 8000, 8000, 7500, 6000, 3500. 

2. For the bottom boom : 

0, 3500, 6000. 7500, 7500, 6000, 8500, 0. 
* This is equivalent to 3' 8 and 5*1 tons per sq. inoh. — Trams. 
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3. For the verticals : 

4000, 8500, 2604, 1818, 1125, 1818. 2604, 8500, 4000. 

4. For the diagonals : 

4950, 8688, 2567, 1592, 1592, 2567, 3683, 4950. 

6. For the counter-braces : * 

88, 767, 767, 88. 

It mnsty however, be carefully remembered that the resist- 
ance to compression cannot always be taken as equal to the 
resistance to tension; on the contrary, in many cases the 
resistance to compression is far less» when, in fact, the bar is a 
long column and is liable to fail by buckling. This point will 
be considered more fully in the sequel. (See ^' Besistance of 
Long Columns to Buckling.") 

Further, it must be observed that these sectional areas are 
those due to the stresses in the main structure only ; secondary 
structures may, however, be fused into the main structure, 
altering the sections accordingly. 

The stresses obtained in the preceding chapters were calcu- 
lated under the following assumptions : — 1. That, except the 
reactions at the abutments, all the exterior forces acting, on 
the structure are vertical forces. 2. That the joints are the 
only points of application of those forces. 

To comply with these assumptions, it is generally necessary 
to add to the main structure intermediate bearers, which span 
the distance between the joints, and concentrate the load at the 
joints ; and also a system of bracing, to resist the pressure of 
the wind or any other horizontal force. 

Some of the bars of these secondary structures will run 
parallel, and close to some of the bars of the main structure. 
These parallel bars can either be left separate, or else, as it 
were, fused together. In the latter case, the stress, and there- 
from the cross-section of the resulting bar, can b^ found by 
forming the algebraical sum of the stresses in each of the com- 
ponent bars. 

* The second diagonal in the central bays is caUed a connter-biace. 
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§ 42. — BBAOINa BBQUIBED TO HESIOT THE PbESSUBE OF THE 

Wind akd Horizontal Yibbations. 

When a train passes oyer a bridge, horizontal forces are 
brought into play by the oscillation of the locomotive and of 
the carriages, and the pressure of the wind is also increased 
proportionately to the surface of the train exposed. To resist 
these forces, a system of horizontal bracing is introduced, pro- 
ducing in reality a horizontal girder, the booms of which are 
formed by those of the main girders. 

The stresses in this horizontal girder can be obtained in the 
manner explained in the Third Chapter; for the main girders 
being always parallel to each other, this horizontal girder will 
always have parallel booms. The distinction made between the 
permanent load (uniformly distributed) and the moying load (at 
times unequally distributed) will also have to be made in this 
case, for the train, in progressing along the bridge, adds con- 
tini^ally to the wind-pressure and to the horizontal oscillations. 

It is not far from the truth to assert that the proportion 
between the permanent and moviug load for the horizontal 
girder is the same as that for the main girder. Thus, if it 
happens that the width of the bridge is equal to the depth of 
the vertical girders, the stresses in the horizontal girder can at 
oDce be found, as explained in the Seventh Chapter. 

There is only one point of dissimilarity between the two 
girders : in the vertical girder the loads always act downwards, 
but in the case of the horizontal girder they act sometimes on 
one side and sometimes on the other. The latter must, there- 
fore, be constructed symmetrically with reference to the central 
line, and the stresses in the booms are to be marked with the 
sign ±, for each part of the boom will have alternately to 
resist tension and compression of equal magnitude. 

Further, if (as in Fig. 61) the diagonals are designed to 
resist tension only, counter-braces will have to be introduced 
in every biay, and not only in the four central bays, as in Fig. 
61. There is, in fact, no difiference in this case between a 
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brace and a counter-brace, for the bar that acts as a brace 
when the wind is blowing on one side of the bridge, will be a 
connter-brace when the wind is blowing in the opposite direc- 
tion. Therefore, also, the greatest stresses in the diagonals 
of any bay are eqnal. 

In Fig. 61 the line of railway is on a level with the upper 
boom ; it is, therefore, possible (to prevent lateral distortion) 
to brace the two vertical girders together. The lower booms 
can also be braced together to form a second horizontal girder ; 
and it can be assumed that by means of the transverse bracing 
the load on the two horizontal girders is equally distributed 
between them. 

In continuation of § 41, let it be required to find the sec- 
tional areas of the various bars in these two horizontal girders. 

The total vertical load on the bridge was assumed to be 
(see pp. 20 and 39) 

p 4- m = 6000 kiloB. per metre urn. 

Supposing that the load on the horizontal girders is 

Pj 4- m, = 857 kiloB. per metre mn, 

the requisite sections for these girders can be found (assuming 
that the breadth and height of the bridge are equal) by multi- 
plying those already obtained in § 41 by the ratio 

J?, + m, _ 857 _ 1 
p + m "" 6000 "" 7 ' 

remembering that the greatest sectional area obtained for any 
two symmetrical bars must alone be retained. Thus, for the 
left half of the girders the sectional areas, in square milli- 
metres, are: 

1. For the booms (either one side or the other): 

500, 857, 1071, 1143. 

2. For the cross-braces (corresponding to the verticals), 

571, 500, 372, 259, 161. 

3. For the diagonals (braces and co^^nter-braces) : 

707, 526, 867, 227. 
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The stresses in the bars forming the transverse bracing can 
be obtained by simply resolving the horizontal force, 857 
kilos./ acting on each joint along them (supposing them to be 
placed at each joint). Thns in Fig. 358, if these braces can 
only resist tension, the stress in them is (alternately) 

857 X V 2 = + 1210 kiloB. 

and the area of their cross-section will be 

1210 



6 



= 202 squaie miUimetres. 



Each vertical in the main girders receives an increase of 

857 kilos, compre scion, which should be added to the stresses 

already found, although this probably would not be done in 

practice. The sectional area already found for each vertical 

857 
should, therefore, in this case be increased by -^ = 143 square 

millimetres (Fig. 859). 



/J210 



Fig. 858. 



Fio. 859. 




The numbers given in Figs. 360 and 361 express in square 
millimetres the cross-sectional area of each bar of the girder, 
and they are arrived at by combining the results just obtained. 
These can be considered as the final sections, if the inter- 
mediate bearers between the joints are constructed separately. 

§ 43. — ^Intermediate Bearers. 

If the joints of the main structure are so far apart that 
they do not offer a sufficient number of points of support, it 

* The actual horizontal force on each top joint is 2 x 857 kilofl., according to 
the asBomptions, but one-half of this is resisted by the top horizontal girder, leav- 
ing only 857 kilos, to be communicated to the lower horizontal girder. — Tbakb. 
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becomes necessary (to fulfil the condition that the load on 
the main structure is concentrated at the joints) to introduce 
intermediate bearers that will span the distance between the 
joints, and transmit the load to them, and that will also furnish 
at the same time a sufficient number of points of support. 

These intermediate trusses bear the same relation to the 
loads upon them that the main girder does to its loads ; they 
can therefore be similarly constructed as a combination of bars. 

If the number of points of support offered by one set of 



Fig. 860. 
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iatermediate bearers be not sufficient, another set of a secondary 
order must be introduced. If even then the points of support 
are not near enough, a third order must be added, and so on 
until the required number of points of support is obtained. 
The triangles formed by the bracing of this last set may be so 
small that the material saved in the yoid spaces would not 
coyer the extra expense for workmanship, and it then would be 
better to use a plate-web instead of the bracing. 

When all these intermediate bearers are placed in their 
proper positions with reference to the main structure, it will 
be found that several of the bars run side by side. These 
bars mayi as it were, be fdsed together, and the stress in the 
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resulting bar will be the sum of the stresses in the bars of 
which it is composed. 

In several cases it is possible and advisable to design the 
intermediate girders or bearers geometrically similar to the 
main structure. If this be done> the stresses in the resulting 
structure, however complicated, can be found by splitting it 
up into its primary forms, and often the stresses are easier 
determined in this manner than by employing the method of 
moments, as will appear from the following example : — 

The truss of Fig. 362 can be considered as made up of 
the primary forms shown in Figs. 363, 364, 365, and 366. 
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Fio. 364. 




Pi 



Fia.865. 







Now Fig. 363 can be regarded as a parabolic girder, having 
only one loaded point. As already explained, the laws relating 
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to parabolic girders are independent of the number of loaded 
points. ' The equations of § 8, namely^ 

can therefore be used to find stresses in the bars Xo and Z^ by 
substituting i for x. Thus (Fig. 363) : 



NoWy since in this case the primary forms are geometrically 
similar, the ratio -y is constant for all, and the stresses corre- 

V 

spending to Zq and Xo in the intermediate bearers of the first, 
second, and third order can be obtained by dividing the values 
found above by 2, 4, and 8 respectively. 

Let the three systems of intermediate bearers be now 
framed into each other, and also into Fig. 363, so as to produce 
Fig. 362. The stresses in the different parts of the bars A C 
and B will then evidently be as follows : 



X, = X,(l + i + i) 

X, = X,(l + i + J + i); 

and the stress in the horizontal bar A B is : 

To find the stresses in the remaining bars, a similar process 
can be applied to Fig. 365, after Fig. 366 has been framed 
into it ; and again, to Fig. 364, after both the previous figures 
are combined with it. 

Let 2 ; = 32 metres,/=: 6 -4 metres, and 2j) ; » 32,000 kilos. ; 
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then Fig. 367 giyes the various stresses, omitting^ howeyer, the 
system of Fig. 366. These stresses have been calculated on 
the supposition that the points of loading lie in the horizontal 
A B^ but this only affects the stresses in the verticalB. 

It is easily seen that Fig. 368 is but a variation of the 
above. ^ 

Fig. 867- 
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In both these examples the position^ as well as the form, of 
the intermediate bearers corresponded to those of the main 
structure. Figs. 369, 370, 371, and 372, however, represent 
a case in which the form of the intermediate bearers is similar 
to that of the main structure, but in which the position is 
different. Apart from this difference in position, the stresses 
can be calculated as in the previous example. 



§ 43. — INTEBMEDIATE BEABERS. 



273 



Fig. 371 is the roof truss of § 4, and the stresses then 
obtained could haye been found as follows : — 

The data were 2 Z = 32 metres, the height of roof /= 6*4 
metres, and the total load 2jp Z = 32,000 kilos. The stresses 



Fio. 369. 




in the main triangle, Fig. 369, can be obtained as in the 
previous case (Fig. 363), and using the same symbols. 



Xo = 



Z.=|^ = l^!^ = 200001dlo8. 



- 21540 kilos. 
T 
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Fig. 373 represents one of the intermediate bearers of the first 
order, and the stresses given have been calculated by the method 
of moments. These stresses once determined, those in the 
intermediate bearers of the second order can be foond by dividing 
by two, those in the third order by dividing by four, and so on. 
Fig. 871 is obtained by combining the intermediate bearers of 



Pig. 878. 



4000 




40100 

+10000 

first and second order with the main triangle, and Fig. 372 is 
likewise formed by the addition of the bearers of third order. 
The stresses in each case can be found by adding together the 
stresses in the separate systems where the bars coincide. Thus 
in Fig. 71 the stresses in the two bars meeting at the abutments 
are 

20000 + 10000 + 5000 = + 35000 kUofl. 
- (21540 + 10770 + 5385) = - 87695 kilos. 

And the stresses in the same bars in Fig. 372 are 

20000+10000 + 5000+2500 = 37500 kilos. 
- (21540 + 10770 + 5885 + 2692'5) = - 40387-5 kilofl. 

The stresses already given in Fig. 19 can therefore be con- 
sidered as made up in the manner shown in Fig. 374. 

Another way of subdividing the distance between the joints 
of the main structure is shown in Fig. 378, and Figs. 376 and 
377 show the manner in which Fig. 378 is derived from 375. 

The load on this roof truss can be considered as due to a 
loaded horizontal beam, severed over each loaded joint, and 
supported at these points by vertical columns. It is easy to see 
that each joint receives half the load on the adjacent bays of the 
beam, and consequently the stresses produced in each inter- 
mediate bearer by its load can be calculated by the method of 
moments in the manner indicated with reference to Fig. 373. 
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Fig. 375. 




Fig. 376. 
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K» as in the former roofs, 2 Z = 32 metres, /= 6*4 metres, 
and 2jp Z = 32,000 kilo's., the stresses obtained are those given 
in Fig. 379. 

The roof truss of § 3 could also be calculated in a similar 
manner, and the stresses given in Fig. 14 can be considered as 
made up as shown in Fig. 380. 



■^^, 



Fig. 879. 
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Fig. 880. 
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In all the above structures the application of the intermediate 
trusses increased the stress in the coinciding bars of the main 
truss because the stresses to be added together were of the same 
sign, and for the same reason it was also unnecessary to dis- 
tinguish between the permanent and moving loads. It is, how- 
ever, advantageous, if possible, so to introduce the intermediate 
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bearers that the stress in the coinciding bars maybe of opposite 
sign, so that when fazed together the stresses may partially 
neutralize each other, thus effecting a saving of material. 

For instance, in a parabolic girder of 100 metres span (see 
§ 34) the secondary trusses could be best arranged as shown in 
Fig. 381, when the compression booms of the secondary trusses 
will coincide with the tension boom of the main girder. 

The tension in this latter is, with the numerical values, 
given in § 34. 

2/^ 2 X 12-5 ^ 

Fig. 381. 




The secondary trusses are small girders of 10 metres span ; 
they have to carry the whole of the moving load and about half 
of the permanent load. For example, let them be parabolic 

girders in which — — = ^ = - , then the compression in 



span 
their horizontal booms is 



2\ 



\2^V r2 + 2)5« 

h=: ^ 1^ i- = — ^ ^^ = - 25 tons, 

2/, 2x2 

Therefore when the bridge is fully loaded the tension in 
the main lower boom would be 

H + A = 600 - 25 = 575 tons, 

instead of 600 tons. 

The cross-section of the main booms could not, however, be 
diminished, for if only one bay were unloaded the stress in the 
part of the lower boom belonging to that bay would scarcely 
be reduced. But the whole of the material for the upper booms 
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of the secondary trusses is saved. Since the quantity of material 
in their curved booms is very little in excess of that required 
for the upper booms^the material in the whole of the secondary 
trusses will be to that in the main girder as the horizontal stress 
in the secondary trusses is to twice the horizontal stress in the 
main girder, or in the ratio, 

'25 1 

2x600 "48* 

If the main girder is reversed as in Fig. 382, the secondary 
trusses will also have to be reversed to obtain the same ad- 
vantage. 

FiQ. 882. 




It is hardly necessary to remark that the parabolic form 
has been chosen for the secondary girders only as an 
illustration, and that they could be constructed as lattice 
girders, or, if the void spaces between the bars become too 
small, as plate girders. In this latter case the secondary girders 
take the form of strengthening ribs to prevent the horizontal 
boom from bending, and it follows that the best position -for 
this rib is above the boom when the line of railway is on a 
level with the top boom, and below the boom when the line is 
level with the lower boom. 

In lattice girders with crossed diagonals an intermediate 
point of support can be obtained by maidng the intersection 
of the diagonals a point of loading, the load being conveyed to 
it by means of a vertical. (See Fig. 384.) 

By introducing triangular intermediate girders, the number 
of points of support can be increased exactly in a similar 
manner to that adopted for the roof trusses. Thus from the 
fundamental form of Fig. 383, the girders shown in Fig. 884, 
385, and 386 are derived. 

As to the manner of calculating the stresses in these girders. 
The stresses in Fig. 384 would first be found by the method of 
moments, and for the stresses in the booms the intersection 
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of the diagonals would be chosen as the turning-points. The 
stress in any diagonal can be found by remembering that 
the vertical component of the required stress is in this case half 
the vertical force at any section (in other words, half the shear- 
ing force). The stresses in Fig. 385 can then be obtained by 
following the method already explained for roof trusses. 

Pig. 388. 




Fig. 884. 




Fig. 385. 




Fig. 386. 




It must be observed that it makes a difference in the cal- 
culated stresses whether the girder of Fig. 385 be considered 
to have seventeen loaded joints (which it really has) or only 
the nine belonging to the main structure (Fig. 884). (In the last 
case the weight of the intermediate trusses is supposed to be 
transmitted to the joints of the main girder.) 

Evidently the assumption that^ as the moving load proceeds, 
one joint is fuUy loaded before the next receives any load at all, 
is, as pointed out at the end of § 12, not strictly true, but it is 
also evident that the greater the number of loaded joints — ^that 
is, the nearer they are to each other — ^the less will be the result- 
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ing error. It follows that the stresses given in Fig. 887 
obtained under the supposition that the girder has only nine 
loaded joints, will differ slightly from those that would be ob- 
tained if it were considered to have seventeen loaded joints, the 
latter being the more accurate values. It will also be observed, 
when it is assumed that there are niae loaded joints and the 
moving load has arrived over the centre of one of the inter- 
mediate girders, that the next following joint of the main girder 
has already received a part of its load, for it acts as a point of 
support to the intermediate girder ; and when the moving load 
has arrived at the end of one of the intermediate girders, the 
joint of the main girder at this point has not yet received its full 
load, for it acts as a point of support to the next intermediate 
girder which is as yet unloaded. 

For the sake of comparison, the dimensions, &c., in Figs. 387 
and 388 are the same as those of the girder calculated in § 10, 
namely, depth = 2 metres, span = 16 metres, total load on the 
girder = 48,000 kilos, (consisting of, permanent load = 8000 
kilos., moving load = 40,000 kilos.). 

The stresses calculated from theise data for the girders of 
Figs. 384 and 385 are given in Figs. 387 and 388. 



PiQ. 387. 
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FiQ. 888. 
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By comparing these two girders with those of § 14, it will 
be seen that the number of points of support in -a simple 
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girder such as that shown in Fig. 888 can be increased in two 
different ways, viz. either by increasing the number of triangula- 
tions or else by introducing intermediate trusses as explained 
above. 

The first method would evidently be the best if the sectional 
area required to resist compression were always proportional to 
the stress; for then it would be possible to increase the 
number of points of support indefinitely without adding to the 
quantity of material^ whereas in the second method every new 
diagonal and vertical requires extra material. But this advan- 
tage is only apparent, because with multiple latticing the 
compression braces become very thin and are therefore liable to 
bend or buckle, and hence require much larger cross-sections in 
proportion. 

The advantages and disadvantages of each system must 
however be considered specially in each case, for this is a point 
which cannot be decided generally. 

Note. — In praotioe it is usual to rivet the braces together where they inter- 
sect. This, in one respect* is not right, for the braces are thereby impeded from 
acting independently, but the great advantage is obtained that tiie tendency to 
buckle of the compression braces is greatly reduced, and the objection to multiple 
lattice girders, mentioned above, is avoided. 
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THIRTEENTH CHAPTER. 

§ 44. — On the Deflection of Loaded Stbuctubes. 

It has been found by experiment that the amount of alteration 
in the length of a bar is proportional to the stress, so long as 
the stress is Tvithin the limits of elasticity, and this whether 
the stress be compression or tension. 

Thus if 8 is the alteration of length in one unit of length 
due to a stress S per unit of area, 

or 

» = |; p.] 

where E is a constant quantity. 

£ is called the modidiLS of dasbicUy^ and from equation I. 

it is evident that ^ is the elongation or shortening in one unit 

of length produced by the unit stress per unit of area. Another 
definition of E can be deduced from equation I., namely, that it 
is the stress per unit of area that will lengthen a bar to double 
its original length. 

Its value for wrought iron is about 20,000 when expressed 
in millimetres and kilogrammes (equivalent to 28,450,000 when 
the English inch and the lb. avoirdupois are the units). Thus 
every millimetre of the length of a T^rought-iron rod, whatever 
be the section, increases its length by aoioo millimetre when a 
tension of 1 kilo, per square millimetre is applied to it. If, 
however, the rod were subject to a tension of 6 kilos, per square 
millimetre, each millimetre would increase its length by soooo or 
37V7 millimetre. 

The actual increase of length is obtained by multiplying 
the original length I by S, thus : 

A = /a. PL] 
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A wrought-iion rod, therefore, of 10 metres length, subject to 
a tension of 6 kilos, per square millimetre, increases its length by 

A = 10000 X rutvjs = 3 miUimeires. 

Negative stress or compression produces negative elongation 
or shortening in the same proportion as above ; therefore equa- 
tions L and 11. can be used for compression as well as for tension. 

If the stresses in a loaded structure are known, it is a purely 
geometrical problem to find the change of form and the con- 
sequent deflection ; for the structure can be imagined taken to 
pieces and then remade, using the altered lengths of the 
several bars. 

A few examples will now be given to show how the applica- 
tion of the above laws can be transformed into a geometrical 
problem. It is also of use to know the deflection of various 
simple structures under a known load, for this will enable the 
proportion to be found in which the load on a complex structure 
subdivides itself between its component simple structures 
whence the stresses in these latter can be deduced. 

It will be assumed that in all cases the cross-section of any 
bar is proportional to the stress in it, so that the elongation or 
shortening of each part of the structure will be B for each unit 
of length. 

Thus in Fig. 389, owing to the shortening a S of the two .bars 
AC and CB due to a load at C, the point G is lowered to Ci. 

FiQ. 389. 




The position of Gi can be found by describing arcs from A and B 
with radii equal to a-aB. If EC = aS, EGi can be drawn at 
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right angles to A G without appreciable error, because a S is 
small, and the same is true for the other side. 
The triangles G E Oi and G D A being similar, 



CC| _ g| 
OE ~aa 



a 
A' 



or 



«i = 



a* 



m 



When the abutments are relieved from thrust by means of 
a tie rod A 6, the point G is further lowered by an amount Ss 
due to the increase of length Z 8 of AD. Suppose that at first 
A G and B G do not alter their length, then the position of Ga 
can be found by describing arcs from Ai and Bi with radii a 
(Fig. 390). 

Pio. 390. 




From the similarity of the triangles G F G2 and G D A, 

CF I9~h'' 



or 



5, _«^. 



[2J 



' Tiie total depression of the point G is therefore 



= *! + ». = « (V-)- 



[3] 



If the load, instead of beiug applied at G, is hung at D (Fig. 
891) and transmitted to G by means of the tension rod G D, the 
point D will be lowered by an amount s', which is the sum 
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of the depression of the point C and of the increase in length 
cr of the C D, thus 

a' = «i + 5,+ <r = a y J j " ^ ' A • ^ -^ 

The above equations are also true for the reversed position 
of the structure. 

Fio. 391. 




In a similar manner the depressions of the points C and D 
in Fig. 892 can be determined by first finding the part due to 
the shortening of A C and D B : 



«. = 8-, 



Fig. 892. 




and then that due to the shortening of C D (Fig. 393) 



he 



The total depression is therefore 

» = «i + »« = a ( — J— ^ . 



rs] 
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When the points A and B are connected together by a 
tension rod (Fig. 894) a farther depression of 

^i = » — jt— 

is prodnced, and in this case C and D will be depressed by an 
amount 

ra* + 6c + (6 + c)o\ 



• = «! + «t + <^i = ^ (■ 



lei 



Fig. 898. 




.^ #ff "^ ' 




Fig. 894. 





Fig. 895. 




Lastly, when the loads are hung at £ and F, Fig. 396, 
these points are lowered by an amount equal to a^, due to the 
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lengthening of the tie rods» added to the depression of the 
point C or D found above. But a-2 = h8. Consequently 



5 = 9} + 5, + 0*1 + ^a = T [a* + &o + (& + c) + A*] 

= 2?(a« + 6o> 



[7] 



This method of inyesiigation can be extended to the case 
when there are three or more points of loading. 



§ 45. — ^Deflection of Pababolig Arches and 

Girders. 

The e£fect of the load on the inverted parabolic chain in 
Fig. 396 is to shorten the length of arc, and thus reduce its 
height from/ to /i. The deflection Si at the crown can therefore 
be found from the equation (Fig. 896) 

»i=/-/i. [8] 

Fig. 396. 






I 







When the ratio ^ of the height of the are to the span is 

small, it can be shown that the length of the arc of the original 
parabola is given by the equation 

S = 2/(l + ff');» 



* The equation to the parabola 10 



Difierentiatiiig with respect to Xj 



y «* 



dx ''I* 



[But 
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ConsequenUy the length of arc of the compressed parabola 
is 

or substitutiDg for S its value 
and solTing this equation for/i , 



The error entailed by leaving ont the expression -g- ( 1 +1 72) 

and those that follow it is smaU, and hence, although -z is as- 

/ 
snmed large, 

approximately. 

Substituting this value of /i in equation 8, 



., = ¥(■**?) = »"('*»?)■ m 



But the differential of the arc S is given hy 






or approximately, ^f-,^ email. 



d&:=dx^l + ^A 



Integrating between the limits — / and + ^ 



s=J(i+¥*0^*=^K^+*S) 
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For example, let / = 20,000 milUmetrea, / =r 5000 millimetreB, 9 c= ^,^1^ , then 
9i = 18 (1 + ^) = 18*75 millimetreB, and this is the amount the orown of the 
parabolic aroh of § 22 sinks when the load produces a oompression of 6 kilos, per 
square millimetre in the bow. 

Evidently. equation 9 is applicable to a snspension bridge, 
and in this case S will be the increase of length per unit of 
l^igth. 

If the points A and B are connected together by a tie» the 
crown will sink by a farther amount 8^ due to the extension 
of this tie. The structure then becomes a girder^ since the re- 
actions at the abutments are vertical. 

Fio. 397. 



Sa can evidently be found by assuming that the tie alone 
extends by an amount 2ZS, and that the length of the bow 
remains unchanged. Therefore equating the length of arc of 
the original parabola to that of a parabola having a height of 
arc/2 and a span 21(1 + S), 

and solving this equation approximately for/^, 

/.=/[i+|(i-iJ)]. 

The depression of the crown due to the extension of the tie 
is therefore 

The total depression of the crown when the bow is com- 
pressed will evidently be 

u 
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If the load is communicated from the lower boom to the 
upper boom by means of vertical rods, the extension of these 
rods will lower the centre of the tie by a further amount S/. 

But since the above results were obtained on the supposition 

that the ratio j- was small, Sf can be neglected in comparison 

to 8, more especially as in actual girders the greatest tension in 
the verticals occurs with a partial load. 

Equation 11 is also true for a parabolic girder having the 
bow underneath. 

Example. — In the paraboUo girder oalonlated in § 6, the span was 16 metres, 
and the height of arc 2 metres ; let 8 = ^utuir i ^^'^ ^^ deflection at the crown is 

f s - • • = 14*4 miilimetresL 

2 20000 2000 iu***xmci.reo. 



§ 46. — ^Deflsgtioh op Braced Girdebs with 

Parallel Booms. 

In girders with parallel booms the deflection a (in the 
centre) is composed of two parts, one entirely due to the booms 
and the other to the braces. 

To find the first part, ^i, the centre line of the girder can 
be considered as bent into the arc of a circle of radius p (Fig. 
398). Since 8i is small, the length of arc differs but by a very 
small quantity from the chord; the length of the chord is 
therefore 2 I, and the equation to the circle is 

but 8i^ is small in comparison to 2 p 8i. Hence, 

.. = ^- [12] 

Further, the lengths of arc of the outer circle (formed by 
the lower boom) and the centre circle are as their radii, or 

^^2^ 2/(l+g) . 
p " 21 * 
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whence 



, = 2-. 

r Oft 



28 



[13] 



Substituting this value of p in equation \% 

1*9 



». = 



[14] 



The deflection ^2, due to the braces alone, can be obtained by 
considering that the booms remain unaltered, and then finding 

Fio. 39S. 




the change of form produced in each of the right-angled tri- 
angles formed by a vertical, a diagonal, and a horizontal bar, 
by the lengthening of the diagonal and the shortening of the 
vertical (Fig. 899). 

Fio. 399. 




The point C of the triangle A B C is lowered by an amount <r 
in consequence of this change of form ; and a can be considered 
as composed of two parts. The first, €, is due to the lengthen- 
ing of the diagonal, and the second, \, to the shortening of the 
vertical. The extension of the diagonal is c 8, and € can there- 
fore be obtained from the equation (Fig. 400) 



c8 



c 

7 



u 2 
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The shortening of the vertical is \, and evidently 



Hence, 



or, since c^ = /* + a\ 



Fig. iOO. 




If 9» is the nmnber of bays between 
the abutments and the centre, the de- 
flection ^ will be n times <r. Hence 



'V\\^^ or, since n a = 2, 






•. = '»{(h + 2). [15] 



[16] 



By adding together the valnes of Bi and' 82 (from eqoations 
14 and 16), the total deflection at the centre of the girder 
shown in Fig. 399 is found to be 

If the bays are square, 

^=1 and » = /«(^+3); 

and if at the same time there are eight bays, 

- = 4 and « = 7 / 8 . 
/ 

Example, — The deflection at the centre of the girder calculated in § 10 can 
be found by means of this formula. The span is 16 metres, and assuming thai 
* = ¥o*inj millimetres, 

s = 7 X 8000 X TTs^ - 16*8 millimetres. 

If the braces were constructed much stronger than neces- 
sary, the alteration in their length, and consequently the 
deflection due to them, might be neglected. The deflection s 
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(equation 14), dne to the booms alone, would then be the deflec- 
tion at the centre of the girder, assuming that the deflection 
curve is the arc of a circle. These conditions are approximately 
fulfilled in a plate-web girder ; the deflection of such a girder 
can therefore be found approximately from equation 14. This 
equation also eontains the general law of the deflection of a 
beam of equal depth and symmetrical cross-section throughout ; 
for the deflection at the centre can never be greater than when 
the bending or curvature at every point is a maximum — that is 
when the deflection curve is a circle. This is actually the case 
in a beam of uniform strength; that is, when the form of the 
beam is so proportioned to the load that the greatest stress in 
every cross-section is constant. 
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FOXJETEENTH CHAPTER 

§ 47. — ^Theory of Composite Stbuctuees. 

The two following questions can be answered by means of 
the equations obtained in the preceding chapter, or by means of 
others similar to them : — 

1. In a structure composed of two distinct systems con- 
nected together, what strength and stiffness should each system 
have in order that they may work efoefnHy together ? 

2. What is the proportion of the total load carried by each 
system? 

Ajs the common points of loading of the two simple systems 
gradually sink owing to the increase of the load, the stresses 
in each will augment, and alterations in the lengths of the 
various bars, &c, will take place. So soon, however, as the 
limit of elasticity in one of the systems is reached, the load 
could not wfdy be increased, however remote the stresses in 
the other system may be from their limit of elasticity. This 
second system might therefore be made of weaker and less 
elastic material without diminishing the mfe resistance of the 
whole- structure, or, better still, the quantity of material in 
it might be reduced, so that in both systems the limit of elas- 
ticity would be reached at the same time. All the material 
thus saved is not only unnecessary to the structure, but is 
positively harmful, in that it adds to the dead load. Such 
combined structures should therefore, if possible, be so designed 
that the simple systems composing them are eqtuHly stiff. 

The proportion of the load carried by each system can, 
however, be found, whether this condition be complied with or 
not, by equating the deflection of each system at the points 
where they are connected together, and these are also the 
points where the loads are transmitted from one system to the 
other. 
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An equation is thus obtained, giving -1, the ratio of the 

alterations of length per unit of length ; and from this it is 
easy to obtain the ratio ^, giving the proportion of the 

load carried by each system. 

It appears from the previous investigations, that the general 
equation giving the deflection of a loaded point can be written 

where A is a constant, depending on the form and dimensions 
of the structure (the value of this constant can be obtained for 
the various cases considered in the last chapter, from equations 
1 to 16). The deflection of each simple system at some point 
where they are connected together will therefore be Ai Si and 
A2 S2 respectively. Hence, 



or 






A. 



[m.] 



Now the loads producing the alteration in length 81 and S^ 
per unit of length in each of the simple systems respectively 
can be found by the methods already explained ; and since 
the total load on the structure is known, the part carried by 
each system can easily be found. 
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For example, let two simple systems, one like Fig. 389 and 
the other like Fig. 398, be combined together as shown in 
Fig. 401. If both systems are made of the same material, 
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» 

the condition that they may reach the elastic limit together 
can be found by putting S^ = 83. Hence, from equation m^ 

Aj = A«, 

or from equations 1 and 14, 

a« _ /« • 



whence 



i-i- p^ 



[The value thus' found for -L may be termed ^ the econo* 

h 

mical ratio of the depths " (with regard only to the quantity 

of material, not necessarily as regards the cost).] 

If the elastic L'mit is not reached simultaneously, or if each 

system is made of a different material, it appears from 

equation III. that 

/^ 

.! — - _1_ or — = i— . nSI 

« h 

The economical ratio of the depths can be found in this case by 
putting for Si and 82 their values at the limit of elasticity, for 
the material of which the corresponding system is made. 

From equation 18 the ratio ^ can be found, as follows : 

Q2 
Let the load Qi acting on the simple system formed by the 

rods A E and B E, produce a stress Si per unit of area in' each 

of the rods, and let Fi be the sectional area of each rod ; then 

therefore, the shortening per unit of length in these two rods 
is 

« — ?i — Q» ^ rioT 

'"B|"'2P,ABi * •• ■" 

Again, if Fa is the sectional area of either of the booms of 
the girder C D at the point E, the stress S2 per unit of area 
produced by the load Qa is 

^ Q,' 



§ 47. — THEORY OF OOMFOSITB BTRUOTURBS. 



397 



and the consequent alteration of length per unit of length in 
this girder is 



^S. ^ Q,/ 



[20] 



By substituting these values qf Si and Sa in equation 18^ the 
following equation is obtained : — > 



Qi_/» A« F, Ej 
Q.-a»7«'F/B,' 



[21] 



from which, since Qi + Q2 = Q is known^ the distribution of 
the load can be ascertained. If the structure is made of the 
same material throughout and complies with the condition 
expressed by equation 17, equation 21 becomes 



Q,_« F; 



[22] 



In the structure shown in Fig. 402^ composed of Figs. 391 
and 898| the condition that the limit of elasticity may be 
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reached in each system at the same time when the material 
is the same in both, is (equations 4 and 14)9 

h 2a« *-^-' 

The general equation for the distribution of the load can be 
obtained in the manner indicated in the previous example, 
and is 

Ql = j!j4.Sl.i.. [24] 



2aV* Fi B« 

which, combined with equation 28, gives for the special case 
expressed by that equation 



Qj^ a F, _ */Fj 




LiCru 



V 



or Titfc 
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The last three equations are also trae for the reverse 
arrangement shown in Fig. 403. 

The three corresponding equations for the structure given in 
Fig. 404 can be obtained in a similar manner, by means of 



Fig. 408. 
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equations 5 and 14 ; but in this case the deflection of the girder 
at the points and D must be considered, and it is equal to the 

deflection at the centre of the girder multiplied by 1 — r^ , for 

the deflection varies as the square of the distance from the 
centre. Hence the condition that each system may reach the 
elastic limit at the same time (supposing both to be made of 
the same material) is 






[26] 



The general equation for the distribution of the load is 



Q,^ A« (^a-y)o F, Bi 



[27] 
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vhichy when combined with equation 26, gives for the special 
case expressed by that equation 






[28] 



Exactly in a similar manner, the following equations are 
obtained for Figs. 405 and 406, by means of equations 7 and 
14. 



A"2(a« + 6c) 

Q, _ A« (/« - 63) P, B, 

Q, "" 2/«a (a« + 6c) * F/ E, 

Fio. 405. 



[29] 
[30] 
[81] 
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In all the preceding cases it was assumed that the altera- 
tion in length of each unit of length was the same throughout 
the same system, or, in other words, that the cross-section of 
each bar was proportional to the stress in it. 

If a Btmciore ia composed of Beveral simple systemB, each haying a difTerent 
degree of stifibess, the total load on the fitractore wiU be distributed nneqnaUy 
between them, whatever the load may be, and those which owing to their want of 
gtiflhess reach their elastic limit last, evidently contain too much materiaL 
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Fio. 407. 



"^T 



1 



W T 






[w 

I 



A solid beam can be oonsidered as (jbrnpoaed of an infinite nmnber of lattice or 
plate gitden of nneqnal depths (Fig. 407), for imagine the beam divided into 
horizontal layers, then any two layers equidistant firom the central line will 

represent the booms, and the niaterial between them the 
braces or the plate web. 
3 These imaginary girders are not equally stiflE^ and 

therefore there is a waste of material in a solid beam. 
y ^ Now,* all these imaginary girders have the same 

deflection, and from equation 14 it appears that if the 
deflection remains constant the alteration of length of 
the booms, and consequently the stress in them, is pro- 
\ portional to the height of the girder. The stress in each 

— ^ layer is therefore proportional to its distance from the 
— centre, so that if the outer layer, at a distance to from 
the centre, is subject to a stress S per unit of area, the 
stiees in a layer whose distance is u from the centre will be 

» = -S. 
to 

If the stress S is known at any crossHsection of the beam, the stress in any layer 
in the same cross-section can be obtained from this equation, and the stress in the 
layer symmetrically placed on the opposite side of the centre has the same 
numerical yalue, but with a contrary sign. 

The total stifess in such a layer is, if il be its thickness and z its breadth, 

-S*A. 
to 

If such a beam be bent by the forces K|, E, . . . . acting at right angles to 
its axis, the maximum stress S at any section through P can be found by the 



Fig. 408. 



i 



a 



Ku 



4P- 



B 



? 



FiQ. 409. 



a 



^5^ 



M 



B 



P 



method of moments. Take a section a fi (Figs. 408 and 409), and, to maintain 
equilibrium, apply to each layer the total stress in it. In order that there 
may be no rotation about P, the algebraical sum of the moments, M, of all the 
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exterior foices acting on the part B ai9 aboutP most be eqnal to the smn of tho 
moments of all the streesee about the same point. Therefore 

, M = 2Qs«AttV 

where S is a symbol indicating that the smn has been taken of all the separate 
moments due to the stress in the varions layers. The factor — is common to all 
these moments, and can therefore be placed ontside the symbol, or 

to ^ ' 

Now 2 («ii? A) is the ^ moment of inertia " * of the cross-section abont the 
axis round which moments were taken, that is, abont a horizontal axis in the 
plane of the section and passing through its centre. The moment of inertia is 
usually denoted by I. Hence 

M = §I, 

or 

The 7alue of I for any fonn of cross-seotion can be obtained by dividing up the 
area into very small parts (or elements), and multiplying the area of each 
element by the square of its distance from the horizontal axis through the centre 
of gravity, and then adding together the products thus obtained, f 



§ 48. — Tbussed Beams without Diagonals. 

It was shown^ § 8, that the diagonals of parabolic trusses only 
come into play with a partial load, and also that they then 
become an indispensable part of the structure, that is, if the 
various bars are connected by single bolts, and are thus 
only capable of taking up stress in the direction of their 
length. If, however, the diagonals are omitted, one of the 

* The moment of inertia is a term belonging to the dynamics of a rigid 
body, and the following is the definition : — 

If the mass of every particle of a' body be multiplied by the square of its 
distance ftam a straight line, the sum of the products so formed is called the 
«« moment of inertia ** of the system about that line, which is also called the cms. 

In the present case, it wiU be observed, the mass of every particle or element 
has been taken as unity ; also from the symmetry of Fig. 407 it is apparent that 
the axis is horizontal and passes through the centre of gravity of the section. As 
will be seen in the sequel, the resistance to flexure at any cross-section of a 
body always depends on the moment of inertia of that cross* section about a 
horizontal axis in the plane of and passing through the centre of gravity of the 
cross- section. — Trans. 

t The continuation of this subject wiU be found in the Fifteenth Chapter. 
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booms must be stiffened to enable the structure to resist the 
deformation that would otherwise take place with a partial 
load. 

The stresses will, howe very no longer be the same as those in 
a simple parabolic girder, and the structure must, in fact, be 
regarded as a combination of two systems, and the distribution 
of the load must be found according to the principles laid down 
in § 47. 

Although it is not recommended to leave out the diagonals 
(except when the load is uniformly distributed, as in the 
trussed purlins of a roof), yet these theoretically imperfect 
structures occur so frequently that the influence of the omission 
will be illustrated by a few examples. 

A theoretical parabolic girder of three bays should have 
one diagonal at least in the central bay (Fig. 410). Without 
this diagonal the deformation shown in Fig. 411 would occur 
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with a partial load. This can, however, be avoided by replacing 
the three bars A G, G D, and D B by a continuous stiff beam 
(Fig. 412). The structure is then no longer a simple truss, for 
even when fully loaded a part of the load will be carried 
directly by the stiff beam, and the remainder will be communi- 
cated by the two verticals to the rods A E, E F, and F B, and 
this part will be smaller the stiffer the beam is. 

The structure consists of the two simple systems shown in 
Figs. 413 and 414 ; and to. find the stresses produced by. the 
two loads Q (Fig. 412), the ratio 

Q. (i-n)Q 
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must be determined by following the method indicated in 
§47. 

As soon as n is found, the distribution of a partial load can 
also be ascertained. Thus, for instance, if the point C alone is 




E F 

Fig. 413. i,^ 




loaded with a weight Q (Fig. 415)/ the following distribution 
takes place. One part. 



^Q and ?Q, 



forms the load on Fig. 416, and the remaining part. 



(-!)« 



and -gQ, 



is the load on Fig. 417. 

That this really is the case is easy to see, in the following 
way : — Evidently a load at D produces the same effect at G as 
a load at produces at D (by symmetry). Now, since the hori- 
zontal stress in the bars A E and B F is always equal, the stress 
in both verticals must also always be equal. A single load at 
G therefore produces half the stress in the verticals that the 
two loads at C and D together do ; or, in other words, the loads 

onGandD(Fig.416)duetoQatGoratDare ^ Qand^Q, 
The loads on Fig. 417 are evidently found by subtraction. 
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The exterior foroes on the stractore being known, the 
stresses can be found by the method of moments ; the stresses 
in the bars A E, E F, F B, dne to the load at-0, are given in 



XQ-aQ 



Fig. 415. 




^^A)QFia.417..^^ 



Hf^ 



Fig. 415. These stresses will remain the same when the point 
D is loaded instead of the point C, and they will be doubled 
when both and D are loaded. 

The stresses in these bars, when the truss is fully loaded , 
are therefore to those that the same load would produce in a 
parabolic truss of the same form in the ratio of n : 1. Now 
the number n depends on the relative stiffness of each simple 
system, and can only be 1 when there are free joints at C and 
D. Thus it is evident that the error committed by treating 

Fig. 418. 






^ 



the structure of Fig. 412 as a simple parabob'c truss is greater 
the smaller n is, or, in other words, the stiffer the beam is. 
Obviously, if the truss be reversed (Fig. 418) the stresses 
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can be found in exactly the same manner. Tlie stresses in the 
structure of Fig. 419 can be calculated in a similar manner, 
obtaining the number m from § 47, in the same way as n. 

Fio. 419. 




§ 49. — Influence of Changes of Temperature. 

The results just obtained for composite structures are not 
practically useful, because the influence of the changes of tem- 
perature was not taken into account. As will be seen, the 
distribution of the load between the two simple systems, and 
also the economical ratio of their depths, depend on these 
variations of temperature. 

It is found by experiment that all bodies, with one or two 
exceptions, expand as the temperature increases and contract 
when the temperature diminishes; and it is also found that 
the expansion or contraction is proportional to the increase or 
decrease of temperature. The ratio of the alteration of length 
due to one degree of temperature to the original length is 
called the coe£Scient of linear expansion. Thus, for wrought 
iron, if the temperature is reckoned in degrees Centigrade, this 
coefScient is 

a = 0*0000122; [32] 

that is to say, a wrought-iron bar increases or decreases its 
length by io.oVo!ooo^ f^' ^^ increase or decrease of 1° C. 

Since the alteration of length is proportional to the change 
of temperature, the ratio of the alteration of length due to f 
of temperature to the original length will be 

A = a«. [88] 

(In other words, A is the amount which a unit of length is 
expanded or contracted by a change of temperature of f.) 
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For example, if ^ = + 41° C, the elongation of a wrought-* 
iron bar is = 41 X ^q-^ooo = ac^^h of its original lengUu 

If the increase of temperature were only 20 '5° C, the elon- 
gation would only be 45^0^^ » ^^^ ^^ ^^^ temperature were to 
decrease by the same amount, the consequent shortening would 
be the same as the previous elongation^ 

The alterations of form produced by variations of tempera- 
ture are quite distinct &om those due to elasticity. If, there- 
fore, an increase of temperature coincides with tension in any 
bar, the increments of length due to both causes are to be 
added together to obtain the total elongation ; and if a decrease 
of temperature occurs with compression, the separate decre- 
ments of length are to be added together. But the total 
elongation or shortening will be equal to the difference between 
the increment and the decrement, if compression occurs with 
increase of temperature, or tension with decrease of tempera- 
tura 

In the combination of bars shown in Fig. 389 an increase 
of temperature of ^ would, according to equations 1 and 33, 
raise the point G by an amount 

ff=A^; [34] 

and this point would sink by the same amount with a decrease 
off. 

The braoed arch of § 22 can, as far as the influence of temperature on the 
height of the hinge 8 is ooncemed, be regarded as a combination of two rods 
similar to the above. From the dimensions of the arch h = 5000 miUiraetrefi, 
a* = 20000* + 5000*,* and assuming that A = ^^ (for an increase of 20*5'' C.) 



<r = 



1 /20000« + 5000»\ „, „^ .„. ^ 
4000 ( 500r— ) = 2^*25 mdlimetres. 



Consequently the hinge S is raised 21*25 miUimetres when an increase of 
temperature of 20*5° G. takes place, and therefore also sinks 21 '25 millimetres 
with a decrease of 20' 5*^ 0. If the yariations of tempentture were doubled, 
the rising and the sinking of the hinge would be 42 '5 mUlimetres. Supposing 
that the decrease of temperature of 41° G. occurred at the same time that the 
total load was on the bridig^e, which latter, aooording to § 45, equation 9, pioduoea 
a deflection «i = 18*75 miUimetres, the total deflection would be 

• 18*75 + 42*5 = 61'25 miUimetres. 



♦ See Fig. 175, page 127. 
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If Si denotes the decrease in a unit of length due to com- 
pression in the two rods A E and BE (Fig. 401), prodnoed by 
a load at C, and A the shortening per unit of length in the 
same bars owing to a coincident decrease of temperature, the 
total deflection of the point E is, according to equation 1 : 



a« 



» = («,+ A) ^. [35] 

S P 

and tjiis deflection is to be equated to -^, the deflection in 
the centre of the horizontal beam (equation 18^, thus : 

( >,+ A)aV >,/« 
Solving this equation for 4 , and putting a' = P + A* : 



'--(^^)(77|)- 



The influence of the variations of temperature on the dis- 
tribution of the load can be ascertained by finding the effect 
produced by the change of temperature on the structure, sup- 
posed weightless, and upon which no exterior loads are acting. 

If A is the shortening per unit of length due to a decrease 
of temperature, the point E (Fig. 401), if free, would be lowered 

A d^ 
by an amount — t— , but the actual amount is less, owing to 

the horizontal beam CD; or, in other words, the stiffness of 
this beam produces a vertical force P acting upwards at E. 
Both struts are elongated by this force, and this elongation 
must be deducted from the shortening produced by the de- 
crease of temperature. Therefore, if Si is the elongation per 
unit of length produced "by the force P alone, the actual 
depression of the point E isl 



a« 



.» = (A-«,)^. [38] 

X 2 
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Pa 
But> aoooiding to equation 19, Si = ^^^ y , . Hence : 



8 



= (^-iik^r ^^ 



The deflection at the centre of the beam due to the force P 

g p . . PZ 

isy from equation 14, « = -^, and substituting Sj = ^-, ^ ^ 

from equation 20, 

Hence by equating the values of 8 in equations 39 and 40 : 



/ Po \a«_ PJ* 



And solving for P : 

2 ^ £, Fi - 

Evidently P is the correction to be applied to the distribution 
of the load between the two systems found from equation 21 : 
in £Act» a decrease of temperature diminishes the part of the 
load carried by the struts by the amount P, and consequently 
increases the load on the beam by the same amount. An 
increase of temperature has the reverse effect. 

h I h 

By sabstitniing in the above equation - s 0*6, - = 0*8, 7 = 3, alao 

Bj = B| = 20000 (suppodng that both eystems are made of wrought iron), 
F, = F, = 10000 square millimetree, and A = db ^i^ (ooResponding to a 
change of temperature of 20*5° O.X the value of P ib Ibund to be P = db 10700 
kilos. 

By introducing the aame data into equation 21, it is found that 

1-4-608: 
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or if the total load is 80000 kilos. 

Q. 4*608 

Q. = -^^Q=5:g^ X 80000 = 65740 kilos. 

Thus, when the temperatore decreases 20*5° C the load carried by the stmts 
becomes 

65740 - 10700 = 55040 kilos, 
and by the beam 

14260 + 10700 = 24960 kilos. 

And when the temperature increases 20^*5 C. the stmts carry 

65740 + 10700 = 76440 kOos. 

and the beam 

14260 - 10700 = 3560 kUos. 

(This subject will be further discussed in the sixteenth chapter.) 
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^ 50. — Besistanoe of Beams to Flexube. 

If one end of a horizontal beam be fixed, and a weight hung 
to the free end, the beam, originally straight, will be bent 
into the form of a curve, whose convexity is upwards (Fig. 420). 
If the beam be regarded as a bundle of fibres, whose direction 
is parallel to the length of the beam, and which are cemented 
together, so that they cannot slip over one another, it is easy 
to see that as soon as the beam is bent the upper fibres will be 
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Fig. 420. 





lengthened, and the lower ones shortened. Between the upper 
and the lower layer of fibres there must therefore be a layer 
in which the fibres are neither lengthened nor shortened ; this 
layer AB (Fig. 421) can be called the nevirdl surface. 

The greater the distance of a fibre from this neutral surface 
the greater will be its elongation if it is above the neutral sur- 
face, and the greater its shortening if below. It can be assumed 
that the sections made by planes at right angles to the neutral 
surface before bending remain plane after bending,* and are 
still at right angles to the neutral surface, which is now curved. 
In Fig. 422, M and N are two of these planes very near to each 
other ; originally they were parallel, but when bending took 

* ThiB has been aaoertained by experimont See 'Civil Engineering,' by 
Prof. Rankine.— Tbawb. 
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place they converged in the directions C D and E F. Now, since 

the portions of the fibres lying between the two planes were 

originally all equal, the alteration in length of each fibre can 

be found by drawing a plane G H parallel to E F, and at a 

distance N M from it equal to the original length of the fibres, 

the distances between the 

planes G D and G H are 

evidently the alterations in 

length of the fibres. Hence 

from Fig. 422 for any fibre 

LQ: 



Fig. 422. 



PQ 
GO 



u 



w 




or in words : The aUeraiion in 
length of any fibre is prapor- 
tiondl to its distance from the 
neutral smface. But, accord- 
ing to the laws of elasticity, 
the intensity of stress is pro- 
portional to the alteration of 
length, so long as the stress 

is below the limit of elasticity, hence the stress in any fibre is 
proportional to its distance from the neutral smfaoe so long as 
the stress in it is below the limit of elasticity . 

Therefore, if a is the stress (per unit of area) in a fibre L Q 

Fia. 424. 




at a distance u from the neutral surface (Figs. 428 and 424), and 
if S is the stress (per unit of area) in the fibre EC, at a distance w : 



8 
S 



tf 



w 



or 



■ w 



[43] 
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The total stress in any fibre can be found by multiplying its 
area by 8, the stress per unit of area. If the beam be imagined 
divided into an infinite number of layers of fibres parallel to the 
neutral surface N N, and if/ be the crossHsectionsd area of such 
a layer whose distance from N N is u, the total stress in this 
layer is evidently : 



u 



5/ = S-/. 

w 



[44] 



Fig. 425. 



This stress will be tension when the layer is above the 
neutral surface, that is, when u is positive ; and will be com- 
pression when the layer is below the neutral surface, that is, 
when u is negativa 

Let a section of the beam be made at N by a plane per- 
pendicular to the neutral surface. For equilibrium a force will 

have to be applied to each 
fibre acting in the direction 
of its length, and equal to 
the stress in it (Fig. 425). 
These forces can be con- 
sidered horizontal, for it 
must be assumed that the 
amount of bending is very 
small. They alone, how- 
ever, could not maintain 
equilibrium; for, to resist 
the vertical force £ acting 
downwards, a vertical force V, acting upwards, must be ap- 
plied; and since the section plane N is very nearly vertical, 
V can be considered as acting along it. It is this force which 
prevents the part B N of the beam from slipping down along 
the section plane, and it is called the resistance to shmring. 
BesolviDg the forces acting on BN vertically : 




V = K. 



[45] 



The only horizontal forces acting on BN are the direct 
stresses in the fibres. Those above the neutral surface act from 
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right to lefty and those below from left to right The algebraical 
sum of these forces must be zero, therefore from equation 44 : 



2 



(-«/) = 0; m 



and since -> is a common factor it can be omitted ; hence : 
w 

a(/t«) = o. [47] 

This equation shows that the sum of the products of the 
area of each elemental layer into its distance from the neutral 
surface is zero. 

Baty as is well known, if x be the distance of the centre of 
gravity from the neutral surface, 

5a(/) = a(/tt) = 0, or 5 = 0; 

that is, the neuiral surface passes through the centre ofgramty of 

the section. 

The third condition of equilibrium is that the sum of the 

moments about any axis should yanish. Let the intersection of 

the neutral surface with the section plane be this axis, which will 

be perpendicular to the paper at N (Fig. 425), and is called 

the nevdral axis. The moment of E about this axis is E(b 

(called the moment offlexv/re or else bending moment), and the 

moment of the stress in the layer of fibres, whose distance is 

8uf 
u from the neutral surface, is — - u. Hence : 

w 

rSti/ 



2[^u):=Kx. [48] 



or in words : The moment of resistance of the fibres is equal to 

the moment offlemire of the tending force. 

g 

The common fEustor — can be placed outside the sign of 
summation, thus 

536(/a2) = Kar. [49] 

But the expression %{fu^) is the moment of inertia* of 

* See footnote, page 801. 



814 



BRIDGES AND ROOFS. 



the CFoss-flection about the neutral axis, and it is generally 
denoted by I. Therefore, 

[50] 






Or, writing M, instead of E a;, to represent more generally 
the moment of flexure, 

[51] 



w 



S is the stress per unit of area in the fibre whose distance 
is w from the neutral surfstce. If, therefore, w is the greatest 
distance that occurs, 8 will be the greatest stress, and can be 
found £rom 

S = -^; [52] 

when 

I = a(/tt«) [53] 

is known. 

To find the value of I when the section is rectangular, con- 
sider a layer of fibres at a distance u from the neutral axis 
(Fig. 426), the area of this layer is/= 6 A, and consequently, 

or, according to the notation of the Integral Calculus : 

I = 6l««dtt = t|.. [54] 

Fio. '426. Fig. 427. Fig. 428. 
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The section shown in Fig. 427 can be considered as the dif- 

* ThU equation has been obtained on the supposition that the stress 
nowhere exceeds the limit of elasticity. This formula is therefore not applic- 
able at the point of rupture, and this is borne out by experiment. — Tbans. 
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tetence of the two rectangular sections BH and bk, and hence 
ita moment of inertia aboat the neutral axis is 

The Bune valae of I obtains for the section shown in Fig. 428. 
The moment of inertia of all sectiooB that can be resolved into 
rectangles may be obtained in a aimilor manner by means of 
eqaatioQ 54 so long as they are symmetrical with respect to the 
neutral axis. For instance, for the section shown in Fig. 429, 
which is the sum of two rectangles : 



[,56] 



and for the section of Fig. 430 : 

, BH" bh* b,k,' 



[Note. — It U sometimes Decessary to find the tnomeiit of inertia of irre- 
gular figures whose contour is not detcrroined by any simple curve, the 
section of a rail for instance. 

In sach cases the moment of inertia can only be obtained approximately 
by finding that of a figan composed of rectangles, as shown in Pig. 430a, and 
the greater the number of rectangles the nearer will be the approximation. 

It becomes therefore necesBary to know the moment of inertia of a rect- 
angle abont any axis parallel to one of its aides. Let the moment of inertia of 
the rectangle A B (Fig. 430b) be reqoired about the axis 7 0. Take an 
elemental strip P P of the rectangle, of width d x. The moment of inertia of 
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this element about YOibo^ .hdx. The moment of inertia of the rectangle 
A B will therefore evidently be 



L 



= I a^bdx 



= 3(0- -a.). 



N 



Fig. 430a. 
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a 




Applying this to the case of Fig. 430a, the amount of inertia of that 
section about the axis N N is found to be 

I = t }m(/»- *») + «(*» -/») + o(/» -d») + i>(d»-6») + 
<7(6» + o») + c(c» - a») + »(«» - c*) + ^A» - «») I . 

The axis N N passes through the centre of gravity of the section, and the 
position of this point must be found by the usual methods. A beautiful 
graphic method of finding the moment of inertia and the centre of gravity of 
any section is given in 'Graphic Statics,' translated from the German by 
Lieut G. S. Clarke, R.E.] 



If the section is circular (Fig. 431) : 

for evidently the moment of inertia of a circle is the same 
about any diameter ; and since u^ + ir^ = a?^ 



or, 



I = t36(/x»). 
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X {fa?) can evidently be found by replacing / by the area 
of the elemental annnlns (Fig. 432) wboee radius is x, and 
breadth A. The area of this aonulns is 2 a: ir A ; therefOTe, 

Or in the notation of the Integral Cslcaltis ; 
!(/«») = 2- r«'i« = 5B<i 




and if the diameter of the circle is D, 



The annnlar section shown in Fig. 433 can be regarded as 
the diflFerence between two circles 
whose diameters are D and d respec- ™' * 

tively. Hence, in this case : 

l = ^CD'-d')- [S9] • 

If the section remains constant 
tbrougboat the length of the beam, 

— will also be constant, and it appears (from equation 50) that 

in this case the greatest intensity of stress will reach its 
greatest ralne in the beam at the point where the bending 
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moment is amaximum. This is evidently the cas^ when 
X =^1; and if Si is the greatest stress in the beam : 



to 



[60] 



If the beam has a rectangular section (Fig. 434), w = - , and &om equation 



54, I = -|n' I equation 60 tiierefore takes the fonn 



S,6A« 



= Ki. 



[611 



< t 



w 



f 



W 



Fia. 434. 



^K 




b 



As an example, let K = 125 kilos., / = 800 millimetres, 6 = 20 millimetres, 
A = 100 millimetres, then the greatest stress in the beam is, 



Si = 



6K/ 6x125x800 



6A« 



20 X 100* 



= 8 kiloe. per square millimetre. 



The intensity of the stress is independent of the nature of the material. By 
comparing it however with the stress per square millimetre considered safe 
for tho material in question, it can be ascertained whether the resistance of 
the beam is sufficient or not, or to what extent the load might be increased so 
that the safe stress should just be arrived at Thus if the above beam were made 
of wrought iron, the load K could be doubled (250 kilos.), in which case the 
greatest stress per square millimetre would be 6 kilos, (see page 264), 



Fig. 435. 




h. 



I 




The greatest stress in a beam supported at both ends 
(Fig. 435), and loaded at any point A, can be found from'eqna- 



[62] 
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« 

tion 60 by writing for K the reaction at one of the abutments^ 
and for I the distance of the load from that abutment. For if the 
part A Bi be considered fixed (encased in a wall, for instance), 
it is evident that A B is in the Fame condition as the beam of 
Fig. 434, with this difference, however, that the bending force 
in this case acts upwards instead of downwards, ^d conse- 
quently the greatest tension occurs in the lowest fibre. The 
reaction K at the abutment A is found by taking moments 
about the other abutment, thus : 

and substituting in equation 60 

(Since Ei 7i = E Z the same equation would be obtained if the 
greatest stress in the part A Bi were found). 

[Note. — ^If M is the bending moment at any section of the beam distant x 
from B, , it is easily seen that 

SO long as the section is situated between B| and A, and 

when the section lies between A and B.] 

When a beam, supported at both ends, is loaded uniformly 
and |) is the load per unit of length, the reaction at either abut- 

ment is K ="Sr » ^^^ P^ ^® *^^ ^^^ ^^ *^® P^^ BM = « 

(Fig. 436). If the part A M of the beam be imagined fixed 
the pai*t B M becomes a beam fixed at one end and acted upon 
by two loads, namely, the reaction K acting upwards at B, 
and the load px acting downwards at the centre of BM. 
Taking moments about M : 

M = Kx -px| = ?^a; -?|.*, [63] 
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Substituting in equation 51, it appears that the greatest 
stress in a section whose distance from one of the abutm^its 
is X can be found from the equation 






M = ?I=^(L-.). 



Fig. 436. 



[68a] 



K^dit 



^IliilMlliiiillililil!^^ 



X 




i 



^ 



! 



ft 



B 



px 






VMM 



The product as (L — as) is greatest when as = ^ . Hence the 
greatest stress in the beam is given by the equation : 



H ^ 



?!l=5 



L« 



8 



[64] 



By putting L = 2 Z and as = Z -is in equation 63^ the general 
equation for the moment of flexure at any section is obtained, 
distances being measured from the centre of the beam^ thus : 



and when ^ = : 



»='(!t^^ 






[65] 



[66] 



Equation 65 can be exhibited graphically by taking the 
different yalues of «; as abscissa, and the corresponding yalues 
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of M as ordinates. The curve shown in Fig. 437 is thus 
obtained 
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The shearing force (Fig. 436) at the section through M is : 

for this is the vertical force that would have to be applied at 
this section to maintain equilibrium. 

Putting as before L = 2 Z and x = 1 ^ z: 

Y = pz. [66a] 
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The curved line A B (Fig. 422), into the form of which the 
neutral surface is bent, is called the curve of deflection. 

The element ef arc M N of this curve can be regarded as 
the arc of a circle whose centra is at 0, the intersection of G D 
and E F. This circle is, in fact, the circle of curvature of the 
curve at MN, and p its radius is the radius of curvature. 
Since the two triangles C G M and M N are similar : 

CG MG 

MN~ON* 

c c 

Now ^Tjq^ is evidently the elongation per unit of length of 

the fibre E G, the stress in which is S per unit of area, therefore, 
according to equation I : 

CG _ s 

MN""E* 

Further M G = w and N = />. Hence : 

S «» S E ^^^ 

- = - , or - = - . [67] 

ja p to p *• •* 

Substituting this value of - in equation 51 : 



^I = M. 



[68] 



P 

The radius of curvature of the element of arc MN of the 
deflection curve A B (Fig. 438) is therefore : 

EI EI 
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As already pointed out (p. 312) the curvature is assumed to 

be very small, and consequently instead of the arc M N in the 
equation 



Ml^ = 



f>^ or ^ = 



MN 



its horizontal projection M P = A can be substituted. There- 
fore: 



1> = 



EI 



[70] 
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Q l-X 




Now, consider the horizontal projection AQ = a; of the arc 
AM resolyed into its elements A, and let x be replaced in the 
aboye equation by its successive values differing each by A ; by- 
adding together all the equations thus obtamed the sum of all 
the small angles will be found, thus : 



,<«„(5£j^). 



[71] 



X (^) is evidently q>, the angle which the radius of curvature 
M makes with the vertical (or the angle the tangent to the 



/ 

/ 
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curve at M makes with the horizontal). Let the beam be 
prism, that is, let its cross-section be the same throughout; 

then I is constant anc} sp? is a common factor of all the terms 

contained under the sign of summation id the right-hand 
expression. Hence : 



but 



• = ^2[(?-ipA)] = ^[/J(A)-S(*A)]. [72] 
2 (A) = * and 2 (a? A) = -s- • 

Therefore : 

If a; = Z, Q> becomes a, the angle the tangent to the curve at 
the end B of the beam makes with the horizontal, and 

« = 2EI- P*^ 

In the triangle MNP 

e = A tan CD ; 

but since the curvature is small, ai is a. small angle, and con- 
sequently 

tan M = «, 

or 

« = « A. [76] 

Substituting in equation 73 

again replacing x by its successive values differing from each 
other by A, and summing up the values of e thus found : 

S(0 = ^[^2(arA)-i2(J^A)]. [77] 

Now 2 (e) is evidently equal to y, the vertical projection of 
the arc A M, and further, 



5(*A) = J, 5(««A) = j; 



Y 2 
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therefore equation 77 becomes : 

«' = Ei(t-6)- P«3 

According to the notation of the Differential Galcnlus, 

Equation 70 therefore takes the form 

Aasuning as before that I is constant, integrating twice and remembering 
that when a; = o, -^^ = o, and y = o, so that the constant occnzring in each 
integration is zero. 

From a reference to Fig. 438 it will be seen that when a; = Z, 
y =^ 8, and therefore the deflection of the end B is (equation 
78): 

Dividing tldfl last equation by equation 60, 

8w _ /y 

■8"""3E' 

g 
and substituting ^ = 8, and 2 to = A, (assuming that the centre of gravity of the 

orossHsection is equidistant from the top and bottom fibres), 

It is evident that tliis equation is also true in the case of the beam represented 
by Fig. 485, when the weight Q is hanging at the centre. This equation can 
therefore be employed to find what alteration wiU be produced in the equatioa 
found for the compound system of Fig. 401, when the beam, instead of being of 
uniform strength, has an equal section throughout. Thus, putting} 8,, instead 



ofa„ 



and equation 21 becomes 
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[Note. — The equation 

OG _MG 
MN" ON 

is quite independent of the manner in which the heam is loaded or supported, 
and is in fact a geometrioal property depending only on the curvature. Equation 
68, viz. 



is therefore perfectly general and is applicahle to the case of any heam under 
bending stress. ^ 

Now, it is shown in works on geometry that for any curve referred to rect- 
angular axes, 

("=* — ^ — 

Let the straight line thioagh the abotments be taken as the axis of x, then the 
tangent of the angle the tangent to the corre at the point,(z, y) makes with the 

axis of « is -T^ Bat by a preTious assumption the ourratuie is very small, and 

O St 

therefore this angle will also be very small for every point of the deflection curve ; 

consequently ( ^) ^^1 he neglected in comparison to 1. Hence in the present 

case, 

1 



f>=± 



d»y 



Therefore, 

The positive or negative sign being taken according as -j^ increases or 

diminishes with x. 

This is the differential equation to the deflection curve, and when M and I 
are known for any puint (jp, y), the equation to the curve can be found if the 
integrations can be effected.] 

The beam instead of being horizontal before bt^ing bent may 
make a very small angle co with the horizontal, Fig. 439. In 
this case the angle a the tangent at B makes with the hori- 
zontal, consists of two parts ; one part is the angle to and the 
other is the deflection angle that wopld obtain if the beam 
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had been originally horizontal, and Mrhich can be found from 
equation 74. Therefore : 



a = M -)- 



2£I 



[80] 



In the same manner the deflection 8 can be considered as 



Fig. 439. 



MttiTLW 




3EI 



made up of two parts ; one part is Z tan co = I cd (since q> is a 
small angle) and the other part can be obtained from equation 
79. Hence: 



a = /« + 



2EI 



[81] 



The above equations (80 and 81) can also be adapted to the 
case when the loaded point B is not at the end of the beam. 
If, in Fig. 440, C is the end of the beam, the part B will 
remain straight if there be no load on it. The angle made with 
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the horizontal will be the same at C as at B, and is consequently 
equal to a (equation 80). The deflection at C is equal to the 
deflection at B added to a tan a = a a (since a is a small angle). 
Therefore : 






[82] 



J 
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And substituting for a its value from equation 80 : 
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«' = (/ + «)• + 



K(2P + 8a/») 
6EI 



[83] 



Or adopting the notation of Fig. 441, that is^ writing x 
instead oil,l^x instead of a, and s instead of a : 



a = « + 



Kg* 
2EI' 



8 = /m-I- 



6EI 



[84] 



[85] 



If there is also a load at G (Fig. 442), the deflection-angle 
and the deflection at G will be increased by an amount which 
can be found from equations 74 and 79, thus : 






2£I ' 2EI 
a = /« + 6EI +3BI- 



[86] 



[87] 



Fig. 441. 



Fig. 442. 





These equations are eyidently also true if K and Q act up- 
wards instead of downwards, when, however, their signs must 
be changed. 

In the last equations put a> = 0, Q = and pdx instead 
of £, further d a instead of a and d 8 instead of 8, then : 



, px^dx 
2EI • 



[88] 



a 9 = ■ - — _ 

6EI 



[89] 
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These equations, give the effect, on a beam originally hori- 
zontal, of the element pdx of a, distributed load. 

Integrating between the limits x = Xi and x =:X2 for the 
case shown in Fig. 443 :* 

[90] 



6EI 



'" 6EI 

Fig. 44S. 



pi] 




If the whole span is loaded with a load p per unit of length 
the limits of the integration are (Bi = 0,X2 = I and then : 



a = 



6EI' 



* 8EI' 



[92] 
[93] 



'Lastly, if the original inclination to the horizontal at the 
point of fixing A is o) and there is a load Q at C besides the 
uniformly distributed load : 

•lis Hi* 

[94] 



*"*"^6El"*'2EI' 






Fig. 444. 



[95] 




Fig. 444 represents a beam supported at both ends. If the 
left half be considered fixed in a wall, it is evident that the right 

* The load ifl supposed to be miifonnly distributed so that p is a constant — 

Trans. 
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half is in the same condition as the fixed beam of Fig. 442, 
when CD = and Q = — K, and the deflection can therefore be 
obtained by snbstitnting these values of co and Q in equation 
87 and writing — a instead of «, thus : ' 



8 = 



6EI 



[96] 



[NoTE.~If a; = tbe beam is loaded with a central load 2 E, and 

2K/» 



8 = 



or replacing 2 K by Q, 



8 = 



6EI' 
6EI* 



The equation to the deflection curve of a beam supported at both ends 
and loaded in the centre, can be found from the equation given at p. 325, 
namely : 

If the beam is of the same section throughout, EI is constant, and 
(Fig. 444a) taking X and T as axes of reference, the moment of flexure 
at any point P is 



so long as OS is less than L 



Q.X 



Fio. 444a. 




\c 



•• ty ■•'•• 



4« 



Hence: 






Q 



2EI 



X, 



The negative sign being taken because -=^ diminishes as x increases. 

ax 

Integrating 



dy 
dx 



Q 

4EI 



«* + constant. 
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dy 
Now, when a; = 7, —^ = 0, because the tangent to the curve is honzoDtal 

ax 

at the centre of the beam. Therefore : 

0- -7—=/* + constant ; 
or 

Integrating again, 

but when ^ = 0, x = 0, hence constant = and 

— ^the equation required. It will be observed that this equation is only true up to 

Q a? QsB 
the centre of the beam, for at this point M changes from —^ to -^ — Q (« — 0; 

but evidently the two halves of the deflection curve are exactly similar. 

The greatest deflection occurs at the centre of the beam where x = I, and 
writing s for the greatest value of y, 

6EI* 
or the value found above.] 

The deflection due to a uniformly distributed load can be 

found from equation 96 by first finding the deflection due to 

an element of load pdw, thus writing d 8 instead of 8, and pdx 

instead of K : 

^' = 6El ^ ■* 



Then the deflection at the centre in Fig. 445 is obtained by 
integrating this equation between the limits Xi and o^, thus : 

•= 6EI • ^^■» 
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If the whole span be loaded, the limits of the integration are ' 
0^1 = and X2 = ly in this case, therefore : 



'~*EI' 



[99] 



Since the load on the left half of the beam produces the same 
deflection as that on the right half, it is obvious that if the load 
on one side be removed the deflection in the centre will be 
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halved. The deflection at the centre of a beam loaded as indi- 
cated in Fig. 446 will therefore be : 

*- 12BI • '■^""J 

If the left half of a beam supported at three equidistant 
points as shown in Fig. 447 be imagined fixed in a wall, the 




right half is evidently in the same condition as the beam of 
Fig. 442 when w = 0, « = 0, and Q acts upwards or is negative. 
By substituting these values in equation 87, 



and solving for Q, 



6EI 3BI* 






[101] 



Further the sum of the reactions at the three points of 
support must equal 2 E. Hence : 

P = 2K-2Q=:2K-k(3^-^V [102] 
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Thus the reactions at the three points of support are fonnd. 

[Note. — Obviously the three points of support are in a straight line, for it 
was assumfMl that s = 0. It is important to remember this, for the reactioDs 
depend on the relative positions of the three points of support] 

Evidently the load on the left span produces the same re- 
action at the central support as the load on the right span. 
Therefore in the case represented in Fig. 448, the reaction W 
at the central support is : 



or 



W = iP = K — Q; 



w = K{i-45 + tJ} 



[108] 



[104] 



The reactions of the end supports can now be obtamed by 
taking moments, thus : 

and 



t 
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V 



; 



B 



l-x 



A 

or substituting for W its value : 



T 

K 



V = 5/2? + s^-q 

4 1/ /« ^ /»/ • 



[105] 

[loq 



The bending moment at a point N (Fig. 449), between A 
and B, and situated at a distance z from A, is : 

M = K(a?-*)-V(I-*), [107] 

Putting M = 0, substituting for V, and solving for » : 



• X SB^ 

4 + 2- — - 



• • 



[108] 



I 



which, when 



becomes 
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=: tt, and — :— = r. 
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/ 



c = 



6-tt2' 



[109] 



This equation determines the position of the point where 
the bending moment is zero. 

The value of the bending moment for every point in the 
beam is represented graphically in Fig. 449, for the bending 
moment at every point from A to B is given by equation 107, 




and this equation represents a straight line, M and % being the 
variables. 

Let it be supposed that the beam is subject to a uniformly 
distributed moving load, then equation 109, when put in the 
form 



•V"-l' 



[110] 



Fro. 450. 



i'[jlfui'u£i -lilDflll:' 



N 



M B 



(max) 



Fio. 451. 



y 



'ACfknan) ^ 



"7i 

c 



determines what parts of the beam should be loaded to produce 
a maximum or a minimum bending moment at TS (see Figs. 450 
and 451). 



331: BRIDGES AND EOOFS. 

[Note. — ^The truth of this can be shown as follows : — ^It will be found 

that by substituting tor Y its value from equation 105| and -putting as before 

Z — a? , i — a 

— - — = u and . = v, that the equation 

becomes: 

Therefore M is positive so long as 

«.<6-i. 



or 



"<\/^--»- 



Thus, evidently any load situated between C and B produces a positive 
bending moment at N. A little consideration will show that all loads on the 
other span also produce positive bending moments at N. Hence Fig. 450. 

Again M is negative when 



'•>V^-^• 



that is, when the load is placed between B and A. Therefore the greatest 
negative or minimum bending moment occurs at N when the part B A is 
loaded as in Fig. 451.] 

When the reactions produced by a single load K have been 
found by means of equations 104^ 105, and 106, the reactions due 

Fig. 452. 



• 






i 

to a uniformly distributed load can be obtained by writing pdx 
instead of K and integrating between the limits Xi and scj (Fig. 
452). Thus : 






or 



V = ^ { P (V - ^1*) + iW - ^i") - i W - *,*) } . [iiij 
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If several portions of the girder are thud loaded, the total 
reaction is found by adding together the reactions produced by 
each part separately. 

Again, when the load is uniformly distributed over both 
spans, the reaction at either outer support can be found \i p dx 
be written instead of K in equation 101 and the integration 
performed between the limits and 2, thus : 



and 



'«.=lX(¥-J)^'=»H 



[UlA] 



If, therefore, p is the uniformly distributed load per unit of 
length, and m is a uniformly distributed moving load on the 
part «, — Xi of the beam represented in Fig. 452, the reaction 
Vis, 

"^ = ti*' + ^. {'*(*«' -*>*) + '(V-«.')-i(V -*.*)!• [112] 

Fig. 453 represents a beam uniformly loaded and supported 
at three equidistant points, the central support being at a dis- 
tance 8 from the horizontal straight line joining the outer points 
of support 

Supposing the central support to be removed, the deflection 
8 at the centre of the beam would be found from equation 99. 

Fig. 453. 




Again, the upward deflection 82 produced by an upward 
force P acting on the unloaded beam, can be found from 
equation 96 by putting x= and 2 E = P, thus ; 



9n = 



6EI* 



riHi 
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Now 8 is evidently eqnal to the difference of these defleo* 

tionSy therefore 

pi* P/» 

[NoTs. — ^This result can also be obtained as f<^low8 : 

If, in equation, 95 — Q be written for Q, — < for $, and «» = 0, 

*~8EI 3EI' 

This equation evidently applies to either half of the beam in Fig. 453, 
also 

2Q + P = 2p/, or Q = l>'-2- 
Therefore, 

■"* 8EI 3El"*"6EI 
^EI 6EI' 

Equation 115 can be used to find the distribution of the 
load in Fig. 401, when the beam has the same cross-section 
throughout and is uniformly loaded. For the force P, taken in 
the opposite direction, deflects the apex of the struts by an 
amount 

and by equating these two values of a 

2E,F,V '^Bi I. 6E,I,' ^ ■' 

If the cross-section of the beam is rectangular, Fj its area, 
and &2 its height, 

according to equation 54, and the aboye equation solved for 
P becomes 

5pl 



P = 



4 4.?! V B. F, [118] 

■^ P • A,« • E, * F, 



This equation gives the part of the load supported by the 
struts, supposing that the temperature does not alter and that 
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originaUy, before loading, the three points C, B> D were in a 
straight line. 

If, for instanoe, 7 ss f , ^ = |,^3 1, and — = 2, the equation gives 

» A| Jfi| H I 

P = l-128p/. 

F, 

If ^ = 0, P = )|> /, or the aame value that was obtained (equation 111 B) 

for the reaction at the central support of a uniformly loaded beam resting on 
three equidistant points placed in a horizontal straight line.* 

When the temperature decreases the portion of the load 
carried by the beam is increased, the struts being relieved of 
the same amount, and the reverse occurs when the temperature 
increases. This '^ temperature load " P can be found by equating 
the deflection of the centre of the beam (equation 39) to the 
deflection of the apex of the struts (equation 114), thus : 



/ Pa \q*_ JP^ 

\ 2 E| F| A| A ^1 6 Ef If 



Substituting for I = ^^ , and solving for P, 

2AE,P,^ 

If El = E,= 20,000 kilos., Fi= 10,000 square millimetres, F, = 20,000 square 

millimetres,- = 0*8, — = 0*6, r = 3, and A = tx;^ (oorreeponding to a de- 
a a h^ 4000 

cieaseof temperatureof 20^-5 G.),itwm be found that P = 5S73 kilos. And if at 

the same time the beam is subject to a uniformly distributed load 2pl (see 

equation 118), 

P = l-128p/- 5873 kilos. 

for a decrease of 20°* 5 C. ; and similarly 

P = l*128i?/ + 5873 kilos. 

for an increase of 20^*5 0. 

It was shown, page 321, that the general equation for the 
radius of curyature of the elastic curve is 

P = ^, [121] 



F 

* Since =p = 0, the resistance of the struts is infinite, and they therefore act 
Fi 

as a fixed point of support.— Tbanb. 

Z 
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where I is the moment of inertia, and M the bending moment 
for the cross-section at which p is taken. 

Thus when the ratio ^ is constant for all sections p is con- 
stant, and the deflection, curve is a circle. 

Now in a beam of equal section throughout, I is constant. 
A prismatic beam can therefore only bend in the shape of a 
circle when M is constant. This would be the case, for instance, 
in Fig. 422, if instead of the single force E, a couple acted at 
the free end of the beam. 

Ij^ however, both M and I vary, and Mi, Ii are the moments 
of bending and inertia respectively at any given section, for 
instance at one of the ends of the beam, then the equation 



or 



I 

H 


"M. 


I 
I. 


M 



[122] 



expresses the relation that must exist in order that the 
deflection curve may be a circle. 

For example, in the case represented in Fig. 454, the 
general condition takes the form. 






X 

T 



n23] 



Fig. 4M. 




If s;= &, as in Figs. 455 and 456, the equation to the curve 
to which the beam must be formed in elevation is 



llfl ^x 



[124] 
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Again, if it =s &, 



z __x 



[125] 



showing that the beam should be triangular on plan when of 
constant height. 



Figs. 455 and 456. 



Figs. 457 and 458. 





The deflection of the point of loading can be found from the 
equation to the circle, viz. (Pig. 459), 



But since the amount of bending is very 
small, 8^ can be neglected and I can be 
regarded as the length of the beam. 
Hence, 



Fig. 459. 



« = 



2p 



[126] 



Substituting for p from equation 67 



8 = 



2toE 



[127] 




If the section is symmetrical with 
reference to the neutral axis, as in the case 
represented in Fig. 454, so that 2ws=h, I --"'' 

and further if 8 be written for ^^ (see equation I., page 282), 



8 = 0-' 
h 



[128] 

z 2 
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In a beam supported at both ends and loaded in the centre, the deflection 
cnrre will evidently be a circle, if each half of the beam be of the form shown 
either in Figs. 455 and 456, or in Figs. 457 and 458; the thin end being placed 
at the abutment. In the caloolations connected with Fig. 401, it was assumed 
that the deflection curye was a circle. This assumption therefore requires that 
the beam should have either of the forms indicated aboTe when its cross-section 
is rectangular. 

Since ^ is constant it can be replaced by its yalne at the 
point of fixing, viz. =^ , and equation 121 then becomes 



EI, 



whence, from eqnation 126, 



Hence, in a beam of the form shown in Figs. 457 and 458, 
in which the curvature is constant, the deflection is 1 '5 times 
greater than that of a prismatic beam of the same depth 
(see equation 79). 



§ 52. — ^Besistance of Long Columns to Bending 

and buokling. 

If the straight prismatic beam shown in Fig. 460 be subject 
to forces E E producing compression, the points of application 
being at the centre of gravity of the end sections, and the 
forces acting in the direction of the length of the beam, the 
stress will be uniformly distributed over the area of every 
cross-section of the beam, and if F is the area of the cross-section 
the stress per unit of area will be 

B, = |. [129] 

Let it be supposed that by any means whatever the column 
is bent until the height of arc of the curve formed is / 
(Fig. 461), and further that the bent column is acted upon by 
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the two forces £, and that these forces are of themselves able 
to maintain the column in this bent condition. 

The stress at any cross-section can in this case be considered 
as made up of two parts : the first is the uniformly distributed 
compression Si (from equation 129), and the second is the 



K 



Figs. 460 akd 461. 
C 



K 



B 



■^-^ 




IfL 




ITb 



bending stress. The fibres on the concave side will evidently 
be compressed by the bending, and since the maximum bending 
moment 

M = K/ [180] 

occurs at C, the greatest compression will also be at this point. 
Substituting for M its value from equation 52, the greatest 
intensity of compression S2 due to the bending, is 



V) 



B, = jK/. 



[181] 



And the greatest compression per unit of area in the column 
is evidently 

B = Si + S,. [132] 

From the above it follows that there are two difierent ways 
in which a column can resist the action of a compressive force 
K. The first is illustrated by Fig. 460, and in this case the 
compression is uniformly distributed over the section and equal 
to Si per unit of area. The second way is shown in Fig. 461, 
and in this case the maximum compression attains the greater 
value Si + Sa per unit of area. In determining the safe 
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section F of the column, it becomes a question whether the 
column resists the force E in the first or in the second manner. 
If it be in the first way F can be found directly from equation 
129^ by substituting for Si the safe resistance to crushing ; but 
if it be in the second way the section must be such that the 
sum Si + Sa is equal to the safe resistance to crushing. 

In the case of long thin columns the smallest accidental 
curvature is sufficient to enable the compressive force to 
produce bending. Therefore in such a case the second mode 
of resistance obtains (unless the column be so supported along 
its length as to preclude the possibility of its bending), and 
therefore to the direct compression Si per unit of area must be 
added the compression Ss due to bending, giving to the lever 
arm/ its greatest possible value. 

Now a value can be assigned to / of which it may be said 
with certainty that if the column is sufficiently strong to resist 
safely the force K, the height of the arc to which the column 
may be bent will not reach /. For let it be supposed that the 
curvature at every point of the column is the same ; that is, the 
column will be bent into the arc of a circla Now if the bend- 
ing be so great that the greatest compression due to it alone is 
equal to the elastic limit, it is evident that by adding the direct 
compression the elastic limit will be overstepped. If the force 
K could produce such a state of things the column must be 
considered too weak. If therefore the corresponding value of 
/ be substituted in equation 131 the value of S3 found will 
obviously be greater than the compression due to the bending 
produced by the force K would be in a column of sufficient 
strength, and consequently the section F found by using this 
value of S2 will be rather greater than required. 

If in equation I. (§ 44) 8 means the elastic limit of com- 
pression, B will be the shortening per unit of length at the 
elastic limit, and the sought value of / can therefore be found 

from equation 127 by substituting S for ^ and / ibr s, thus : 
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Then if in equation 131 / be replaced by this valae, and E 
by the vi^ue obtained from equation 129, 

S, = -2r-Si. [134] 

Whence the greatest compression in the column is (equation 
132) 

l + |~): [135] 

or putting the whole length of the column 2 Z = L and repre- 
senting the ratio n- by », 

« = g- = i + g.-^. [136] 

In this- equation Si is the uniform compression per unit of 
area that would occur were it not for the bending, and n is the 
number of times the greatest intensity of compression S may 
be made to exceed Si by the bending — or in other words, S is 
the safe stress per unit of area of the cross-section that can be 
applied- to the long column under consideration. 

The number n therefore gives the fraction of the safe resistance 
to crushing that can he applied to a long column, so that it may 
be safe as regards bending. 

Substituting the value of B at the elastic limit for various 
materials, the following formulae are obtained : 



Cast iion 8 = ,^ ■ . 

10000 


, . 1 FL« 
** = ^ "*" 6333 1 • 


[187] 


Wrought iron « = goooQ 


. . 1 FL* 
'•-^■^ 10666 I • 


[138] 


1 'ft 
Wood « = - 


, . 1 FL« 


[1891 



In these equations I is the moment of inertia of the section 
of the column about that axis through the centre of gravity of 
the section, which is perpendicular to the plane of bending, 
that is, at right angles to the direction in which bending takes 
place easiest. It is in fact the minimum bending moment of the 
section. 
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If, fpr instance, the section is rectangular, H the greater and B the smaller 

side, I = ^— - ; if, however, H is the smaller of the two dimensions, I = -r^ - 

In the last case, therefore, 

F BH 12 
I *T^BH»"H»' 

and the above formnln become 

Cost iron, n = 1 + 0-00225 (gY; [140] 

Wrought iron, » = 1 + 0-001125 (gY; [141] 

Wood. » = 1 + 0-0027 (^'; [142] 

from whioh the following table has been oonstmcted : 

^=10 20 SO 40 50 

Castiron, n = 1*225 1*9 3*025 4*6 6-625 

Wrought iron, 91 = 1-1125 1*45 2*0125 2*8 8*8125 
Wood, » = 1-27 208 3-43 5-82 7*75 

Thns if 6 kilos, per square millimetre be taken as the safe resistanoe to crushing 
of wrought iron, then the safe comprqssion per square millimetre on a long column 
of tbe same material of rectangular section whose length is twenty times its least 
dimensioQ H, is 

S, =? = =4i = *•14kilos.; 
n 1-J5 

and if for instance H = 10 millimetres, and B = 40 mUlimetres, the greatest 
safe load that could be placed on it is, 

E = FB, = 400 X 4*14 = 1656 kilos. 

If the section is a hollow rectangle as in Fig. 427, 

F BH-&A 



I T^BH»-T^6A» 
and the formula for wrought iron becomes, 

« = 1 + 0001125 ^-^i;-^. [U3] 

Thus for a rectangular wrought iron tube the thickness of which is ,\fth 
of the exterior dimensions, 



» = 1 + 000062 



(g)'; ;i44] 
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and if at the name time H ia ^th of the length, 

»= 1-248. 

Sooh a tube ooidd therefore only be loaded with S. = -t-t^tt = 4*8 kilos, per 

1 * iS48 

aquare millimetre. 

For a circular tube of exterior diameter D and interior diameter </, 

F T^^-'"> 16 



and equation 138 becomes in the case of wrought iron, 

« = 1 + 0-0015(55^,) . [145] . 

J T 

Let g = 0-9, g = 20, then n = 1-8315 and S^ = 4-5 kilos. 

If, however, (2 = 0, and ^ = 20, it will be found that n = 1*6, and 8, ss 
8*75 kilos. 

If it be Bupposed that one half of the column of Fig. 461 is 
firmly fixed (encastr^), the state of stress of the other half 
— and consequently the greatest compression at ^^ ^^ 
— will not be altered thereby. Therefore the 
general equation 136 is also true in the case 
represented in Fig. 462.* And writing 21 
instead of h, 

n=l+|.^. [146] 

If a round wrought-iron column be loaded in this manner, 
and the length B C = Ms twenty times the diameter, it wiU 

be found that n = 8 * 4, and Bj = r-r = 1 * 76 kilos. For instance, 

3*4 

if the area of the section is 100 sq. miUim., the safe load is 
K = 176 kilos. If the same column were placed in the con- 
ditions of Fig. 461, it could cany safely a load K = 875 kilos. 



''t^mmwm. 



u 

\\1 






It appears from the above that the sectional %ji 

areas obtained in §§ 41 and 42 for the com* 
pression braces^ can only be adopted if by their construction 
the value of n for them differs very little from 1. 

* This is the case of a long column having one end fixed and the other free 
but not ** guided." If the free end were guided the strength, of the column 
would be materially increased. This subject will be found very fully treated 
In * Der Gonstructeur,' by Prof. Beuleaux. — Tbaks. 
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It also appears that, as a rule, a greater section is required 
to resist compression than to resist the same amount of tension, 
and that the greater the ratio of the length to the least 
dimension of the cross-section, the greater must be the section 
to resist compression, but not proportionately. 

And lastly, that if the length remains the same and also 
the form of section, the less the load to be borne, the greater, 
proportionately, will the section be. 

From this last remark it follows that, if possible, bars in 
compression should not be split up into several isolated parts. 
In this respect, therefore, the simplest forms of construction 
are the best ; for instance, braced girders with a single triangu- 
lation are to be preferred to trellis girders. Trellis girders 
have, however, this advantage (already pointed out in § 43), 
that owing to the greater number of points of support ob- 
tained, there is a great saving of material in the longitudinal 
girders. When deciding on the depth of a girder, it should be 
remembered that the resistance of the compression braces 
diminishes rapidly as the depth increases. 

Further, it appears that the design of the structure should 
be such that the compression braces are as short as possible. 
For this reason, girders in which the verticals are in compres- 
sion and the diagonals in tension, are generally to be preferred 
to other forms. 

No general rule can, however, be framed by means of which 
it can be decided what form, what number of triangulations, 
and what depth a girder should have in order that the bridge 
may contain the least quantity of material. 
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SIXTEENTH CHAPTER 



§ 53. — CSoMPOOND Lattice and Suspension Bbidge — 

Span 60 Metrbs. 

■ 

DetermincUton of the led ratio hetween the depth of the girdefn 
and the height of the arc of the 8usperm<m chains. 

The general design of the bridge is shown in Fig. 463. 
In this figure, however, the points A and B are represented as 
fixed points, so as to rempye at first from the calculations 
the consideration of the back-stays. The arrangement of the 
bridge' in this respect is shown in Fig. 491.* The material is 
wrought iron. 

Fig. 463. 
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The two lattice girders are continuous between the abut- 
ments, and the section of the booms is the same throughout. 
Each girder is connected to a suspension chain, by means of 
vertical rods attached to each top joint of the girdet and to a 
point in the chain. The suspension ciiains are in the form of 
a parabola, or, more strictly speaking, of a polygon inscribed 
in a parabola. 

The total load on the bridge is 0*575 kilo, per millimetre 
run, consisting of a permanent load p = 0*375 kilo., and a 
moving load w = 0*2 kilo, per millimetre run. 

The first step is to decide what the proportion between the 
depth of the girder and the height of arc of the chain should 

* This bridge waa constnicted by a German firm to be sent out to the Brazils, 
and the author, at the request of the manufacturer, furnished the foUowing 
calculations. 
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be, in order that the quantity of material in the strnetnre may 
be a minimum. Although the greatest stress will be reached 
in certain parts of the girder when the moving load is unevenly 
distributed, yet for the present inquiry this can be ignored, and 
the moving load considered as covering the bridge. 

When the temperature varies, the length of the suspension 
chains will alter, and consequently the distribution of the load 
between the two systems will also alter. The changes of tem- 
perature must therefore be taken into account. 

If & is the greatest elongation per unit of length produced 
in the chains by the load alone, the deflection of their lowest 
points will be, according to § 45, 

cr = f5^'(l + |^;). [147] 

In the present case, as will be seen, the ratio y is small ; 
therefore 

<'■ = J ' T (approximatdy). [148] 

And if, further, A is the elongation per unit of length due to 
the greatest increase of temperature (Fig. 464), the deflection 
due to both causes is 

B = iO + A)j. [149] 

Fig. 464. 



The deflection in the centre of a prismatic beam, subject 
to a uniformly distributed load, is from equation 99, § 51, 

«i = A|;^' [150] 

in which equation q is the load per unit of length, Ij the 
moment of inertia of the section (supposed symmetrical about 
the neutral axis), and Ei is the modulus of elasticity of the 
material. (Fig. 465.) 
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The greatest bending stress. Si, in the beam can be found 
from equation 64, § 50, 

Substituting the value of Ii, obtained from this equation in 
equation 150, 

¥iQ. 465. 



and writing 8i, the greatest elongation per unit of length occur- 

g 

ring in the beam instead of -i , 

hi 



»i = *«i^- [153] 



According to § 49, the economical ratio JL is found by 

h 

equating the two deflections, thus : — 



« C« + a; 
Whence 



f(«+A)- = fJ,-. [154] 



h f (8 + 4) *-*'^J 

If it be supposed that the bridge is erected at the mean 
temperature, A will depend on the difference between the 
greatest temperature that occurs and the mean temperature. 
Since the chains are of wrought iron, if this difference of tem- 
perature is 41'' C, A = TxiW ; b^t i^ the difference is 20° • 5 C, 
A = TTjVir- Further the modulus of elasticity of wrought 
iron is 20,000 kilos, per square millimetre, and the safe stress 
can be taken at from 5 to 10 kilos, per square millimetre ; 
therefore S and Si vary between tj^^t and y oV oo* Assuming 
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that the height of the aTC of the chains A = 4 metreSy the 
following table can be formed from equation 155 : — 



9 

(Chain). 



8j - A 

(Girder). | (Temperatnre-eloDepaUon). 



* 



TSTHPS 



* 



16506 



lOoOO 



hn 



■oooo 



* 



SOSOA 



ftsSoff 






{ 



TfPSJS 



4ooo 



(20° -5 C.) 
(41° C.) 

(20° -5 0.) 
(41° C.) 

(20° -5 C.) 
(41° C.) 

(20°-5C.) 
(41° 0.) 



*1 

k 


*,. 


\ 


2-424 
1-667 


if 


2-051 
1-48 


% 


1-71 
1-284 


\ 


1-48 
1-111 



In using this table it must be remembered that, although 
both the chains and the girders are made of wrought iron, yet, 
for the following reasons, the value of Si should be taken 
smaller than 8. 1. Si in the girders depends on the resistance 
to compression, whereas in the chains S depends only on the 
resistance to tension. 2. Because even when the bridge is fully 
loaded and the temperature is at its highest^ the maximum 
stresses in the girders are not reached ; for they are also subject 
to the effect of the horizontal pressure of the wind, and of the 
unequal distribution of the moving load. 3. Because the points 
of attachment of the chains, although considered fixed, really 
approach each other slightly owing to the extension of the land 
ties, and this has the same effect as if the elasticity of the 
chains were increased. 

It would appear, therefore, that if A = 4 metres, then hi = 
1*5 metre is a good value for the depth of the. girders, this 
value being the arithmetic mean of those in last column, when 
the two first are omitted. 



§ 54. — Caloxjlatiok of thb Stresses pboduged by 
Chanoes of Tempebatubb. 

When the temperature diminishes, the chains shorten and 
their lowest points consequently rise. This induces stresses in 
the chains and girders, which are to be added to those produced 
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by the loads ; but they will be calculated separately by con- 
sideriug that the structure is totally unloaded. 

The ends, Ai and Bi, of the girders can be considered 
as capable of resisting an upward as well as a downward 
reaction (see § 66). The shortening of the chains due to a 
diminution of temperature will be accompanied by an upward 
bending of the girders. (Fig. 466.) The resistance thus pro- 
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duced will have the same effect on the chains as a uniformly 
distributed load — say, i per unit of length ; and the chains will 
be prevented from rising to the same height that they other- 
wise would do. The actual amount % the lowest points of the 
chains rise, is therefore equal to the difference between the up- 
ward deflection Si, produced by the diminution of temperature, 
and the deflection s^, due to the load Jt per unit of length. 

If the shortening per unit of length due to a decrease in 
temperature be represented by A, 






[156] 



The horizontal tension in the chains, due to the load h 
per unit of length, is, accordii^ to § 8, 



H=: 



2A 



[157] 



I^ therefore, E is the modulus of elasticity of the material 
of the chains, and F the sectional area of both chains ^ 
their lowest point, then 8 the elongation due to X; is 



» = J= = 



EF 2EFA 



[158] 
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whence the deflection of the lowest points of chains is 
and the actual upward deflection is therefore 

The upward deflection of the girders must be equal to 8, and 
since it is produced by an upward uniform load k per unit of 
length. 

Equating the two values found for 8, 

I* kl* k I* 

or 

If Fi is the sum of the effective sectional areas of the four 
booms of the two lattice girders (Fig. 467)^ 



li = 4(lFoaAi)« = ^- [164] 



Pick 467., 






And sabstitating in the above equation 



2 AEFJk 
* = -T r. „ ». - [165] 



lt(i + iS 1. L ^\ 
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For example, let A = W^ny* E = Ei = 20,000 kilos., h = 
4000 mm., F = 7500 sq. mm., Fi = 15,000 sq. mm., I = 
30,000 mm.; then k = 0* 074,896 kilo, per millimetre, or 
nearly 75 kilos, per metre run. 

If A were negative, k would also be negative ; and thus it 
is seen that the action of an increase of temperature is to unload 
the chains and load the girders by the amount k per unit of 
length. Thus, if the bridge be constructed at the mean tem- 
pera,ture, the girders will*be unloaded by the amount of 75 kilos, 
per metre run, and the chains loaded by the same amount when 
the temperature is 41° C. below the mean ; and when the tem- 
perature is 41° C. above the mean, exactly the reverse will take 
place. Therefore the load k, which can be called a tempera- 
ture load, is applied to the chains when the temperature 
decreases, and to the girders when the temperature increases 
and produces stresses which must be added to those due to the 
ordinary loading. In the chains this temperature stress is 
by equation 157 

S = 5^ = 1 • 1284 kUofl. per aq. mUlimetre ; [166] 

2 IT A 

and for the booms of the girders, from equations 151 and 164, 

S, = :JV = 2-9% kilos, per sq. millimetre. [167] 



§ 55. — Calculation op the Stresses pboduoed by the 

Permanent Load. 

Let the uniformly distributed load on the bridge be p per 
unit of length, and let np be the portion carried by the chains : 
(1— w) |) will therefore be the load on the girders (Figs. 468, 
469, and 470). Now, similarly to equation 159, the deflection 
of the lowest points of the chains is 

and the deflection of the girders at the centre is (equations 
161 and 164) 

* E,F,A>, ^^^ 

2 A 
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Therefore, equating these two values of a, 

npl* _- (l-n)p/* 

or 



n = 



E, P, A», 



[170] 



[171] 



FiOB. 468, 469, and 470. 




^1 111 Mill 11 



(1 - n)p 

As before, let •:cr = 1> rr = 2, ~ = —3—; then 

Hi J: A 4 



n = 



i + A\y 



= 0-887656. 



[172] 



If, therefore, the dead load per metre run is 375 kilos, (or 
p = 0*875 per millimetre run), it is distributed as foUows: 
On the chains, 

np = 0*83287 kilo, per millimetre mn ; 

= 882 * 87 kilos, per metre nm. [173] 

On the girders, 

(1 ~ n)p - 0*04218 kilo, per millimetre ran ; 

= 42 * 18 kilo8. per metre ran. [174] 
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And the stresses produced in the chains and in the booms of 
the girders are respectively, 

8 = jT^ = 4 • 998 kilos, per eq. millimetre ; [176] 

Zen 

Si = ^^-^i^T^ = 1 • 685 kilo, per sq. mUlimetie. [176] 

F, A, 



§ 56. — Calculation of the Stbesses pboducbd by a 

Moving Load. 

It was shown in § 8 that if the curve of equilibrium of a 
cliain is a parabola, the load must be equally distributed over 
the span or horizontal projection. Now, in the present case 
the deflection of the girders is but small ; it may therefore be 
assumed that the chains retain always their parabolic form. It 
follows that the chains must in all cases be uniformly loaded, 
even if the load be coucentrated at one or more points on the 
girders. 

In Fig. 471 let the elements dz of the span, at equal dis- 
tances z from the centre, be loaded with q per unit of length ; 
then q dz will be the load on each element. Further, let q dn 




qdz 



qdz 



represent the uniformly distributed load that the chains have 
in consequence to bear (Fig. 472). dn can be found, as before, 
by equating the deflections of the chains and of the girders. 
According to equation 159, the deflection of the chains is 

qdn . I* 



» = i 



EFA» 



[177] 



The deflectioii of the girders is equal to the deflection that the 
two loads q dz, would produce of themselres (Fig. 473) minus 

2 A 2 
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the deflection due to the upward unifoimly distributed load 
q dn per unit of length (Fig. 474). 
From equation 97 the first part is 






(2/»-3/«» + *»); 



[178] 



and from equation 99 the second part is 

qdn . ^ 



[179] 




qdi 




Fig. 473 








Pig. 474, 

tttin 




qdn . / 

Hence the actual deflection is 

qdz 



qdn ,1 



• = »i - «i = 



(2/»-8/«« + «»)-* 



and equating the two values found for s, 



qdn , I* 

"ETiT' 



[180] 



qdn , I* ^ qdz 



qdn. I* 



*Vs^=6%rr/'''-'''*+^'^-*'Errr^ 



or, 



dn=z 






[181] 



[182] 
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Substituting from equation 164 



li = 



F,V 



and integrating the right*hand side between the limits Zi and 
Z2 , and the left-hand side between the limits thi and n^ , 



p"= r 



E, Fi *,«> 



'>*''(i+*.|".'^/i) 



dx; 



[183] 



or. 



Thus, when the bridge is loaded as shown in Fig. 475» the 
uniformly distributed load the chains have to carry is («a - ni) q 
per unit of length of the span. 

Fio. 475. 




V 



« («« - «l) 



3' (*i - «i) 



(Putting »i = 0, »a = I, and Wj = 0, w^ = w, so that the uni- 
formly distributed load covers the bridge, 



n =^ 



E F A« = «* = 0-887656; 



[185] 



or the same value that was obtained from equation 172.) 

Evidently each of the loads q (z^—Zi) has the same ef- 
fect on the chains ; each of them, therefore, produces a load 

* rt-^ ) ? P^r ^^^^ length of the span. This is shown in 

Figfl. 476 and 477. In this case the deflection of the 
girders is compounded of the downward deflection due to the 



of 



c 
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load q (i8a — 2i), minus the upward deflection due to the uni- 
formly distributed upward load ( ^ M q produced by the 
chaina (Figs. 478 and 479.) 



FiQ. 476. 




M 

V 



Q («« - «i) 



FiQ. 477. 





Fig. 478. 



fl?— x -Si^ jn 






? («t - *i) 



t 




Fig. 479. 




Therefore the bending moment at a point distant x to 
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the left of the centre, is the difference between the bending 
moment due to the load q {z^ - «i) Fig. 478, 

M, =Dy-.x); [186] 

and the bending moment due to the loading shown in Fig. 479, 
The resulting bending moment is therefore 

Similarly, it will be seen that the shearing force at the 
same point is 

V = V, - V. = D-f!?^*)^*. [189] 

In both these equations, D is to be replaced by its value 
derived from Fig. 478, viz. : 



D = ?if^(l_!t+£.). [190] 



It will be observed that the direction of M and Y, when the 
bridge is fully loaded, has been taken as the positive direction. 



§ 57. — Detebmination of the Wobst Condition op 

Loading fob the Gibdeks. 

To find what conditions of loading produce the greatest 
bending moment M, and the greatest shearing force V, 
respectively at any given section of the girders, the points must 
first be found where a load must be placed so that M = and 
V = respectively ; for it is evident that these points separate 
the loads that produce positive from those that produce negative 
values of M and V respectively. 

The values of M and Y found in equations 188 and 189 
can be regarded as the sum of the increments due to each element 
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of the load q (03 — Zi). Let d M and d V represent the increments 
produced hy a load qdz situated at a distance z from the centre 
(Fig. 480). Then proceeding as in the former case (equations 
188 and 189), the following equations are obtained : 



rfM= j , 

qdz(l-z) qdn 

^^ = 21 T^' 

Fig. 480. 



[191] 
[192] 




which become, when dn is replaced by its value obtained from 
equation 182 

[193] 



dM = 



qdz(l- z^O-x) 



2/ 



dV = 



qdz(l^ 



(2P + 2lz^z^) \ 

+ 9AiL\ [ 
^ B F AV J 



[194] 



Evidently the position of the load which produces no 
bending moment at the section under consideration, can be 
found by putting i M = 0. Thus (writing u instead of « as a 
distinction) : 



20+ X) 



= 2/« + 2/tt — tt«. 



[195] 



substituting Ii = . 



and solving, 



/, 



2 (7 + x) 



[106] 
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Only one root of this quadratic equation applies to the 
question under consideration ; for the other root would make 

-y > 1, which is evidently inadmissible in the present case. 

The same remark refers to equation 197 below. 

Proceeding in the same manner for d Y, and representing 
by V the value of «, obtained by putting d V = 



i^('+»A^)=2''+'^'"'-'^= tiw] 



or, 



I'^-y'-M'^'i'r'S)- 



[198] 



El Fi hi 1-5 

As before, put ^ = 1, ■« = 2, -r- = -r- ; then the equa- 
tions for u and v become 



« _ , /iGSx + m nQQi 



I V 512x 



[200] 



Both these equations refer to the case when the load is 
placed to the right of the section under consideration. If Ui 
and Vi are the distances to the left of the centre of the points 
where a load must be placed to produce no bending moment 
or shearing stress respectively at a section situated between 
them and the centre, it will be found that 



!5l = 1 - 7^7/ -768a; 



7--\/»-^s-:- 1^= 
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The following table has been computed from the above four 
equations : — 



m 


u 


•I 


V 


»i 


I 


I 


I 


T 


{ 


- 1 


m • 


- 0-2616 




- 0-2616 


- 0-75 


• 4 




- 0-18 




- 0-0594 


- 0-7041 


• 1 




• • 







- 0-6 


• 




- 0-0594 




+ 0-5715 


- 0-4694 


• 1 




• • 




+ 1 


- 0-4082 


• 











- 0-25 


• 




+ 0-1358 






- 0-24 


• 1 




+ 0-1464 






- 0-2 


• 




+ 0-1919 






- 0-125 


• 




+ 0-29535 






- 0612 


+ 1 


+ 0-4118 









+ 0-5716 


+ 0-5715 






+ 00612 


+ 0-4118 


+ 1 






+ 0125 


+ 0-29535 








-r 0-2 


+ 01919 








+ 0-24 


+ 0-1464 








+ 0-25 


+ 0-1358 








+ 0-4082 











+ 0-4694 


• • 




+ 1 




+ 0-5 


- 0-0594 




+ 0-5715 




+ 0-7041 


• ■ 









+ 0-75 


- 018 




- 0-0594 




+ 1 


- 0-2616 

« 




- 0-2616 





§ 58.— Calculation of the Stresses produced in the Booms 
OF the Girders by the Moving Load. 

The above table shows that for all values of x between 
+ 0*0612 Zand — 0'0612Z there are two zero-points for the 
bending moment (callings for shortness, the point where a load 
must be placed to produce no bending moment, the eero-potfU)^ 
and that for all other values of x there is only one zero-point. 

When a; = 0, that is, for the centre of the girders, the two 
zero-points lie at equal distances, u = Ui = 0'5715 I, to the 
right and to the left of the centre. These two zero-points 
separate those loads that produce positive from those that . 
produce negative bending moments at the centre of the 
girders. For instance, if the moving load were distributed 
as shown in Fig. 481, the positive bending moment at the 
centre would be at its maximum, and its value can be found 
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as follows : — The first step is to find the part of the load carried 
by the chains. This can be done by means of equation 183, 
and in the present case the limits of the integration evidently 
are Wj = and n% = n; «i = and «2 =0'5715 L It will then 
be found that 



fi « 0-6988. 



[203] 



Fio. 481. 
0-5715^ 0-5715/ 




Now, since the moving load is m == 0* 2 kilo, per millimetre 
run, in the present case the uniformly distributed load on the 
chains will be 

nm = 0-6983 x 0-2 = 0*1396 kilo, per millimetre ran of the ^lan. 

This is also the upward uniformly distributed load cm the 
girders. 

If Ml and M^ denote the bending moments at the centre of 
the girders due to the loading shown in Figs. 482 and 483 
respectively, the resultant bending moment at the centre is 

H r= H, - M, [204] 

and 



Ml = m « / — 



mz^ 



M,= 



»m/* 



[205] 



[206] 



Further S«, the stress per unit of area due to the bending moment * 
M, can be found from the equation, 

8m Ii 8« Fj A, 



M = 



or, 



J A, - 2 
2M 



8ii» — 



F.A,' 



[207] 
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and by substituting the above nnmerical values: 

8. = "^ r,^; =0-948 kUo. per sq. millimetre. [208] 

From equation 176 it will be found that the same stress 
would be produced by a uniform load on the girders of 23* 7 kilos, 
per metre run ; whereas when the moving load covers the bridge 
the part supported by the girders is only 

(1 — *887656) X 200 = 22*5 kilos, per metre run. 



mg 



FiQ. 482. 



mg 




nm 



Fig. 488. 




nml 



nml 



As a further example, let it be required to find the maxi- 
mum bending moment at the section whose distance is 
(B = ' 0612 1 to the left of the centre. As will appear from 



Fio. 484. 



0-4118/ 




the table, p. 362, the moving load will in this case cover the 
shaded portion in Fig. 484. 
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Now, as explained at p. 357, the value of n for the part of 
the load from the centre to 0'4118 I is half the value of n 
when the load extends to 0*4118 I on each side of the centre. 
The limits in equation 183 can therefore be taken as ni = 0, 
na = 2 n\ Zi = 0, and ^2 = 0'4118 I; and substituting these 
values in equation 184, it will be found that 

n' = -270172. 

The same applies to the part of the load from the centre to the 
left abutment, and from equation 185, 

n" = 0'443828; 

and hence the value of n for the distribution of the moving 
load shown in Fig. 484 is 

n = n' + n" = 0-714.' 

Then, proceeding as in the previous case, it will be found 
that the stress in the booms, at the section under consideration, 



is: 



S„ = '' "77 =0-98 kilo, per sq. millimetre. [209] 



Via. 485. 



ii 



ii 




1-344 



1-844 



The value of S. for all values of x can be similarly ob- 
tained, and the result is expressed graphicallj in Fig. 485, 
which shows that the greatest bending moment occurs when 
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§ 59. — Calculation op the Stresses produced by the 
Permanent and Temperature Loads in the Boohs 
of the Girders. 

It now remains to find the stresses in the booms of the 
girders produced by the permanent load and the temperature 
load. 

The part of the permanent load carried by the girders 
will evidently be uniformly distributed over the span. There- 
fore, if Mq is the bending moment at the centre, the bending 
moment M. at a distance x from the centre can be found from 
the equation (see equation 65) : 

M, = Blp(l-.^^). [210] 

This is the equation to a parabola, as shown in Fig. 486. 

Fio. 486. 



>. 




The stress S, evidently also follows the same law as the 
corresponding bending moment M.; and since the value of 
Sp at the centre is 1*685 kilo, per square millimetre (see 
equation 176), 

S, = 1-685 (l-^). [211] 

Further, the stress S| due to the temperature load, can be 
similarly obtained, since this load is also uniformly distributed 
over the span. And by equation 167 the value of this stress 
at the centre is 2 * 996 kilos., therefore, 



Si = 2-996 



('-^)- 



[212] 
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The following table has been constructed from equations 
211 and 212, and from the result obtained in § 58 : — 



Valnes of 
T 


Otrcawo in the Boomi of Glrdert pfodocad by 


Moving LomL 


Permanent Loed. 


Tempentoie Loed. 


Touastnes. 




Sm 


8p 


Si 


Sm + Sp + Qt 





0-95 


1-685 


2-996 


5-63 


0-0612 


0-98 


1-68 


2-98 


5-64 


0125 


1-07 


1-66 


2-95 


5-68 


0-2 


1-15 


1-62 


2*88 


5-64 


0-24 


1-20 


1-59 


2-82 


5-61 


0-25 


1-22 


1-58 


2-81 


5-61 


0-408 


1-34 


1-40 


2-48 


5-24 


0-5 


1-^ 


1-26 


2*25 


4-85 


0-6 


1 28 


1-08 


1-92 


4-28 


0-75 


10 


0-74 


1-81 


305 


1 















This table shows that the maximum stress occurs when 
X = '125Z, and that it is then equal to 5*68 kilos, per square 
millimetre. It must, however, be observed that these stresses 
will be further Increased by the pressure of the wind, and also 
by the extension of the land ties. The effect of both these 
causes will be treated of in § 62 and § 63. 



§ 60.— Calculation of the Sheabing Stbess produced by 

THE Moving Load. 

The table at the end of § 57 shows that for every value 
of X there is only one zero-point. This zero-point forms a 
loading boundary ; there is, however, a second loading boun- 
dary, which is situated at the section under consideration itself, 
for a load can produce no shearing force at the section imme- 
diately below it. 

Thus, for instance. Fig. 487 shows tl\p arrangement of the 
load that gives the greatest shearing force Y. at the section 
whose distance is « = • 75 Z to the left of the centre. Now, 
from equation 189, 



V- = D-nm 



«; 
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and it will be found by means of equation 184 that, 

2n = 0-7876. 

Therefore (see equation 190) : 

V ^0-2 ^^'^^^"^'^^^^^ A Q'75/ + 0-0594 / \ 
* 0-3688 X 0-2 X 0-75 = 1250 8 Idlofi. 



Pio. 487. 
0-0594 / 




0-75/ 



If the value of V., for a series of values of «, be calculated, 
and the results plotted, the curve shown in Fig. 448 will be 
obtained. This curve shows that the vertical shearing force 
y. due to the moving load, has one maximum and one minimum 



Fio. 488. 

J/ J/ 




2031*6 



2031-6 



value on each side of the centre and a maximum value at the 
centre. The greater maximum (stjrictly speaking, it is not a 
maximum) occurs at the abutments, and is 2031 ' 6 kilos. ; the 
smaller maximum is at the centre, and its value is 1500 kilos. 
The minimum is at a distance \ I from the centre, and is equal 
to 1103-9 kilos. 
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§ 61.— Calculation of the Sheabing Stresses dub to the 
Permanent and Temperature Loads, and of the 
Maximum Stresses in the Braces. 

The permanent load on the bridge produces a uniformly 
distributed load of 42*13 kilos, per metre run on the girders 
(see equation 174). The shearing force at any section of the 
bridge can therefore be found by means of equation Q6a^ and 
by substituting the various values it will be found that 



Vp = 1263-9 - 



[218] 



The temperature load being also uniformly distributed, the 
shearing stress Yiatany section can be found from the same 
equation. This load amounts to 75 kilos, per metre run. 

Hence: 



V* = 2250^ 



[214] 





The results obtained are embodied 


in the following table : — 




Values of 
I 


Vertical Shearing Force prodnced by 




Moving Load. 


Permanent Load. 


Tempentore Load. 


TotaL 




V» 


V, 


V* 


v.. + Vj, + Vt 







1500 








1500 




0-25 


1419-5 


3160 


562-5 


2298-0 




0-5 


1103-9 


631-9 


1125-0 


2860*8 


• 


0-75 


1250-8 


947-9 


1687-5 


3886-2 


■ 


1-0 


2031-6 


1263-9 


2250 


5545-5 



If the girder is divided into square bays by vertical braces, 
itnd if in each bay two diagonals are placed which can only 
resist tension, the verticals will be in compression. On refer- 
ring to the above table, it will be seen that the compression in 
the vertical over the abutments in each girder is ^*^^'^ = 
2772*75 kilos., and that the stress in the succeeding verticals 
gradually decreases as feu* as to the centre, where its value is 

2 6 
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1^ = 750 kilo8L The tension in the diagonals is ^^^^^^ 
= 1060*7 kilos, in those of the central bay, and it increases 

towards the abntments, where it is 5 = 8921 '3 

kilos. 



§ 62. — Calculation op the Stresses in the Wind-Stats 

AND WiND-BbAGES. 

A parabolic form can be given with advantage to the wind- 
staySy connecting them by horizontal rods to the lower joints 
of the girder, as shown in Fig. 489. The lower booms are 
braced together, and thus a combination of a girder with a sus- 
pension chain, similar to the main structure, is obtained. 



Fio. 489. 



TTTrrr^ 



r 1 ! n I 





^^531 



As before, the first step is to find the economical height of 
arc of the wind-stay, and this can be done by writing / instead 
of A, and /i = 2 *25 metres (the breadth of the bridge) instead 
of Ai in equation 155, thus : 



2-26 " * «, ' 



[215] 



where S is the safe extension of the wind-stays, A the exten- 
sion due to temperature, and Si the safe extension in the girder 
per unit of length ; and these values are to be taken indepen- 
dently of the extensions produced by the vertical loads. The 
following table has been computed from the above equation by 
giving different values to Si, S, and.A. 
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«i 



108 A 

nrhnr 

flOBOV 
10000 



* 



10600 



^ 



TTTBOTr 



moTO 
vsvvv 

tUoJPS 
iOoVO 
TIRnTO 



lO'oV 
lOoO 



8-7125 

5-4 

4-3875 

4-725 

6-4125 

6-075 

8-1 



In choosing a value for / from this table, it should be con- 
sidered whether it is probable^ or even possible, that all the 
unfavourable circumstanoes can occur simultaneously. If they 
do occur simultaneously, then one of the larger values of/ 
must be taken. 

N0W9 it is most unlikely that a high wind will be blowing 
when the temperature is at its maximum, and further, a rise 
of temperature of 20^*5 G. (A = Tihrv) above the mean is really 
an ample allowance. It would therefore appear that / can 
be made 4 metres, although it must be admitted that a greater 
height of arc would be preferable, if the breadth of the abut- 
ments will allow of it. It will be observed, however, that a 
greater height of arc can be obtained, as indicated in Fig. 490. 

Fia. 490. 





1/^ '^^U-Ui-U^''' "Xl^ 

[NoTX. — ^It iB thought that this arrangement of the wmd-stays is open to 
the following objections. The bars connecting the centre joints of the lower 
booms to the chains, are struts, and would therefore require a larger scantling 
than the corresponding ties in the arrangement shown in Fig. 489. Further, 
these struts are in unstable equilibrium — ^that is, with the slightest displace* 
ment of the end attached to the chain a tendency to turn about the other end 
would arise. These struts would therefore have to be braced up to the side of 
the main girders.] 

2 B 2 
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The distribution of the wind-pressure between the chain 
and the horizontal girder can be found from equation 171, by 
writing/ instead of h, fi instead of i^i, ^ the sectional area of , 
the wind-stay instead of F, and ^ F^ instead of Fi (the reason 
of this last alteration is that only the two bottom booms are 
connected to form the horizontal girder), thus : 

1+ • ^ Ei h. 

If E = El, Pi = 15000 sq. millimetres, ^ = 1250 sq. milli- 
metres,/ = 4000 millimetres, /i =: 2250 millimetres, it will be 
found that 

n = 0-5393. [217] 

Let it be assumed that the wind-pressure is «(; = 0*2 kilo, per 
millimetre run ; then the part carried by the wind-stay will be 

0-5393 X 0-2 = 0-10786 kUo. per mUlimetre run ; [218] 

and by the horizontal girder, 

(1 - 0-5398) X 0-2 = 0-09214 kilo, per nullimetre run. [219] 

The stress at the centre of the wind-stay can be found by 
equation 175, thus : 

0-10786/' 
S = — ^y — = 9-7 kilos, per Bq. millimetre ; [220] 

and, from equation 176, the stress produced in the lower booms 
of the lattice girders is 

0*09214/* 
Si = 1 -pi ^ =4-9 kilos, per sq. millimetre. [221] 

The stresses produced by temperature in the wind-stays and 
in the horizontal girder can be found in the manner explained 
in § 54. Thus, if the range of temperature on each side of the 
mean is 41° C, it will be found from equation 165 that 

k = 0-0512 kilo, per miUimetre mn ; [222] 
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that is to say, when the temperature is 41° 0. above the mean, 
the girder will have a temperature load of 61 ' 2 kilos, per metre 
ran, and when the temperature is 41^ C. below the mean the 
wind-stay will have a temperature load of the same amount 
(supposing that there is no temperature load at the mean tem- 
perature). 

These loads produce the following stresses : 
In the wind-stay, 

S' = 4-608 kilos, per sq. millimetre; [223] ' 

in the lower booms of the girders, 

S'l = 2 • 73 kiloa per sq. mmimetre. [224] 

The maximum horizontal load on the girder, due to the 
wind and change of temperature conjointly, is 

(1 - n) w + * = 0-14334 kUo. per millimetre. [225] 

The maximum shearing stress at the abutments is therefore 

[(1 - n) 10 + *] / = 4300 Irilofl. [226] 

It will be seen £rom the table at page 869 that the maximum 
shearing stress at the abutments on each of the vertical girders 

5545 • 5 
is — ^ — = 2773 kilos. If, therefore, the braces in the hori- 
zontal girder are arranged in the same manner as those in the 
vertical girders, the stresses in them will be lo those in the 
vertical girders as 4300 : 2773, and their sections will have to 
be made larger accordingly. 



§ 63. — Influence of the Extension op the Baok-stats. 

In the previous calculations, the points of attachment of 
the chains A and B (Fig. 491) were considered as absolutely 
fixed. If, however, A and B are placed at the top of vertical 
columns A Ai and B Bi capable of free rotation about their 
lower points Ai and Bi, back-stays A C and B D must be intro- 
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duced to keep these columns in position. The extension of 
these stays will allow the points A and B to move slightly 
towards the centre, and the lowest point of the chain A B will 



Fio. 491. 




be slightly lowered in consequence, and this will necessitate a 
correction in the distribution of the loads already found. 



Fio. 492. 




If the original angle of inclination of the back-stay A C 
(Fig. 492) is 45°, and its extension per unit of length S, the 
horizontal displacement of the point A is evidently 



AF = 28a; 



and the deflection at the centre of the main chains due to 
this displacement is (similarly to equation 148), 



3 = I (2 8 a) - (approximately). 



[227] 



Let D represent the extension per unit of length in the 



main chains that would produce the same deflection (sspposing 
A ^d B to be fixed points), then, according to eqoation 148, 

. = «Dj. [228] 

Equating these two valaee of a, 

or gabstitnting a = 4 metres and I = 30 metrec^ 

J = A- pa*] 

Applying this resnlt to equation 165, it will he seen that to 
find the temperature load transmitted &om the main chains 
to the girders, when the extension of the back-stays per nnit 
of length b the same as that of the main chains, it 18 only 
necessary to multiply the prerious result by 1 + A. (It will 
be observed that equation 230 is true for negative, as well as 
for positive values of £.) 

It was found, by means of equation 165, that an increase 
of temperature of 41° C. produced a temperature load of 75 
kilos, per metre ran on the girders. Therefore, owiag to the 
simultaneous extension by temperature of the back-etays, this 
load will be increased by A x 75 = 20 kilos, per metre run, 
and the total load will be 95 kilos, per metre ran. The stress 
in the booms of the girders at the centre corresponding to the 
fbrmer temperature load was 8 kilos, per sq. millimetre ; it 
will now be increased to 

S'l = (1 + 'A)3 = 3-8 kUo*. per eq. millimetre. [231] 

The former vertical shearing force at the abutments, due 
to temperature, was 2250 kilos. It now becomes 

v. = (1 + ■A)22» = 28M Uloa. [282] 

It will be observed that there is an important difference 
between the extension in the back-stays, due to elasticity, and 
that due to temperature ; for the muimom increase of load due 
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to the latter can be taken either pofiitively or negatiYely, and 
can occnr under any conditions of loading of the bridge; 
whereas the former can only be taken in the positive sense, 
and its maximum effect can only occur when the chain is fully 
loaded, and this happens precisely when the temperature is a 
minimum. 

The effect of the extension of the back-stays on* the distri- 
bution of the permanent and moving loads can be found as 
follows : — 

The stress in the back-stays, when the angle of inclination 

is 45°, is \/^ times greater than the horizontal stress in the 

main chains. If, however, their section be made \/§ times 
greater than that of the main chains at the lowest point, the 
stress per unit of area will be the same, and therefore ako the 
extension per unit of length. 

In this case, as will be seen from equation 280, the exten- 
sion of the back-stays has the same effect as if the extension 
of the main chains had been increased in the ratio of 1 to 
1 + iVy or what amounts to the same, as if the modulus of 
elasticity of the main chains had been diminished in the ratio 
of 1 + iV to 1. The distribution of the loads, when the ex- 
tension of the back-stays is taken into account, can therefore 
evidently be found by substituting If E for E in the various 
equations already obtained. Thus, from equation 171, the co- 
efficient of load* distribution for the permanent load becomes 

til = 0*86184 (instead of n = 0*887656). [28S] 

[NoTB. — ^Thifl yalne of ni can also be obtained as follows: — 

The deflection of the centre of the chains consists of two parts, one dae to 

the extension of the back-stays and the other to the extension of [the chams 

themselves, and their amount is given in equations 227 and 168 respectively. 

Now, since it is assumed that the sectional area of the backnstays is V2 

times that of the main chains, and consequently the value of d is the same in 

both, d in equation 227 can be replaced by its value '^^,. obtained from 

2ilir A 

equation 158, by writing nj p instead of k. Hence the total deflection at the 

centre of the main chains is 
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This deflection must be eqtiated to that at the centre of the girders given by 
equation 169, thus : 

* EPA« ■*"*EFA*~* El Pi A} ' 
from which it will be found that 



Now, 



therefore. 
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The part of the load taken by the gliders will be therefore 
increased in the ratio. 



l-fh _ 18816 

l-fi ■"011234"^^ 



[284] 



or 23 per cent. ; and the stresses in the booms and the shearing 
forces will be increased in the same proportion. The stress 8^ 
in the centre of the booms was 1*685 kilos, per sq. millimetre ; 
it now becomes 

8p=: 1-685 X 1-28 = 2-07 kilos, per sq.mimmetre. [235] 

The vertical shearing force at the abutments was 1263*9 kilos. ; 
it is now 

V, = 1263-9 X 1-23 = 1554-3 kilos. [286] 

In applying this correction to the stresses produced by 
the moying load, it is to be observed that the most unfavour- 
able arrangements of the load will be slightly altered ; or, in 
other words, that the zero-points will be shifted. It will be 
found, for instance, that instead of u =0*5715/ in Fig. 481, 
u = 0' 685 1 gives the position of the load when the stress S. in 
the booms at the centre of the girders is a maximum, as will 
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appear from eqnatioiis 196 and 198, in which E must be 
replaced by If B. As before, it is fomid that in this case 

n = 0-7609, 

and 

S'„ = 112 kOoB. per aq. miUimetie (instead of 0*95 kilos). [287] 

Similarly, when x^ ^l, the corrected valne of n is 0*4082, and 
S'«= 1-445. 

The maximnm diearing force Y. was 2031*6 kilos., to 
which corresponded v = 0'2616Z (see tables, pages 362 and 
369). The corrected value is t; = - • 245 Z, and 

V'» = 2373 kUos. [238] 



§ 64. — ^Becafitulation of the besults of the 

Calculations. 

In the preceding calculations the following dimensions, &c., 
were assumed or found : — 

Permanent load j> = 875 kilos, per metre nm. 

MoYing „ m = 200 „ „ „ 

Wind-presBore to = 200 „ „ „ 

Bom of the sectional areas of *M p = 7500 „. miUimetres. 
main chains i 

Sum of the sectional areas of the baok-| p ^g = 10600 sq. miUimetres. 

stays ^ J 

Sectional area of eech of the wind-stays ^ = 1250 sq. millimetres. ' 
Snm of the sectional areas of the foor*^ p __ 25000 

booms of the girders / * 

Height of arc of the main chains . . A = 4 metres. 

Depth of the girders A^ = 1*5 metres. 

Height of arc of the wind-stays . . / = 4 metres. 

Width of the bridge /, = ^'^^ metres. 

Span of the bridge 2/ = 60 metres. 

The tension in the lower boom of either of the girders will 
be greatest when the moying load is in its most unfavourable 
position, the temperature highest, and the wind-pressure greatest 
(the wind blowing against the other girder). From equations 
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235, 237, 231, 219, and 224, it will be found that the stresses 
due to these yarious causes are : 

Sp = 2-07 kilofl. per 8q. millimetre (permanent load). 

8 M = 1 ' 12 IdloB. ,, ., (moving load). 

8«= 3*8 kilos. M n (temperature load). 

8« = 4*9 + 2*73 „ „ (wind-pressnre ooonrring with highest ' 

temperature). 

Adding these together, the greatest tensicm in the lower 
booms is found to be 

8 <«».) = 14*62 kilos, per sq. miUimetre. [239] 

The compression in the upper booms will also reach its 
greatest value under these circumstances, and can be found by 
adding together the first three stresses, amounting to 7 kilos, 
per sq. millimetre (the wind-pressure has no effect on the upper 
booms). 

The maximum vertical shearing force at the abutments is 
found by adding together. the values given in equations 236, 
238, 232, thus : 

Yp =1554 kilos (pennanent load). 

V'« = 2373 kilos. (moving load). 

Y't =2850 kilos. (tempetatnre load). 

or 

V («a.o = 6777 kflos. ' [240] 



And this is evidently also the maximum stress in the bars 
A Ai or B Bi (Fig. 463) to which the ends of the girders are 
attached. 

These bars, it was seen, have also to act as struts; it is 
therefore necessary to find the minimum stlress in them. Now 
the vertical shearing force produced by the moving load alone 

when covering the whole bridge, is evidently 5=^ x 1554 = 

829 kilos. Thus the minimum added to the maximum shear- 
ing force produced by the moving load will be equal to 
829 kilos. 



« 



380 BBIDGES AND BOOFS. 

Therefore, 

y. = 829 - 2873 = - 1544 kilo6. 

The minimtun stress in the bars A Ai or BBi is therefore 

y (^) = + 1554 - 1544 - 2850 = - 2840 kilos. ; [241] 

and they must consequently be strong enough to resist a thrust 
of 2840 kilo& 

The stress in the main chains reaches its maximum value 
when the bridge, is fully loaded, and the temperature is lowest. 
The total load on the bridge is 575 kilos, per metre run, and 
of this the chains carry, according to equation 233, 0*862 x 
675 = 495*56 kilos, per metre. The temperature load 'is 95 
kilos, per metre (see page 375). In the most unfjEtyourable case, 
therefore, the chains have to carry 590*56 kilos, per metre of 
the horizontal projection, and the corresponding -stress at the 
lowest points of the chains is, from equation 166, 

a 0-59056 X 30000' _ „ .., .„. ^_ „ .._ 
® "= 2 X 4000 X 75 00 ^ ^'^ ^^ ^^ ^" °^*^^®*"* ^^^ 

If the- section of the chains is constant, the stress at the 
abutments will be (see § 8) 



8-86^1 + UisY = 9*13 kilos, per eq. mUlimetre. [243] 

The stress in the back-stays will, however, evidently be 

8*86 kilos, per sq. millimetre, since their section is V2 times 
that of the main chains. * 

If it be assumed that the weight of the chains is 4500 kilos., 
then the sum of the stresses on all the verticals connecting the 
chains and the girders is 

(max. load on the chains) 

590-56 X 60 - 4500 s 80984 kUos.; 

and the stress in each will therefore be — rr— , where N is their 

number. 

The wind-stays are under the worst conditions when the 
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wind-pressnie is greatest and the temperature is lowest Hence 
from equations 218 and 223 the maximum stress in the centre 
of the wind-stays is^ 

9'7 + 4*6 = 14*8 kilos, per sq. millimetre. 

From equation 226 it will be seen that the greatest shearing 
force taken up by the horizontal wind-braces, is 4300 kilos. 

And lastly, the maximum tension in each of the horizontal 
rods connecting the wind-stays with the girders, is 

(107-86 + 51-2) X 60 _ 9540 
N, " N, ' 

according to equations 218 and 222, Ni being their number. 



§ 65. — ^Adjustment op the Vbbtioal Eods ooNNECTiNa 

THE GiBDEBS WITH THE SUSPENSION CjaAINS. 

When investigating the effect of the permanent load, it was 
assumed that the structure was weightless and the girders 
perfectly straight. The permanent load was then applied, and 
the centre of the bridge consequently deflected by a certain 
amount. Now, on account of the compound nature of the 
structure, it is only by chance that this will be the actual 
deflection of the structure when subject to its own weight, and 
it is only in this case that the distribution of the load found by 
means of equation 171, will be the true one. In fact, it is 
eyident that by shortening the vertical rods connecting the 
girders with the suspension chains, the pcurt of the load carried 
by the former will be diminished, and the reverse effect will be 
obtained by lengthening these rods. 

It therefore becomes a question whether by altering the 
length of these rods the stresses cannot be more uniformly dis- 
tributed between the various parts of the structure. 

The deflection at the centre of the girders produced by 
the permanent load alone, as found from equation 169, is (sub- 
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stituting howeyer ni for n (from equation 233) to allow for the 
extenfiion of the backnstays), 

. 0-13816 X 0-375 X 30000* „ „, .„. ^ ^„^^, 

• = * 20000X15000X1500' = ^^'«^ millunetreB; [244] 

and from equation 235 the stress in the booms corresponding to 
this deflection is S', = 2*07 kilos, per sq. millimetre. But as 
already explained, this will only be the actual stress in the girders 
i^ when put up, the deflection is 51*81 millimetres, supposing 
that the girders are perfectly straight when in the condition of 
no stress. But if, after erection, the girders are made straight 
again by shortening the vertical rods by means of set-screws, 
the stress S', = 2 * 07 kilos^ per sq. millimetre will disappear^ 
and the maximum stress (equation 239) will be reduced from 
14*62 to 12*55 kilos, per sq. millimetre. At the same time 
the part of the permanent load, viz. 51*81 kilos, per metre, 
formerly carried by the girders, will be supported by the sus- 
pension chains. 

The tightening of the screws may however be continued 
until, for instance, an upward deflection of 51 *81 millimetres has 
been obtained ; the maximum stress in the booms would thereby 
be further reduced by 2 * 07 kilos, and would become 10 * 48 kilos, 
per sq. millimetre, and the total increase of load on the chains 
would then be 2 x 51*81 = 103*62 kilos, per metre of the 
horizontal projectioiL 

Tightening up the set-screws, although it diminishes the 
stress due to a positive bending moment, evidently increases by 
the same amount the stress due to a negative bending moment; 
that is, when the girder is bent upwards. 

The limit to which the set-screws may be tightened up 
with advantage is therefore reached, when the greatest positive 
bending moment is equal to the greatest negative bending 
moment. 

" The 'greatest negative bending moment under the original 
circumstances occurs at the centre of the bridge, for although^ 
according to the table at page 367, the moving load produces its 
maximum effect at a distance x ss ^l from the centre, yet it 



will be found that tlie other cftoees are safficient to make the 
negative bending moment greatest at the centre. 

If jS IB the stress in the lower booms at the centre prodnced 
by the moTing load alone when covering the whole bridge, 

it is evident that -^ = ^== . But S, = 2-07 kiloB. per sq. 
millimetre. Hence 

5 = lftx 207 = 1-103 kike. [215] 

Kow the Bum of the maximum and ininiTniiTn stresses 
prodnced by the moving load most be equal to 8. Hence 

S„m.i = B'^ — 3 = 112 - 1-105 = —0-015 kHoa. pei (q. mmimstre [246] 

To this negative stress must now be added the negative 
stress due to the lowest temperature, — 3 ' 8 kilos, (equation 
231), the n^;ative stress produced by the wind-pressure at the 
lowest temperature, - (4-9 - 2-73) = - 2-17 kilos, (equa- 
tions 221 and 224), and lastly, the positive sti-ess, + 2*07 kilos, 
produced by the dead load, thus : « 

Bo,*.) = - 0-015 - 8-8 -2-17 + 2-07 
= — 8-916 kiloa. per sq. mmimetre. [217] 

Therefore, if the set-ecrews be tightened up nntO the girder 
is straight S(«ai.) will be increased to 

— 3-915 - 2-07 = 5-963 MIot, per aq. miUimetre ; 

and if the tightening be further continued until the upward 
deflection of the girder is 51*81 miUimetres S(a,jn.) will become 

- 5-9SS - 2-07 = - B-O^ kOoi. per eq. milliiiietre. 

It thus a{^)ear8 that the set-screws may be tightened up 
with advantage until the centre of the girder deflects upwards 
51*81 millimetres. For under the original conditions the stress 
at the centre in the lower booms varied &om + 14*62 kilos, 
to — 3*916 kilos.; whereas now these limits will be + 10*48 
kilos, and — 8 - 065 kilos. ; and further, the stresses in the suspen- 
sion chains will only be increased to 10'41 kilos, per square 
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millimetre at the centre, and to 10*73 kiloB. at the points of 
attachment, representing a load of 590 '56 + 103*62 = 694*18 
kilos, per metre of horizontal projection. 

[NoTB. — ^The ratio of the greatest stresses id the booms of the girders is : 

10-48 _ 5-24 
8055" 4 ' 

and since the ratio of the resistance of wrought iron to tension to its re- 
sistance to compression is approximately the same, it appears that the set- 
screws should not be tightened any further.] 

The total maximum load on the rods connecting the chains 
and the girders will now be increased to , 

80934 + 60 X 103-62 = 87151 kilos. ; 

and the stress in each will therefore be — :rT— . 

N 

The vertical shearing force at the end of the girders will be 
diminished by 30 x 103 * 62 = 3109 kilos., and therefore (equa- 
tions 240 and 241) : 

V (mas.) = + 6777 - 8109 = 8668 kilos. [248] 
Voiri*.) = - 2840 - 8109 = - 5949 kUos. [249] 

Therefore under the new conditions, the bars A Ai or 
BBi in Fig. 463 must be capable of bearing a thrust of 
5949 kUos. 

Since the deflection of 51*81 millimetres at the centre of 
the girders corresponds to a load on the girders of 51 '81 kilos, 
per metre, or of 375 kilos, per metre on the whole bridge, it 
follows that the upward deflection of 51*81 millimetres will 
disappear when a load of 375 kilo& per metre has been apphed 
to the bridge. Therefore, to ensure the above distribution of 
the stresses the following can be specified : ** The deflection at 
the centre of the girders is to be zero when a load of 375 kilos, 
per metre run is placed on the bridge at the mean temperature." 

A temperature loetd on the girders of 51*81 kQos. will 
eyidentiy produce the same efiect. Now an increase of tem- 
perature of 41^ C. loads the girders with 96 kilos, per metare ; 
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therefore^ the temperature at which the temperature load will 
be 61 ' 81 kilos, per metre^ is : 



90 



[260] 



The desired result can therefore be obtained if, when the 
temperature is 21^*21 C, the girders are made straight by 
means of the set-screws. 



§ 66.— Behabks on the Deobee of Aooubaot of the 

Method employed. 

The method adopted to calculate the coefficient of load- 
distribution n is only approximate. £ut» as will be seen, the 
errors involved are very small, and to a certain extent they 
balance each other; they are therefore of no practical im- 
portanca To prove this, it will be sufficient to consider the 
simpler case given in Fig. 463, in which the points of attach- 
ment of the chains are considered fixed, and the difference 
between the value of n found from equation 172, and its cor- 
rected value, can be considered as a measure of the error. 

It will be observed that equation 170, obtained by equating 
the deflection at the centre both of the girders and the chains, 
is not strictly accurate. For if the bottom ends of the rods 
connecting the girders with the chains were free, they would, 

. Fig. 498. 
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when the chains deflected, be in a parabola (Fig. 498), whereas 
their points of attachment to the girders would be in an elastic 
curve (Fig. 494). These two curves cannot cover each other, 

2 
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and the actnal deflection curve of the girders will lie between 
them. It would therefore appear more accurate to equate the 
mean deflections instead of the ordinates <r and a at the centre. 



Fio. 494. 
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The mean deflection will be the mean ordinate of the curve, 
and this mean ordinate can be defined to be the height of the 
rectangle on the same base and of the same area as the area 
. enclosed between the curve and the axis of x. In the present 
case, BLDce the base of both curves is the same, = 2 7, the result 
can be attained by equating the areas themselves. 

The area of the part of the parabola ahe in Fig. 493 is: 

J=»2/a; [251] 

and by substituting the value of 8 from equation 168 : 

npl* 



J = 



2EFA»' 



[252] 



Again, the height of arc of the elastic curve ay fi (Pig. 494) 
is, according to equation 169 : 



'-* EiF,A,« • 



[258] 



And the equation to this curve is : * 

But the area comprised between the curve afiy and the axis 
of a; is : 

J-2 / (<r — y)crar. [255] 



* This equation can be obtained by a process similar to that employed at 
p. 329.— TiusTB. 



Hence, aalwtitnting for <r uid y, and integtating between the 
limits: 

., (1 -»>?'' 
E,F,S.' ■ 

Equating both Tallies of J : 



-as 



Whence »= 0-88352 (instead of 0-887656) and l-« = 
0-11648 (instead of 0' 112344). This correction therefore 
diDoiniBhea n, but even for 1 — « the error is only 3 " 7 per cent. 
Secondly, the extension of the vertical rods connecting the 
chains with the girders was not taken iato account. If the 
elongation of these rods is S per unit of length, their lower 
extremitiee will lie in a parabola whose height of arc is S A 
(supposing that the suspension chains do not alter). Since 
this parabola has its convex side upwards, Sh must be sub- 
tracted &om the defection s produced by the lengthening of 
the chains, and if, further, S is also the extension per unit of 
length of the chains, the actual deflection at the centre of the 
span is 

<-»A = }5^-aJi; [257] 



or more accurately, repla 
omitted (see equation 147) : 



the member J -= previoosly 
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Substituting 



8=^ - »'''" 



FE 2EFA 

and reduoing. 

This yalue of a — S A must be written instead of a in equa- 
tion 168 ; it will then be found, by means of equation 170, 
that 



1+ . 5i ?! V fi_|*!\ 



From this equation n = * 88884 (instead of ' 887656). Th us 
the seoond error partially neutralizes the first 

If both corrections be made, the more accurate formula for 
finding n is : 

1 



n = 



l + « ?1 ?! V /i.-in 



whence n = 0-88474 (instead of 0*887656), showing that the 
former value of n was only ^ per cent in error, and that the 
yalue of 1 — n is 2 * 6 per cent, in error. Obviously, therefore, 
the simpler method possesses ample accuracy for practical 
purposes. 



APPENDIX. 



0. Lo&na ON Boors asd the Beactiohs at the ABunrENrs 

CAUSED BY THE WuTO-PEESSUBB. 

TBI maoiiBT of CBtimatmg the loads on rooh followed hj Fntemot Bitter doe* 
not Bocard with tha beet and more recent English practice. ProfesBor Bitter 
ummee that «J1 the loads on a roof are vertioal and evenly diitribnted orer the 
■oi&oe. Now this is obvionaly enoneona aa regards ths wind-preBsure, for it 
cannot act verticall; on a roof nor on both ddes at the same time. This mimner 
of estimating the loads on roofs was, however, adopted by Tredgold, bat in bis 
time little was known abont the preeaore of wind. 

Although the loantlinga obtained for wooden roofa by means of Tiedgold'a 
HsmnptliHi, conpled with a Urge botor <rf safety, have been proved by experience 
to be snfflolently strong, it oannot be iof^irred that thia would be the otise for 
iion loofi, at any rate, not for those of large apan. And farther, in iron roofs one 
end shonld be left free to move, to allow for the expansion and contractiDn 
jpodnoed by ohangea of temperatnre, a alremiistauoe whioh afibots the atreaaefl 
dne to the wind-preaanre. A proper distribution of material is also of greater 
importanoe in an iron than jn a wooden roof. 

It is therefore ueoeesar; to arrive at some more accarate estimate of the loads 
to be borne by roofa. 

These loads consist of; — 

Ptrmaaait toad, aooh as the weight of roof-oovering, &amework, and in some 
cases of the weight of a ceiling, lantern, &o. ; 

Variable bad, the wind-pressuie, and in some conntries the weight of snow. 

The weight of roof-oovering, pnrlina, oeiling, &o,, con always be readily 
obtained.* The only permaneat load which is difflonlt to asoertaia b that dne 
to the weight of the trnsa itaelf . It can be fonnd approximately If the weight of 
some similar atmctnre ia known. Or else approximate oalcalationa can t« made 
eonaidering the roof tm«s to have no weight, and the scantlings thos obtained 
will give the required weight near euough for praotical pnrposee, a correction 
then bdng made to the soantliags to allow for tha weight of the roof trass. 

The allowance to be made tbr the weight of snow wiU depend entirely on the 
locality in whioh tha roof ia to be erected. In this conntry it is not likel; that 
•now will attain a greater depth than 6 in. on a roof when a strong irind is 
blowing, and this depth will also diminish as the pitoh increases. An allowanoe 
of 5 lbs. per sq. ft of horliontal nir&oe covered would therefore sceia ample, 

* Bee Enraf a ■ Architectural Snrveyoi's Handboi^' or Holeaworth'a ' Fochut 
Book of Bnglneraiing Fotmnlo.' 
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and it may also be assumed that the snow is uniformly distributed over the 
roof. 

The following theory of the pressure of wind on roofis is due to Professor 
Unwin, and readers desirous of further information on the subject are referred to 
his works. 

According to the mathematical definitioui a perfect fluid can exert but a 
normal press are on any body immersed within it, whether the body be at rest or 
in motion relatively to the fluid. Air, as is proved by experiment, is almost a 
perfect fluid, for, but a very slight tangential action is exerted on any body in 
motion within it This tangential action is so insignificant that it need not be 
taken into account in the present case. It can therefore be assumed that the 
wind-pressure acts normally to the slope of the roof. 

Let A B (Fig. 496) represent a plane surface perpendicular to the plane of the 

paper, and upon which air is impinging in 
Fia. 496. A direction making an angle t with A B. 

^ Let P« be the nonnal pressure per unit of 
'^ y area on the surface ; this force can be re- 
>C solved into its components, P* and Pa, 

P 'V \ >^^ \ *^^ evidently 

~/^ P, mn» = P*. 

^ Now, Button by experiments made with 

^ his whirling machine measured the force 

Pa for difierent values of t, and found that 

Pjk = P8ini »•««*', 

where P is the normal pressure per unit of area on a plane placed at right angles 
to the direction of motion of the air. Hence 

P» = co8ec»Psmt»-"*«»«, 

= P8inti-8*«»<-i. [a] 

To apply this to the case of a roof, it remains to be determined what values 
should be given to t and P. The following data wiU be of use. 

On one occasion during five years, the greatest pressure recorded at the 
Boyal Observatory, Greenwich, reached 41 lbs. per sq. ft At Bidston, near 
Birkenhead, a very exposed situation, the wind blew for one hour at the rate of 
92 miles per hour, equivalent to 42| lbs. per sq. ft., and momentarily the 
pressure rose to 80 lbs. per sq. ft. 

Although these pressures were recorded on anemometers placed in very 
exposed situations, and though it is probable that such wind-preasures are 
never reached in ordinary situations, yet, until this is actually proved, it would 
be unwise to make any reduction. Further, it is certain that the wind does not 
always blow horizontally, but since neither the limits of deviation are known, 
nor whether the intensity of pressure is changed or not when the direction of the 
wind is thus altered, it is probably best to assume that the wind blows horizontally, 
at the same time making an allowance by slightly increasing the value of P. 
It thus appears reasonable to assume P = 50 lbs.* per sq. ft., for it must 
be remembered that the pressure of 80 lbs. per sq. ft., registered at Bidston, 



* Colonel Wray, B.E., in his ' Instruction in Gonstruction,' assumes P = 50 lbs. 
per sq. ft, but Professor Unwin takes P = 40 lbs. per sq. ft. 



oeoimed but moment&rily and in a very eipoaed mtnatioD. To meet this greater 
wind-preumo, it mnj, however, be advisable to increaae the ecautliDg of thoae 
bare vbiob ate iao«t ofeoted by it. Since the wind has been asanmed to blow 
horizontally, i will be the angle made b; the alope of the roof with the hotizoutal, 
or, in other words, the pitch of the loof. 

The wind-preiaiire can ooljr act on one aide of the roof at one time, and, owing 
to want of information on the Enbjeot, ta MBiuned to be nniformly diBtnbatad 
(except, of conree, in oorved roofs). This aeanmption is, however, not altogether 
nnfonnded, fbr although, no doabt, eddiee ate piodneed by the walls of the 
building;, &0., yet it ia well known that a cashion of ail ia formed against the 
side of the roof which tends to equalize the presanre over the Burfaoe. 

The following table * will be found of nae in calonlating the wind-praaaiue on 
rooia and the atresBeB oansed thereby : — 





((plusofrooo. 


P. 


,., 


Pit 






a 


lb..p«tq.(l. 


Ita-perKi-ft. 




















10 


ia-1 


120 


2-1 






20 


22-6 


21-3 


7-8 






80 




285 


165 






40 


41 -S 


Sl-9 


26-8 






50 


47-6 


30-6 


36-5 








500 


250 


42-5 








SI'S 


17-5 


18' I 






80 


50-5 










90 


50-0 





50-0 





The inaocnracy in the valnea of P, for 60°, 70", and 80°, is due to the 

empirical equation a being only approximate- 
To reeiat the wind-preaanre the supports of the roof mnst supply horizontal as 

well as vertical reactions, and Iheee have to be detenmned before the atresaca 

produced by the wind can be found. 



V .■ V' 

Y 

A B 

i ; «- 



Let Fig. 407 represent a body Bupportod on two points in a horizontal straight 
line, and acted upon by a foroe F inclined to the vertical. This force oan be 
replaced by its vettical and horizontal oomponenta X and Y, and the imctiona at 

* This table has been taken from ' Instruction in Oonstmction,' by Oolonel 
Wray, E.K 

t It is shown in a pamphlet by Professor Unwin, ' On the Effect of Wind- 
Prcwnre on Roofs,' that these values of F, and Fj> agree very well with some 
experlmenta made by Fnmde and Wenham. 
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the two points can also be replaoed by their components Y, H and V, H'. The 
three conditions of eqnilibriuni are : 

X — H - H' = 0, resolving horizontally. 
Y - V - V = 0, resolving vertically. 

y (a 4- 6) — T a = 0, moments ronnd B. 
Whence 

H + H' = X. 



V- 



V'= 



a+h 

h 
a + h 



Y. 



T. 



The vertical components Y and V are therefore determinate, bnt the 
horizontal components H and H' are indeterminate, the only condition necessary 
fore qnilibrium being that their snm is equal to the horizontal component X of 
F. This will be easily understood when it is considered that if the support A 
were smooth (mathematically), the whole of X would have to be supplied by B, 
and vice ver$d. The values of H and H' depend therefore on the nature of the 
supports. 

Now, in iron roofs it is necessary to allow for the expansion and contraction 
arising from changes of temperature, and to do this, it is usual to fix one end of 
the truss, leaving the other free to move. In smaU roofs it is sufficient if the 
shoe at the free end simply rests on the template, but in large roofs a special 
arrangenient of firiction-roUers is generally provided. 

Evidently the horizontal component of the reaction at the free end of the roof 
can never exceed the resistance to motion of that end. This resistance is /i Y 
where fi is the coefficient of friction, and Y the vertical reaction at the free end. 
In small roofs where no rollers are provided, /i will usually be the coefficient of 
friction of iron (cast) against stone, and may be taken at from *4 to *6. It 
may happen that^ owing to a change of temperature, the free end of the roof is 
just on the point of motion. The fall frictional resistance would thereby be 
called into play, and possibly the wind-pressure might produce a horizontal com- 
ponent equal and opposite to this resistance. For instance, let Fig. 498 represent 
a roof of which the end A is fixed and the end B is free to move. When the 

Fig. 498. 




temperature increases, horizontal forces h are generated at A and B, and by the 
above assumption, when the end B is on the point of motion A = ^ Y = H'. Evi- 
dently, therefore, the horizontal reaction at A is 

H-t-A = H + H' = X, 



and at B it is zero. A tdmlltr oaae may oociit when the wind ii blowing from the 
left and the tempenture diminiahing. It ie poadble that Uua diatribntioD of the 
horizootal Teactions ma; ptodaoe greater, atreaoee in Bome of the bttts than the 
more normal dtstribation, aad ahoold therefore be oonaidered. Thoi iu anall inn 
Koh there aie tarn cases to oonmder, namel;, — 

2 Wind on left. } horizontal reaction at &ee end eqnid to ffiotioD. 



I Horiz<mtal reaction al 



> Horizontal reaction at free end zi 



3. 'Wind on right \ ^ 
1. Wind on left. / ' 
In large roofs with a roller end, /i IB so small (being tbe ooefflaient of rolling 
fHotion) that it may be u^lected in the present inquiry. It may tberebre be 
auomed that tbe horizontal component at the bee end is always zero, and only 
two casee need be conudeied, namely, — 

1. Wind on right, ^ 

2. Wind 01 

This will also meet the case of a roof trass having one entl (the tree end) sup- 
ported 1^ a oolnmn, and the other by a wall. * 

In calcnlating the stresses In a roof it is beet first to And tbe stresses 
produced by the weight of tbe roof-oovering and (Vaming when those occasioned 
by snow can ganenilly be fbnnd by simple proportion. The stresse* dne to the 
wind are then to be ascertained as Indicated aboTc, and may be fbnnd by the 
" Uethod of Moments." UtUe resnlts thus obtained are collected in a tabular 
form, ttie greatest tensioi) or compression in each bar is eesiJf found by inspection. 

b. STABILITY OF PIERS AS HEGARDS OVERTDRNINQ. 
Ix the oalonla^OQS made both at p. 149 and p. 1S5 to ascertain tbe stability of 
the piers as r^«rd« orertoraing, Profeesor Bitter takes moments abont the lower 
edge F of the pier. Biaoe tbe resnltant compression on the bed-joint at F doee 
not appear in these equations of moments, it must act at P, or in other words, the 
total ocHnpression on tbe bed-joint is concentrated on the outer edge F. The in- 
tensity of prcesore on this edge would therefore be so great that the material of 
which the pier is composed wonid be crusbed. (Hatbematicnlly speaking, the 
edge is a line, and tbe pressure would therefore be infinite.) It is evident 
thereGno that momeali should not be taken round the outer edge of the pier, but 
about some axis inside the pier represented by the point £, Fig. 502, the pontion 
of this axis being snchtbat tbe greatest intensity of pressure shall not exceed the 
safe resistance to crushing of the material (or of the moitor). It is proposed to 
find the position of E when the pier is rectangular on plan.f 

In large structures of this kind the tenacity of the mortar should not be taken 
into account, for unequal settlements ate liable to occur, which dislocate tbe 
Joints. The pier will therefore be regarded as built with " uncemented blocks," 

Now consider a body rectangular on plan (Fig. 499; pressed against a plane 

■ See last paragraph p. SSot 'Lectures on the Elements of Applied Mechaoios,' 
bj Professor M. W. Croftoo, F.B.S., in which this is pointed onL 

t For further information ou this subject see ' Applied Mechanics' and * OItiI 
Engineering,' by Professor Bankine; 'Engineering and Arohiteotnre,' by Ber. 
Oanon Moseley ; .' Instmotion in ConstmotioD,' by Colonel Wray, B.B. 

2 D 
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Borfaoe by a foroe P, the aide of the body in eontaet being abo plana. For 
flimplioity, let the diiectlon of P be as indicated in the flgore, lo that £ the 
centre of presanre is situated on G F whioh is parallel to and equidistant from 
A B and D 0. The pressnze evidently oannot be uniformly distributed, unless E 

Fio. 499. 




bisects G F, but a feir assumption to make is that it Taries uniformly. Or in 
other words, the pressure will reach its greatest intensity along the edge AD, 
and it will diminish uniformly towards the edge B 0. And farther, sinoe B is 
equidistant from A B and D 0, the intensity of pressure at all points on any line 
parallel to AD will be the same, and hence the pressure along GF represents 
that over the whole area. 

Thus, if the position of E be such that the pressure at F is nothing, the triangle 
G F K (Fig. 500) will represent the intensity of normal pressure at every point in 
the line G F. The resultant normal pressure will evidently pass through the 
centre of gravity of this triangle, hence 



GB=iGF. 



Fio. 500. 



Fig. 501. 





If however, GE <iG F (Fig. 501X the pressure will vanish at a point F', 

such that _ _ ^ _, 

GE = iGF, 

and from F' to F there will be no pressure. 

Evidently the maximum intensity of pressure is twice what it would be were 
the pressure nniformly distributed over G F', for if H biseoU G K the area of the 
reotsngle HF' is equal to that of the triangle GFK. 

The position of £ to fulfil the condition that the maximum intensity of 



BT&BILITT or P1EB8 Afi BBQABDS OTEBTURNIKO, 



3bS 



pnmaze K G) ihoiild not esoeed tha m/* redeUuM to cnuhing of the mRterial, 
CMi pTo1»b1y be eaaUot uaertAtnei] bf the graphic method. 

¥ca inataaoe, let LUGF (Fig. 502) repraeent » pier lectangalu on plan 
sabjeot to a tbnut P. The veight of the plei la W, uid aott in the Tertloal 
Ihtonghthe centre of gravity of the pier; OT vidOS lepreeent Pand W in 
uugnittide and direction, then by completiDg the pamllalogram of fonwe the 
rcanltaat B ia obtained, repreeented by OV. The reeolved port OX of BM 
riiilit anglee to G F ia the total normal preeanre on the bed-jdnt and the intor- 
aeotioD E of O U and G F la the centre of praaaiiie. Thna all the elements for 
finding the maximom Intenaity of preuote are bnovn. 




Aa a Domerical example let the dimenaions of the pier be: the breadth 
b = W feet, and the tbiakneaa O F = 6 feet Let also W = 52 tons, P = 
IStona, the angle TOC = 21°, and the height of O above 0F = 7feet. It ia 
then found by meaanrement that O X = 60 tone and Q E = 1 foot, or G F' = 
8 feet aa pieHooaly explained. Eenoe the greatest iatenutj of atrees along the 
edge of &e pier repreaented by 6 ia 



= 2. 



OX 
i-OF" 



20.8 

= 2 tons per eqnare foot. 
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and Lubrication— Thermodynamics and Steam— Steam Boilers— The Steam Ei^gine— 'Hy- 
draulic Machinery— Electrical Engineering— Sundry Notes and Tables. 

Mechanical Engineering. — The Mechanician : 

a Treatise on the Construction and Manipulation of Tools, for the use and 
instruction of Young Engineers and Scientific Amateurs, comprising the 
Arts of Blacksmithing and Forging ; the Construction and Manufacture 
of Hand Tools, and the various Methods of Using and Grinding them ; 
description of Hand and Machine Processes ; Turning and Screw Cutting. 
By Cameron Knight, Engineer. Containing 1147 illustrations, and 
397 P>g^ of letter-press. Fourth edition, 4to, doth, i8x. 
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Mechanical Movements. — The Engineers^ Sketch- 

Boek of Mcckanieal Movtmenf!, Dtvieti, AppBanca, Contrivanca, Details 
emf loved in Ikt Dtiign and ComtrvelieH of Maiiititry fiyr rtiay furpou. 
Collected from numerous Sources uid from Actual Work, CU^fied and 
AiTMIged for Reference. With 2600 lUustnatioia. By T. W. Barhkr, 
Engineer. Third edilion, 8va, cloth, lOr. bd. 

Metal Plate 'Work.—Me^l Plate Work: its 

Pattmu and tktir Geometry. Also Notes on MetaU and Rules in Men- 
sutatioD for the use of Tin, Iron, and Zinc Plate-workers, Coppersmiths, 
Boiler- maken and Plumbers. B; C. T. Mlixis, M.I.M.E. Second 
edition, dinsidciably enlarged. Wiih numeroui Uliatralieni, Crown 
8t^ cloth, gs. 

Metrical Tables. — Metrical Tables. By SirG. L. 

MOLESWOKTH, M.LC.E. lamo, doth, U. 6d. 

Mill-Gearing. — A Practical Treatise on Mill-Gear- 
ing, WhttU, shafts, Riggtrs, etc. ; foi the oie of Ennneers. JSj Thomas 
Box. Thiid edition, tuilh 1 1 flaia. Crown 8vo, doth, "js. &d. 

Mill - Gearing. — The Practical Millwright and 

Engineer' t Ready Reckoner; or Tables for finding the diameter and power 
of cog-wbceli, di&meter, weieht, and power of shafts, diameter and 
strength of bolts, etc. B; Thomas Dixoh, Fonrth edition, i2mo, 
doth, y. 

Mineral Oils. — A Practical Treatise on Mineral 

Oils and Ihiir £y-Products, induding a Short History of the Scotch Shale 
Oil Industry, the Geological and Geographical Distribution of Scotch 
Shales, Recovery of Acid and Soda used in Oil Refining, and a list of 
Patents relating to Mineral Oils. By Iltvd I. Redwood, Mem. Soc 
Chemical lodastry. S»o, clolh, ijr. 

Miners' Pocket-Book. — Miners' Pocket-Book; a 

Reference Book for Miners, Mine Surveyors, Geologists, Mineralogists, 



Mocin Power— Dunn Mnd aoserrol™— TrammiilinB Power— Weijliu ud MeaiurH— 
ProipeelioB — BorinK — Diilliag— Blairfoe— Enploii™ — Shaft SinldiiK — PumDlni— Vcnti 
Uuiiit-LlglidM-Coil CuttinB-H«iiIiiia md Hoiitiiig-W..er SofteniSi-StiEp^Herie. 
— Ormhiiig RoUi— Jordnn'i Cenirifupd fioceis — River Mining—Ore Dreising— Gold SilTer 
Copper SmdtiBt— TreMment of Otes— Coal Cleaninj— Mio* Surreytne— Bttiiih 6nd,„ 
Gtolo^cal Map*— Ulnaral Vein— MlninE Method*— Coal Seams— ^Incrali— PRdous 
Sta«(— Meub and UetnUic Om— UetnlUIeroui Mlatnlt— Asuvioe — Glounr— Ija, »■ 
1T_rMl R«nk.— InaxL Ac. Ac. Ac ' ' "•"'7— "« ol 
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Mining and Ore-Dressing Machinery. — By 

C. G. Warnford Lock, Author of * Practical Gold Mining.* Numertms 
illustrations^ super-royal 4to, cloth, 25^. 

Mining. — Economic Mining; a Practical Hand- 
book for the Miner, the Metallurgist, and the Merchant By C G. 
Warnford Lock, Mem. Inst, of Mining and Metallurgy, Author of 
'Practical Gold Mining.' JVith illustrations^ 8vo, cloth, 2IJ-. 

Municipal Engineering. — The Municipal and 

Sanitary Engineer's Handbook, By H. Percy Boulnois, Mem. Inst. 
C.E., Borough Engineer, Portsmouth. With numerous illustrations. 
Second edition, demy 8vo, cloth, 15^. 

contents: 

The Appointment and Duties of the Town Surveyor — ^Traffic^Macadamised Roadways— 
Steam RoUmg — Road Metal and Breaking — Pitched Pavements — Asphalte— Wood Pavements 
— Footpaths— Kerbs and Gutters — Street Naming and Numbering— Street Lighting — Sewer- 
age— Ventilation of SewersF— Disposal of Sewage — House Drainages— Disinfection— Gas and 
Water Companies, etc.. Breaking up Streets — Improvement of Private Streets — Borrowing 
Powers— Artixans* and Labourers' Dwellings— Public Gsnveniences^-Scavenging, including 
Street Cleansing — Watering and the Removing of Snow — Planting Street Trees — Deposit ot 
Plans — Dangerous Buildings— Hoardings— Obstruction»—Improvmff Street Lines — Cellar 
Openings— Public Pleasure Grounds— Cemeteries — Mortuaries — Cattle and Ordinary Markets 
—Public Slaughter-houses, etc.— Giving numerous Forms of Notices, Spedfications,- and 
General Information upon these and other subjects of great importance to Municipal Engi- 
neers and others engaged in Sanitary Work. 

Paints. — Pigments^ Paint and Painting. A 

Practical Book for Practical Men. By George Terry. With iHus- 
trations, crown 8vo, cloth, *Js, dd. 

Paper Manufacture. — A Text-Book of Paper- 
Making. By C. F. Cross and E. J. Bevan. With engravings^ crown 
Svo, doth, I2X. 6^. 

Perfumery. — Perfumes and their Preparation^ 

containing complete directions for making Handkerchief Perfumes, 
Smelling Salts, Sachets, Fumigating Pastils, Preparations for the care of 
the Skin, the Mouth, the Hair, and other Toilet articles, with a detailed 
description of aromatic substances, their nature, tests of purity, and 
wholesale manufacture. By G. W. Askinson, Dr. Chem. With 32 
engravings^ Svo, cloth, I2j, 6</. 

Perspective. — Perspective^ Explained and Illus- 
trated, By G. S. Clarke, Capt.,R.E. WUh illustrations^ 8vo, cloth, 
3J. 6d, 

Phonograph. — The Phonography and How to Conr 

struct it. With a Chapter on Sound. By W. GiLLETT. With engravings 
and full working drawings^ crown Svo, cloth, 5^. 
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Popular Engineering. — Poptilar Engineering, 

bting inleraling and inilruclivi ixampUs in Civil, Mechanical, EltetrUal, 
Chemical, Mining, Military and Naval Enginetring, graphically lod 
plaioljr described, and specially wriHen for those about to enter the 
Engineering Profession and the Scientific Amateur, with chapters od 
Perpetual Motion and Engineering Schools and Colleges. By F. Dye. 
With 70Q iiiuiiralioni, ciown 4to, cloth, 7/. dd. 

Plumbing. — Plumbing, Drainage, Water Supply 

and Hot Water Filling. By.JOHN SmeATOH, C.E., M.S.A., R.P., 
Examiner to the Worshipful Plumben' Company. Numeraut engroviitgi, 
8vo, cloth, ^l. 6d. 

Pumping Engines. — Practical Handbook on 

Direct-acting Fumfing Engine and Sttam Pump Comtructia^ By 
Philip R. BjOrlihg. With 20 plates, crown 8vo, clolh, 51. 

Pumps. — A Practical Handbook on Pump Con- 

itnution. By Philip R. Bjorling. Flatei, crown 8to, cloth, ^s. 






of Pump!— Riinarki on 
1 kinds oT Uqulds— t>l!<( 

iliould be Duide of (or dif 

inr Plunp-buckets-^VariDus Qlsui 



u, &c, &c. 



5Punii»-~MiiIcri;ih Fumpi ihouM be made of Ibr 



Pumps. — Pump Details. With 278 illustrations. 

By Philip R. Bjorling, author of a Practical Handbook on Pump 

Consttuction. Ciown Svo, cloth, "js, 6d. 
CONTEKTS : 
Windbare>— Fool-nlifi and Slralnen— Clack-piccti. Gitcket-door-piecei, ind H-P<«ei 
WorliiDa-buiels and Ptunset.cuei— riun(en or Rams— Fiston and Plunger, Budiel nnd 
Plunger. Bucketi and Valves— Pump- roda and Spears, Spear-rod Guides, &c— Valve-sword), 
Spindles, and Draw-hooks— Sei-ofls or OiF-sets— Pipes. Hpe-jdnts, and Pipe4arr-Pump- 
slings— Gniderods and Guides, Kiles, Yokes, and Connect mg-rods-jL Bobs, T Bobs, 
Ancle or V Bobs, and Balance-beams, Rock-arais. and Fend-off Beams, Ouenu, and Tanks 
—Minor Delaili. 

Pumps. — Pumps and Pumping Machinery. By 

F. CoLVBR, Mem. Inst. C.E., Mem. Inst. M.C Part I., second edition, 
revised and enlarged, -antk tpplata, 8vo, cloth, li 8i. 



« Lift and Well P 



lloriionul HJgh-piessure Enjines— Horiionl: 

Davy's Paieni DiSeienllal Fumpini Engine—'] 
fioilei— Babcock and Wilow Waler>eube BoUi 



's Patent "Cornish" Steam Pump— Thome- 
Jves— Waier Melers-CeDtrifuEal Pumping 
nps— Blowing Engines— Air &iinpreHOTS— 
Compound Snsincs— Keldlet Engine— Ver- 
id Beam Pumping Ep^ei — Shonbe^er's 
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Pumps. — Pumps^ Historically^ Theoretically, and 

Practically Considered, By P. R. BjoRLXNG. With 156 illustrations. 
Crown 8vOy cloth, 71. 6^. 

Quantities. — A Complete Set of Contract Documents 

for a Country Lodge, comprising Drawings, Specifications, Dimensions 
(for quantities), Abstracts, Bill of Quantities, Form of Tender and Con- 
tract, with Notes by T. Leaning, printed in facsimile of the original 
documents, on single ^eets fcap., in linen case, 5^. 

Quantity Surveying. — Quantity Surveying. By 

J. Leaning. With 68 illustrations. Third edition, revised, demy Svo, 
cloth, 1 5 J. 

CONTENTS : 



A complete Explanation of the London 

Practice* 
General Instructions. 
Order of Taking Off. 

Model of Measurement of the various Trades. 
Use and Waste. 
Ventilation and Wanning. 
Credits, with various Examples of Treatment. 
Abbreviations. 
Squarin|[ the Dimensions. 
Abstracung, with Examples in illustration of 

each Trade. 
Billing. 

Examples of Preambles to each Trade. 
Form for a Bill of Quantities. 

Do. Bill of Credits. 

Do. Bill for Alternative Estimate. 
Restorations and Repairs, and Form of BilL 
Variations before Acceptance of Tender. 
Errors in a Builder's Estimate. 



Schedule of iVices. 

Form of Schedule of Prices. 

Analysis of Schedule of Prices. 

Adjustment of Accounts. 

Form x>f a Bill of Variations. 

Remarks on Specifications. 

Prices and Valuation of Work, with 

Examples and Remarks upon each Trade. 
The Law as it affects Quantity Surveyors. 

with Law Reports. 
Taking Off af^ the Old Method. 
Northern Practice. 
The General Statement of the Methods 

recommended by the Manchester Society 

of Architects for taking Quantities. 
Examples of Collections. 
Examples of " Taking Off" in eadi Trade. 
Remarks on^ the Past and Present Methods 

of Estimating. 



Railway Curves. — Tables for Setting out Curves 

for Raihttays, Canals, Roads, etc,, var3ring from a radius of five chains 
to three miles. By A. Kennedy and R. W. Hackwood. Illustrated, 
32mo, cloth, 2J. 6^. 

Roads. — The Maintenance of Macculamised Roads. 

By T. CODRINOTON, M.I.C.E., F.G.S., General Superintendent of 
County Roads for South Wales. Second edition, Svo, cloth, ^s, 6d, 

Scamping Tricks. — Scamping Tricks and Odd 

Knowledge occasionally practised upon Public Works, chronicled from the 
confessions of some old Practitioners. By John Newman, Assoc. M. 
Inst C.E., author of ' Earthwork Slips and Subsidences upon Public 
Works,' ' Notes on Concrete,* &c. Crown Svo, cloth, zr. 6d, 

Screw Cutting. — Turners Handbook on Screw 

Cutting, Coning, etc., etc,, with Tables, Exalmples, Gauges, and' 
Fonnulee. By Walter Price. Fcap Svo, cloth, is. 
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Screw Cutting. — Screw Cutting Tables for En- 

gintert anj Atochiidttt, giving the viluei of the different tniiu of Wheels 
tequiced to produce Screw* of »aj pitch, calculated by Lord Limdsav. 
ObloD^i cloth, ij. 

Screw Cutting.— -Scrra/ Cutting Tables, fi?r the 

use of Mechanical Engineeii, showing the proper ftrrangement of Wheels 
for cutting the Thieuj^ of Screws of any required pitch, with a Table for 
nudtiog the Unirers*! Gu-pipe Threads and Tap*. B; W. A. Maktin, 
Engineer, Second edition, oblong, doth, u. 

Sewerage. — Sewerage and Sewage Disposal. By 

Henrv Robinson, Mem. Inst. C.E., F.G.S.. Pcofessoi of Civil 
Engineering, King's College, London, &c., with large folding plate. 
Demy 8vo, cloth, lu. td. 

Slide Valve.^i4 Treatise on a Practical Method 

of Designing Slidi-Vaivi Geari by Simple Giomitrical Cenilruitian, based 
upon Che principles cnuncialed iu Euclid's Elements, and compiisiag the 
Taiious focrns 01 Plain Slide-Valve and Expansion Gearing ; together with 
Stephenson's, Gooch's, and Allan's Link- Motions, as applied either to 
reversing oi to variable expansion combinations. By Edwakd J. Cow- 
LiHB Wei.CH, Mem. InsL M.E Crowu Svo, cloth, (a. 

Soap. — A Treatise on the Manufacture of Soap and 



Stair Building. — Practical Stair Building and 

Handrading by Ikt Square Stclien axd Falling Ltne System. By W, H. 
Wood. Folding f lata, post 410, cloth, \os.bd. 

Steam Boilers. — Steam Boilers, ilieir 

ment and fVorking on land and sta. By JAUBS I'EAI 
iltuslraliom, CTO»n Svo, cloth, 5/. 

Steam Engine. — A Practical Treatise [on the 

steam Engine, contaiuing Plans and Arrangements of Details for Fixed 
Steam Engines, with Essays on the Frindplei involved in Design and 
Construction. By Aktkuk Rigg, Engineer, Member of the Sodety of 
Engineeis and of the Royal Institution of Great Britain. Demy 4to, 
eapumsty illuilraled loiM v>offdeuti and 103 plaits, in one Volume. 
Second edition, cloth, 251!. 
TUi vorii ii noI, In any ksh, an elemsnlHT tnadie, or Unnr ol tha utun cnjrfnc, but 



Ul, Venjcal, B«uii. Pum^jjiv, WiiiduiBi 1 
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in [hi conitiuclioa dI ihc rtufinis delalli, luch as Cylinden, nmuK, listoii-iab, ConiKcdng- 
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rods, Cross-heads, Modon-blocks, Eccentrics, Simple, Expansion, Balanced, aud Eqnillbriam 
Slide-valves, and Valve-gearing will be minutely dealt with. In this connection will be found 
articles upon the Velocity of Reciprocating Parts and the Mode of Apjpiying the Indicator^ 
Heat ano Expansion of Steam dovemors, and the like. It is the writeor's desire to draw 
illustrations from every possible source, and give only those rules that present pracdce deems 
correct. 

Steaip Engine. — TAe Steam Engine considered as 

a Thermodynamic Machine^ a treatise on the Thermodynamic efficiency 
of Steam Engines, illustrated by Tables, Diagrams, and Examples from 
Practice. By Jas. H. Cotterill, M.A., F.R.S., Professor of Applied 
Mechanics in the Royal Naval College. Third edition, revised and 
enlarged, 8vo, cloth, 15^. 

Steam Engine. — Steam Engine Management ; a 

Treatise on the Working and Management of Steam Boilers. By F. 
CoLYER, M. Inst C.E., Mem. Inst. M.E. New edition, i8mo, cloth, 
3J. 6t/. 

Steam Engine. — A Treatise on Modem Steam 

Engines and Boilers^ including Land, Locomotive and Marine Engines 
and Boilers, for the use of Students. By Frederick Colybr, M. Inst 
C.E., Mem. Inst M.E. With 2l^ plates. 4to, cloth, 12s, 6d, 

Sugar. — Tables for the Quantitative Estimation of 

the Sugars, with Explanatory Notes. By Dr. Ernest Wein ; translated, 
with additions, by William Frew, Ph.D. Crown 8vo, cloth, 6s, 

Sugar. — A Handbook for Planters and Refiners ; 

being a comprehensive Treatise on the Culture of Sugar-yielding Plants, 
and on the Manufacture, Refining, and Analysis of Cane, Palm, Maple, 
Melon, Beet, Sorghum, Milk, and Starch Sugars ; with copious 
Statistics of their Production and Commerce, and a chapter on the 
Distillation of Rum. By C. G. Warnford Lock, F.L.S., &c. ; 
B. E. R. Newlands, F.C.S., F.I.C., Mem. Council Soc. Chemical 
Industry; and J. A. R. Newlands, F.C.S., F.I.C. Upwards 0/ 2<x> 
illustrations and many plates^ 8vo, cloth, i/. lOr. 

Surveying. — A Practical Treatise on the Science of 

Land and Engineering Surveyings Levelling, Estimating Quantities, etc., 
with a general description of the several Instruments required for Sur- 
veying, Levelling, Plotting, etc By H. S. Merrstt. FoorUi edition, 
revised by G. W. Usill, Assoc. Mem. Inst C.E. 41 plates^ with illus- 
trations and tables, royal 8vo, cloth, 12s, 6d, 

Surveying and Levelling. — Surveying and 

Levelling Instruments theoretically and practically described, for construc- 
tion, qualities, selection, preservation, adjustments, and uses, with other 
apparatus and appliances used by Civil Engineers and Surveyors. By 
W. F. Stanley. Second edition. 350 cuts, crown 8vo, cloth, 7^. 6cL 
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Tables of Logarithms. — A B C Five-Figure 

Lagaritkms fir general uie. By C. J. Woodward, B.Sc. ConCuning 
ManlisUE of numbers to 10,000. Log. Sino, Tangents, CotangcnU, ann 
Cosiaei to lo" of Arc. Together with fbll explanationi and simple 
eiercUes showing use of tbe tables. \s. 

Tables of Squares. — Barlow's Tables 0/ Squares, 

Cults, Squart RaeU, Cut* Rooti, Rteiprxali a/ all Integfr Ifumberj up It 
10,00a Post 8vo, doth, &t. 

Telephones. — Telephones, their Construction and 

Filling. By F. C. Allsop. Fourth edition, revised. With aio Uliutra- 
liom. Crown 8vo, cloth, Sj. 

Tobacco Cultivation. — Tobacco Growing, Curing, 

and Manu/acfuring ; a Handbook for Fianteia in all parts o( the world. 
Edited by C. G. Warnkord Lock, F.L.S. IVil* illutlratiom. Crown 
8vo, cloth, 71. &/. 

Tropical Agriculture. — Tropical Apiculture: a 

Treatise on the Cultute, Preparation, Commerce and Consumption of the 
principal Products of the VegeUble Kingdom. By P. L. Simmonds, 
F.L.S., F.R.C.I. New edition, revised and enlarged, 8vo, doth, 3U. 

Turning. — The Practice of Hand Turning in Wood, 

Ivory, Shell, tit., with Instructions for Turning such Work in Metal as 
maj be required \n the Practice of Turning in Wood, Ivory, etc ; also 
an Appendix on Ornamental Turning. {A book for beginners.) By 
Francis Cakpin. Third edition, wilh wed tngravingt, crown 8vo, 
doth, 31. 6d, 

Valve Gears. — Treatise on Valve-Gears, with 

special consideration of the Unk-Motionj of Locomotive Engines. By 
Dr. GusTAV Zeuner, Professor of Applied Mechanics at the Confede- 
rated Polytedinikum of Zurich. Translated from the Fourth Gcman 
Edition, by Professor J. F. Klein, Lehigh University, Bethlehem, Pa. 
Illmtraled, 8to, doth, 13/. 6d. 

Varnish. — The practical Polish and Varnish-Maker ; 

B Treatise containing 750 pcactical Receipt* and Formulie for the Mann- 
^lure of Polishes, Lacquers, Varnishes, and Japans of all kinds, for 
workers in Wood and Metal, and directions for uiing same. By H. C. 
5TANDAGB (Practical Chemist), author of 'The Artist's Manual of 
Fipnent*.' Crown 8vo, doih, bi. 
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Ventilation. — Health and Comfort in House Build- 
ing; or, Ventilation with Warm Air by Self-acting Suction Power. 
With Review of the Mode of Calculatin$r the Draught in Hot-air Flues, 
and with some Actual Experiments by J. Drysdale, M.D., and J. W. 
Hayward, M.D. With plates and woodcuts* Third edition, with some 
New Sections, and the whole carefully revised, 8vo, cloth, 71. dd. 

Warming and Ventilating. — A Practical 

Treatise upon Warming Buildings by Hot Water, and upon Heat and 
Heating Appliances in general ; with an inquiry respecting Ventilation, 
the cause and action of Draughts in Chimneys and Flues, and the laws 
relating to Combustion. By Charles Hood, F.R.S. Re- written by 
Frederick Dye. Third edition. 8vo, cloth, i^x. 

Watchwork. — Treatise on Watckwork, Past and 

Present. By the Rev. H. L. Nelthropp, M.A., F.S.A. With 32 
illustrations^ crown 8vo, cloth^ 6s, 6d, 

contents : 

Definitions of Words and Terms used in Watchwork— Tools — Time— Historical Sum- 
mary—On Calculations of the Numbers for Wheels and Pinions; their Proportional Sizes, 
Trains, etc.— Of Dial Wheels, or Motion Work— Length of Time of Going without Winding 
up — The Verge— The Horizontal— The Duplex— The Lever— The Chronometer— Repeating 
Watches— Keyless Watches— The Pendulum, or Spiral Springs— Compensadon — ^Jewelling of 
PiVot Holes— Oerkenwell — Fallacies of the Trade — Incapacity of Workmen— How to Choose 
and Use a Watch, etc. 

Water Softening. — Water Softening and Purifi- 
cation : the Softening and Clarification of Hard and Dirty Waters. By 
Harold Collet. Crown 8vo, cloth, 5J. 

Waterworks. — The Principles of Waterworks 

Engiiieering, By J. H. Tudsbery Turner, B.Sc, Hunter Medallist 
of Glasgow University, M. Inst, C.E., and A. W. Brightmore, M.Sc, 
Assoc. M. Inst. C.£. With illustratioi^y medium 8vo, clolh, 25/. 

Well Sinking. — Well Sinking. The modern prac- 
tice of Sinking and Boring Wells, with geological considerations and 
examples of Wells. By Ernest Spon, Assoc Mem. Inst C.E. 
Second edition, revised and enlarged. Crown 8vu, cloth, lor. 6^. 

Wiring. — Incandescent Wiring Hand-Book. By 

F. B. Badt, late ist Lieut Royal Prussian Artillery. With 41 illustra- 
tions and 5 tables, iSmo, cloth, 4r. 6d, 

Wood-working Factories. — On t/te Arrange- 

ment, Care, and Operation of Wood-vtorking Factories and Machinery, 
forming a complete Operator's Handbook. By J. Richard, Mechanical 
Engineer. Second edition, revised, woodcuts^ crown 8vo, cloth, y. 
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Air-Chamber 




Belts and Belling,. 
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Air-Fomp .. 




Bismuth .. 




Algebraic Signi „ 




Blast Furnace .. 


. 11 and 12 
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Aluminium 




Body Plan.. 


'. 13 aAd 13 


Amalgamating Machine .. 
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SPONS' DICTIONARY OF ENGINEERING. 

EDrnm by ERNEST SPON, Mbmb. Soc Enginbku. 



AbkCD*, Coonteri, Speed. 

Indicators, and Slide 

Role. 
AgiiralhiTa] Implements! 

and Machineiy. 
Air Compiesson. , 

Animal Charcoal Ma-. 

duDery* 
Antimony. 
Axles and 
Bam Machineiy. 
BelU and Belting. 
Blasting. Boilen. 
Brakes. 

Brick Mackineiy. 
Bridget 

Cages for Mine*. 
Calculus, Diflerential and ' 

Integnd. 
CanaU | 

Catpenbry. 
Cast Iron. 
Cement, Concrete, j 

Ijmes, andMoitar. 
Chimney Shafts. 
Coal CleansiDg and < 

Waihing. 



Coal Mining. 

Coal Cutting Machines. 

Coke Oveni. Copper. 

Docks. Drainage. 

Dredging Machinery. 

Dynamo - Electric and 
Magneto-Electric Ma- 
Dynamometers. 

Eteclrical Engineering, 
Telegraphy, Electric 
lighting and its prac- 
tical deCailSfTdephones 

Engines, Varieties of. 

Explouves. Fans. 

Pounding, Moulding and 
the practical work of 
the Foundry. 

Gas, Manofacture of. 

Hammers, Steam and 
othd Power. 

HeaL Horse Power. 

HydiauLcs. 

Hydio^reology. 

Indicators. Iron. 

lifts, Hoitts, and Eleva- 



lighthouses, Buoys, and 

Beacons. 
Machine Tools. 
Materials of Const 

Ores, Machinery and 
Processes employed to 
Dress. 

Piers. 

File Drivirkg. 

Pneumatic Tiansmis- 

Pyrometers. 

Road Locomotives. 

Rock Dnlls. 

Rolling Stock. 

Sanitary Engineering. 

Shafting. 

Steel 

Steam Harry. 

Stone Machinery. 

Tramways. 

WeU Sinkii%. 



SfitcimtH Pases, redtntdjnm t\t origiitali. 
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With niarfy 1500 UluilraHeiu, in mper-Tojpal 8to, in 5 DiTiiioni^ doth. 
IXTinont I (04, 13;. 6d. each; Ditiuon;, 17^.6^. i orSToltqClotb, ^63 lOi. 

SPONS' ENCYCLOPiCDIA 



INDUSTRIAL ARTS, MANUFACTURES, AKD COMMERCIAL 
PRODUCTS. 

Edited by C G. WARNFORD LOCK, F.L.S. 
Among the more important of the subjects treated of, are the 
following :— 
Adds, 307 pp. 310 figs- 
Alcohol, 33 pp. 16 bgi. 
Alcoholic Liquois, 13 pp. 
Alkalies, 89 pp. 78 figs. 
Allocs. Alum. 

AsphalL Asmrine, 
Beveriges, 89 pp. 39 tigi. 



ig Powder, IS pp. 
Bleftching, ;i pp. 48 figs. 
Candles, 18 pp. 9 figs. 
Carbon Bisnlphidc. 
Celluloid, 9 pp. 
Cemenb. Clay. 
Coal-tar Products, 44. pp. 

14 figs. 
Cocoa, 8 pp. 
Coffee, 31 [ - 
Cork, 8 pp. . „ 
Cotton Mannbctnre*, 63 

PP-S7figfc 
Drugs, 38 pp. 
Dyeing and Calico 

Printing, i8 pp. 9 figs. 
DyestnfTs, 16 pp. 
Electro-Metallurgy, 13 

pp. 
Explosives, 33 pp. 33 figs. 
Feathers. 
Fibrous Substances, 92 

pp.79fiei. 
Floor-cloth, 16 pp. ai 

Food Prescmtion, 8 pp. 
Froit, 8 pp. 



Fur, S pp. 
Gu, Coal, 8 pp. 

Glass, 45 pp. 77 fig*- 
Graphite, 7 pp, 
Hair, 7 pp. 
Hair Manufactnret. 
Hats, 36 pp. 16 figs. 
Honey. Hops. 

Ice, 10 pp. 14 figs. 
Indiarubber Manofa 
tnres,a3pp. I7figs. 
Ink, 17 pp. 

Manufactures, 1 



PP'. 



I figs. 



Knitted Fabrics — 
Hosiei7,i5pp.i3figi. 

Lace, 13 pp. 9 figi. 

Leather, iS pp. 31 figs. 

linen Mann&ctuces, 16 

pp. 6 figs- 
Manures, 31 pp. 30 figs. 

Matches, 17 pp. 38 figs. 

Mordants, 13 pp. 

Narcotics, 47 pp. 

Nuts, 10 pp. 

OUs and Fatty Sab- 
ttancea, 135 pp. 

Faint. 



Paper, 36 pp. 33 figs, 
PaiaOn, 8 pp. 6 figs. 
Pearl and Coral, 8 pp. 



Pigments, 9 pp. 6 figs. 
I Pottery, 40 pp. 57 Ws- 
j Printing and EtigraTing, 
< 30 pp. 8 figs. 
I Rags. 

I Resinous and GomDiy 
Substances, 75 pp. 16 

Rope, 16 pp. 17 figs. 
Salt, 31 pp. 33 figs. 
Silk, 8 pp. 
Silk ManaTactures, 9 pp. 

II figs. 
Skins, S pp. 
Small Wares, 4 pp. 
Soap and Glycerine, 39 

pp. 45 figs. 
Spices, 16 pp. 
Sponge, 5 pp. 
Starch, 9 pp. 10 figs. 
Sugar, ISS pp. 134 

Sulphur. 
Tannin, 18 pp. 
TeM3 pp. 
Timber, 13 pp. 
Varnish, 15 pp. 
Vinegar, J pp. 
Wa,, s pp. 
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Alloys 

Bleaching 

Bookbinding 

Bronzing 

Candle-making 

Cements and L. : 

Cleansing 

Crayons 

Dra^vings 

Dyeing 

Electro-plating 

Engraving 

Etching 

Explosives 

Fire-works 

Fluxes 

Fulminates 

Glass 
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WORKSHOP RECEIPTS. 



SECOND SERIES. 



Synopsis of Contents. 



Addimetry and Alkali- 
metry. 
Albumen. 
Alcohoi. - 
Alkaloids. 
Baking-powders. 
Bitters. 
Bleadiing. 
Boiler Incrustations. 
Cements and Lutes. 
Cleansing. 
Confectionery. 
Copying. 



Disinfectants. 

Dyeing, Staining, and 

Colouring. 
Essences. 
Extracts. 
Fireproofinff. 
Gelatine, Glue, and Size. 
Glycerine. 
Gut 

Hydrogen peroxide. 
Ink. 
Iodine. 



Iodoform. 

Isinglass. 

Ivory substitutes. 

Leather. 

Luminous bodies. 

Magnesia. 

Matches. 

Paper. 

Parchment. 

Perchloric acid. 

Potassium oxalate. 

Preserving. 



,f Faint, and Painting : embracing the preparation of 
Pigments^ induding alumina lakes, blacks (animal, bone, Frankfort, ivory, 
lamp, sight, soot), blues (antimony, Antwerp, cobalt, cseruleum, Egyptian, 
manganate, Paris, Peligot, Prussian, smalt, ultramarine), browns (bistre, 
hinau, sepia, sienna, umoer, Vandyke), greens (baryta, Brighton, Brunswick, 
chrome, cobalt, Douglas, emerald, manganese, mitis, mountain, Prussian, 
sap, Schede's, Schweiniiirth, titanium, verdigris, zinc), reds (Brazilwood lake, 
carminated lake, carmine, Cassius purple, cobalt pink, cochineal lake, colco- 
thar, Indian red, madder lake, red chalk, red lead, vermilion), whites (alum, 
baryta, Chinese, lead sulphate, white lead — by American, Dutch, French, 
German, Kremnitz, and Pattinson processes, precautions in making, and 
composition of commercial samples — whiting, Wilkinson's white, zinc white), 
yellows (chrome, gamboge, Naples, orpiment, realgar, yellow lakes) ; Paittt 
(vehides, testing oils, (uiers, grinding, storing, applying, priming, drying, 
filling, coats, brushes, surface, water-colours, removmg smell, discoloration ; 
miscdlaneous paints — cement paint for cajton-pierre, copper paint, gold paint, 
iron paint, lime paints, silicated paints, steatite paint, transparent paints, 
tungsten paints, window paint, zinc paints) ; Painting (general instructions, 
proportions of ingtedienti, measuring paint work ; carriage painting-priming 
paint, best putty, finishing colour, cause of cracking, mixing the paints, oils, 
driers, and colours, vami&ng, importance of washing vehides, re-varnishing, 
how to dry paint ; woodwork painting). 
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WORKSHOP RECEIPTS, 

THIRD SERIES. 

ITniArm with tbe Firat and S«co&d 8«riu. 
Synopsis of ConrxNTS. 



AUojs. 


Iridinm. 


RnWdinm. 




Iron »nd StwL 


Ruthenium. 


Antimony. 


Lacquers and Lacquering. 


Selenium. 


Barium. 




SUver. 




Lead. 


Slag. 


Biimuth. 


Ijtbium. 


Sodium. 


Cidminm. 




Strontium. 


CtauDm. 




Tantalum. 


Cilcimn. 




TerMum. 


Cerium. 


Mercury. 


ThaUium. 


ChTomiam. 


Mica. 


Thorium. 


Cobalt 




Tin. 


Copper. 


Nickel 


Titanium. 


Uidjmvm. 


Niobium. 


Tungsten. 


Enamdi mnd GUwfc 


Osmium. 


Uranium. 


Erbium. 




Vanadium. 


Gamam. 


Platinum. 


Yttriam. 


G1«H. 




Znc 


Odd. 




Zirconimn. 


Indinm. 







EUelriet.~Alatm3, Bells, Batteries. Carbons, Coils, Dynamos, Micro- 
phones, Measuring, Pbooographs, Telephones, Stc, 130 pp., iia iUuilratittu, 
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WORKSHOP RECEIPTS. 

FOURTH SERIES, 

DEVOTED UAINLY TO HANDICRAFTS & UECHANICAL SUBJECTS. 

260 ninBtratioiLi, with Complete Index, and a General Index to the 

Tour Seriea, 6i. 



Waterproofing — rubber goods, cuprammonium processes, miscellaneous 
preparations. 

Packing and Storing articles of delicate odour or colour, of a deliquescent 
character, liable to ignition, apt to suffer irom insects or damp, or easily 
broken. 

Embalming and Preserving anatomical specimens. 

Leather Polishes. 

Cooling Air and Water, producing low temperatures, making ice, cooling 
syrups and solutions, and separating salts from liquors by refrigeration. 

Pumps and Siphons, embracing every useful contrivance for raising and 
supplying water on a moderate scale, and moving corrosive, tenacious, 
and other liquids. 

Desiccating — air- and water-ovens, and other appliances for drying natural 
and artificial products. 

Distilling — water, tinctures, extracts, pharmaceutical preparations, essences, 
perfumes, and alcoholic liquids. 

Emulsifying as required by pharmacists and photographers. 

Evaporating — saline and other solutions, and liquids demanding special 

precautions. 
Filtering — ^water, and solutions of various kinds. 
Percolating and Macerating. 
Electrotyping. 

Stereot}rping by both plaster and paper processes. 
Bookbinding in all its details. 
Straw Plaiting and the fabrication of baskets, matting, etc. 

Musical Instruments — the preservation, tuning, and repair of pianos, 
harmoniums, musical boxes, etc. 

Clock and Watch Mending— adapted for intelligent amateurs. 

Photography — recent development in rapid processes, handy apparatus, 
numerous recipes for sensitizing and developing solutions, and applica- 
tions to modem illustrative purposes. 
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WORKSHOP RECEIPTS, 

FIFTH SERIES. 



ContaiQiog many new Artidet, as well as additions to Articles indnded ii 
the prerioiu Series, as follows, vii. : — 





Glass Manipulations for Laboratory 


Barometers, How to make. 


Apparatus. 


Boat Building. 


Labels. lacquers. 


Camera Lucida, How to use. 


Illuminating Agents. 


Cements and Lutes. 


Inks. Writing, Copying, Invisible, 


Cooling. 


Marking, Stamping. 


Copying. 


Magic Lanterns, their management 


Corrosion and Protection of Metal 


and preparation of slides. 


Surlaces. 


Metal Work. Casting Ornamental 


Dendrometer, How to use. 


Metal Work, Copper Welding 


Desiccaling. 


Enamels for Iron and other Metals, 


Diamond Cutting and Polishing. Elec 


Gold Beating, Smiths' Worii. 


tries. New Chemical Batteries, Bells, 


Modelling and Plaster Casting. 




Netting. 


of Electric Lighting, Microphoiies, 


Packing and Storing. Acids, &c. 


Simple Motors, Phonogram and 


Percolation. 


Graphophone, Registering Appa- 


Preserving Books. 


ratus, Reguktors, Electric Wddiiig 


Preserving Food, Plants, &c. 




Pumps and Syphons for vorio'js 


Evaporating, 


liquids. 


Explosives. 


Repairing Books. 


Filtering. 


Rope Tackle. 




Stereotyping. 


hri.^ 


Taps, Various. 


Fire-eitiapiishioK Compounds and 


Tobacco Pipe Manafacture. 


Apparatus. 


Tying and Splicing Ropes. 






ting. Breaking, Etching, Frosting, 


Walking Sticks. 
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In demjr Sto,. cloth, 600 pages and 1430 illastraticnki, 6>. 
POTTRTH EDITION. 

SPONS' 
MECHANICS' OWN BOOK; 

A MANUAL FOR HANDICflAFTSMEN AND AMATEURS. 

COMTEMTS. 

Mechanical Drawing — Casting and Founding in Iron, Brass, Bronze, 
and other Alloys — Forging and Finisbing Iron — Shcctmetal Working 
— Soldering, Brazing, and Burning — Carpentry and joinery, embracing 
descriptions of some 400 Woods, over aoo Illustrations of Tools atad 
their uses. Explanations (with Diagrams) of 1 16 joints and hinges, and 
Details of Construction of Workshop appliances, rough furniture. 
Garden and Yard Erections, and House Building — Cabinet-Making 
and Veneering — Carving and Fretcutting — Upholstery — Fainting, 
Graining, and Marbling — Staining Furniture, Woods, Floors, and 
Fittings — Gilding, dead and bright, on various grounds — Polishing 
Marble, Metals, and Wood — Varnishing— Mechanical movements, 
illustrating contrivances for transmitting motion — Turning in Wood 
and Metals — Masonry, embracing Stonework, Brickwork, Terracotta 
and Concrete— Roofing with Thatch, Tiles, Slates, Felt, ZinCj &c. — 
Glazing with and without putty, and lead glazing — Plastering and 
Whitewashing — Paper-hanging— Gas-fitting — Bell-hanging, ordinary 
and electric Systems — Lighting — Warming — Ventilatu^ — Roads, 
Pavements, and Bridges — Hedges, Ditches, and Drains — Water 
Supply and Sanitation —Hints on House Construction suited to new 
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